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TO THE BianX HONOUBABLB 
LlBUTENilNT-GKNBEAL LORD RAGLAN, G.C.B., 

* 

MABTKB-aranOUL OP THE ORDHAJIGE, 

4rc. 4tc, 



My Lobd, 

I HAVE the honour to lay before you the course of Mathema- 
tics for the Royal Military Academy, which in compliance with the 
directions given by the Marquis of Anglesey, while Master-Genetal 
of the Ordnance, has been compiled under my superintendence. It 
will, I trust, not only meet the present wants of the Cadets, but 
also proye useful for such references and further studies as their 
professional duties may render necessary after they receive their 
commissions. The cordial co-operation of the gentlemen employed 
upon it, and the care bestowed by each^ of them on the subjects 
intrusted to him, induce a confident hope that tlus will be the 
case, and that their labours will deserve your Lordship's approval. 
The names of these gentlemen are published in the title-page of 
each volume to which they have contributed, but the valuable 
assistance afforded by Mr. Barlow, whose name is not thus recorded, 
also demands my grateful acknowledgment. The reluctance caused 
by a sense of my incompetency to undertake the editorship of a 
course extending far beyond the limits of my own information, 
disappeared when he consented to aid me. His great experience 
in the application of Mathematics to practical purposes — ^his long 
connexion with the Royal Military Academy as one of the Mathe- 
matical instructors — the numerous cases in which his former pupils 
have sought his assistance when their duties have compelled them 
to contend with difficult questions — and the interest he has evinced 



IV DEDICATION. 

in their wel&ie and reputation by the kindness with which he has 
always been ready to give that assistance — ^marked, him out as the 
best adviser during the preparation of the work required ; to liim 
it hsjs in all its stages been submitted, and to him must be attri- 
buted whatever merit its general conception and arrangement may 
possess. 

As the time, which has elapsed since the first communication on 
the subject of this course was made to me, maybe considered 
unnecessarily long, I am desirous to state that although the wishes of 
the Marquis of Anglesey were conveyed to me at the end of October, 
1847, it was not imtil the middle of May, 1849, that the various 
official difficulties which prevented the commencement of the 
work were removed, and its preparation authorized. 

I remain, 

My Lord, 
Your obedient Servant, 

H. D. HARNESS, 

Captain Royal Engineers, 
18th October, 1852.. 
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MATHEMATICS. 



PBELZMINABT DETINITIONS. 

Mathematics is the science which treats of all quantities that can 
be numbered or measured. Its two great divisions ^repure maihemaiict 
and mixed mathematics. 

Pure mathematics consists of the three following divisions : — 

1. Arithmetic^ which treats of numbers or particular quantities; 

2. Algebra^ which treats of the relations of any quantities what- 

ever under particular conditions, and may properly be 
termed Universal Arithmetic ; and 

3. Geometry y which treats of extended quantities, or continued 

magnitudes, as possessing three dimensions, viz., length, 
breadth, and thickness. 

This last division embraces a much greater compass and variety of 
reasoning than either of the other divisions, and all of them are founded 
on the simplest notions of abstract quantities. The applications of these 
three divisions, one to another, form other important parts of pure 
mathematics. 

Mixed mathematics is the application of the different parts of pure 
mathematics to those physical inquiries which are found^ upon prin- 
ciples deduced from experiment or observation. It comprehends Me~ 
ehamcsy or the science of equilibrium and motion of bodies ; Astronomy ^ 
in which the motions, distances, etc., of the celestial bodies are con- 
sidered ; OpticSy or the theory of light, besides various other important 
subjects. In all these branches of mixed mathematics, if the first prin- 
ciples be accurately determined by experiment or observation, the results 
which are deduced are as certain and indisputable as those which can be 
deduced by geometry, or by any other part of pure mathematics, from 
axioms and definitions. 



PRINCIPLES OF ARITHMETIC. 

K0MEBATXON. 

Art. 1. Arithmetic is that division of pure mathematics which treats 
of numbers, and of the method of performing calculations by means of 
them. 

Number is a collection of several objects of the same kind, or of many 
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separate parts. It is one of the forms of magnitude^ an attribute or 
quality of objects by which they are conceived to be susceptible of 
increase or diminution. The other form of magnitude is distinguished 
by the connexion or continuity of the parts, — being an entire mass without 
distinction of parts ; whereas in number the consideration is merely how 
many parts it contains. The definition of number supposes the existence 
of one of the things or parts of which it is composed, taken as a term of 
comparison, and which, in that case, is denominated unity. 

2. Some knowledge of numbers must have existed in the earliest ages 
of the world. The ten fingers with which man had been formed, the 
flocks and herds which he had acquired, and the variety of objects that 
surrounded him, would all contribute to impress his mind with a notion 
of number. While small numbers only were required, the ten fingers 
would furnish the most convenient way of reckoning them, since with 
his fingers any person could make those little calculations which his 
limited wants required. He would name all the different collections of 
his fingers, and frame appropriate words, in his own language, answering 
to one^ two, three, four^ five^ six, seven, eighty nine, and ten, . As his 
wants increased he would proceed to higher numbers, adding one con- 
tinually to the former collection, as he advanced from lower numbers to 
higher. He would soon perceive that there is no limit to the different 
numbers that may be formed, and consequently that it would be impos- 
sible to express them in ordinary language by distinct names indepeuaent 
of each other. By arranging numbers in groups or classes, they might 
be expressed by a comparatively small number of words, still the con- 
tinual repetition which unavoidably occurs in calculation would neces- 
sarily preclude the use of names of numbers, except in operations of the 
very simplest character. 

3. The English names of numbers have been formed from the Saxon 
language, by combining the names of the first ten numbers mentioned in 
the preceding article. 

. Thus, eleven, signifying that one is left afler ten is taken, or ten and one. 
twelve^ signifying that two is leff after ten is taken, or ten and two* 



thirteen, ten and three. 
Jburteen, ten and four. 
fifteen, ten and ^^^, 
sixteen, ten and six. 
seventeen, ten and seven. 
eighteen, ten and eight. 
nineteen, ten and nine. 
twenty, two tens. 
twentg^one, two tens and 

one. 
twenty-two, two tens and 

two. 



twenty-three, two tens and three. 
thirty, three tens. 
forty, four tens. 
fifty, five tens. 
sixty, six tens. 
seventy, seven tens. 
eighty, eight tens. 
ninety, nine tens, 
a hundred, ten tens, 
a thousand, ten hundreds, 
a million, ten hundred thousand, or 
one thousand thousand, etc. 



4. For facilitating calculations it would be found necessary to substitute 
short and expressive signs for words, and when some few signs or cha- 
racters had been chosen, to combine them so as to represent the names 
of all other numbers whatever. We shall here show how this has been 
done by the Greeks and Romans, and then advert to the admirable 
system of notation which so generally prevails among different nations of 
the world at the present time. 



NUMERATION. 3 

5. Hke Greek Notation. — At a very early period the Greeks had 
recourse to the twenty-four letters of their alphabet for the representatiou 
of numbers, and by means of these, aided by the three Hebrew cha- 
racters 5> 6f A9 ^^y expressed the first three orders of numbers. Thus 
the numbers one, two, three, etc., to nine, were represented by 

0^ ^9 y> ^9 Ci 5? 4^9 179 d • • • (Ist order, or units). 
The numbers ten, twenty, thirty, etc., to ninety, by 

e, «c, X, /i, y, 5, o, ir, ^ . . . (2nd order, or tens) ; 
and the numbers one hundred, two hundred, etc., to nine hundred, by 

p, <r, r, V, ^, X9 V^j *'> A • • (^''^ order, or hundreds). 
Instead of multiplying distinct characters for higher numbers, they had 
recourse to their characters for the units, and by subscribing a small iota 
or dash, they denoted one thousand by ai, two thousand by fii, and so 
on. With these characters the Greeks could express every number 
under ten thousand. Thus 

^1^6^ signified nine thousand nine hundred and ninety-nine, 
^iTTrfi „ four thousand three hundred and eighty-two, 
Yi a 99 three thousand and one. 

In order to express higher numbers, they made use of the letter M, 
which, on being written below any character, increased its value ten 
thousand times. This oontrivance enabled them to express all numbers 
as far as hundreds of millions; but instead of subscribing the letter M, 
it was afterwards found more convenient to write the letters Mu., or the 
contraction for /11/pia, ten thousand, after the character ,whose value was 
to be increased ten thousand times ; and then, when lower periods failed, 
they repeated the letters Mv. Thus 

\B Mv. Mv. Mv. signified thirty-four trillions. 

Archimedes, the most inventive of the Greek philosophers, divided 
numbers into periods of eight symbols each, which were called octades ; 
and the famous Appollonius again divided them into periods of four 
symbols each, the first period on the left being unitSy the second 
myriads^ the third double myriads, and so on. In this manner Appol- 
lonius was able to write any number which could be expressed by the 
present system of numeration. Having thus given a local value to his 
periods of four, it was remarkable that Appollonius did not perceive the 
advantage of making the period consist of a less number of characters. 
Had he done the same thing with every single character, he would have 
arrived at the system now in common use, and this oversight is the more 
remarkable as the cipher was not unknown to the Greeks, but confined 
exclusively to their sexagesimal operations. 

6. TTie Notation of the Romans. — ^The traces or strokes which 
originally represented numbers were replaced by those characters of the 
Roman alphabet which most nearly resembled them. The Roman nota- 
tion was much ruder than the Greek, and for the expression of number 
they made use of the seven following capital letters, viz. : — 

I for one;Y for five ; X for ten ; L for fifty; C for a hundred; D for 
^ve hundred ; and M for a thousand. 

By various repetitions and combinations of these they expressed all 
numbers. The four combined strokes which originally formed the 
character M for a thousand, assumed afterwards a rounded shape, fre- 
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quently expressed by the compound character CIO, consisting of the 
letter I inclosed on both sides by C, and by the same character reversed. 
This last form, by abbreviation on either side, gave two portions, one of 
which 10 was condensed into the letter D and expressed five hundred. 
The practice of using duodeviginti for octodecim, and so on, led the 
Romans to the application of deficient numbers ; and instead of writing 
Villi for nine, they counted one back from ten^ and placing I before X, 
they wrote it thus, IX. In a similar manner XIX represented nineteen^ 
XL forty ^ XC ninety^ and CM nine hundred. They also repeated the 
symbols of a thousand to denote higher numbers; thus CCIOO repre- 
sented ten thousand^ and CCCIOOO an hundred thousand. Separating 
each of these, gives 100 ioxjive thousand^ and 1000 iovjifiy thousand. 
Also a horizontal line drawn over any letter augmented its value one 

thousand times ; thus LX signified sixty thousand. With this expla- 
nation the following examples will be readily understood : — 



lone. 


XIII thirteen. 


LXX seventy. 


II two. 


XIV fourteen. 


LXXX eighty. 


Ill three. 


XV fifteen. 


XC ninety. 


IV four. 


XVI sixteen. 


C one hundred. 


Vfive. 


XVII seventeen. 


CC two hundred. 


VI six. 


XVIII eighteen. 


D or 10, five hundred. 


VII seven. 


XIX nineteen. 


M or CIO one thousand. 


VIII eight. 


XX twenty. 


MM two thousand. 


IX nine. 


XXX thirty. 


V or 100 five thousand. 


X ten. 


XL forty. 


X ten thousand. 


XI eleven. 


L fifty. 


XC ninety thousand. 


XII twelve. 


LX sixty. 


M one million. 



Thus as often as any symbol is repeated, its value is repeated as often ; 
a symbol of less value placed after one of greater value is added to the 
greater, but if placed before a symbol of greater value, it is subtracted 
from it. Also every added to 10 increases its value ten times, and if 
' a C be placed before CIO and a after it, its value is increased ten 
times, and so does every additional C and 0. This notation is still fre- 
quently employed in distinguishing dates, the chapters and sections of 
books, and so on. 

7. Although the Greek arithmetic, as successively moulded by the 
ingenuity of Archimed^, of Appollonius, and of others, had attained to 
a high degree of perfection, and was capable of performing operations 
of very considerable difficulty and magnitude, still the great and radical 
defect of the system consisted in the entire absence of a general mark 
corresponding to our cipher, which without having any value in itself, 
should yet serve to keep the rank or power of the other characters, by 
occupying the vacant places in the scale of numeration. From the pre- 
ceding remarks on the notation of the Greeks and Romans, the student 
will be able to form some idea of the great superiority of the present 
system, which has led to some of the most striking and remarkable 
scientific discoveries. 

8. In the common system of numeration all numbers, however large 
or small, can be expressed by the ten following characters or figures, 
viz. : — 



NUMERATION. 



h 



123 4667 8 ?0. 
one, two, three, four, five, six, seven, eight, nine, nothing. 

The first nine of these are called significant ^gures or digits^ and some- 
times represent units, sometimes tens, hundreds, or higher classes. 
When placed singly, they denote the simple numbers subjoined to the 
characters ; when several are placed together, the first figure on the 
right is taken for ils simple value, the next signifies so many tens, the 
third so many hundreds, and the others so many higher classes corre- 
sponding to the Order in which they are placed. Thus 4532 signifies 
Jour thotisandyjive hundred^ thirty^ and two units ; and in the number 
two hundred and twenty-two^ which is \^ritten thus 222, the figure 2 is 
repeated thrice, but each has a different value ; the first on the right 
hand is two units, the second two tens or twenty, and the third two 
hundreds. 

9. When any of the denominations, units, tens, hundreds, etc., is 
wanting, it becomes necessary to supply its place with the last sign or 
character^ viz., 0, which is termed cipher or nothing^ the word cipher 
in the Arabic language signifyi'ig vacuity. This character which 
indicates the absence of all number, is a most important oue, inasmuch 
as its introduction serves to preserve the proper positions of the sig- 
nificant figures. Thus the awvohtx forty thousand three hundred and 
twenty would be expressed in figures by 40320, because the denomina- 
tions, units, and thousands are wanting, and the absence of each is indi- 
cated by the cipher which occupies its place. From these illustrations 
we may perceive that the superiority of our present system of numera- 
tion arises from a few simple signs being made to change their value as 
they change the position in which they are placed, and that the sig- 
nificant figures have a local as well as a simple value. It is thus that, 
in consequence of the established relative value of vnits and tens, the 
same figure which^ beginning on the rights expresses units^ becomes ten 
times greater at each remove to the lejl, and by simply changing their 
places^ the different characters become susceptible of representing suc^ 
cessively all the different collections of units which can possibly enter 
into the expression of a number. Thus we^et — 

10 11 12 13 14 15 

ten, eleven^ twelve^ thirteen^ fourteen^ fifteen^ 

16 n 18 19 

sixteeny seventeen^ eighteen^ nineteen ; 

where the first figure on the left signifies ten^ Ihd the second figure its 
simple value, or so many units. Hence 10 means ten and nothing ; 11 
ten and one, and so on. Again, 20 means two tens and nothing:, or 
twenty; 21 two lens and one, or twenty-one; 30, thirty ; 90, ninety ; 100, 
ten tens or one hundred; and 1000, one thousand. The names and 
values of numbers will be readily acquired from the following examples. 
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PBINCIPLE8 OF ABITHMETIC. 

The figures which compose a large number are separated into periods 
and half-periods, for the more readily ascertaining the precise position 
which each figure occupies. The period consists of six figures, and the 
first, beginning on the right, is called the period of units, the second the 
period of millions, the Uiird the period of billions, a contraction for 
millions of millions or bi-millions, and so on. Thus the number 

Trillionfi. Billions. Millions. Units. 

490,386; 407,135; 017,693; 125,076 

is read thus : — 'Four hundred and ninety thousand thretf hundred and 
eighty-six trillions ; four hundred and seven thousand one hundred and 
thirty-five billions ; seventeen thousand six hundred and ninety-three 
millions ; one hundred and twenty-five thousand and seventy-six. 

10. There does not appear to be any number naturally adapted for 
constituting a class of tne lowest or any higher rank to the exclusion of 
others ; though it is very probable that our present system of numera- 
tion had its origin in the practice of reckoning with the ten fingers. 
The number ten is called the rcuiix or scale of the common system, 
because in it we ascend by collections of ten in each class to the next 
higher class, and though almost all nations have adopted this number 
as the base of their systen> of numeration, still it is perfectly arbitrary, 
and convenient as it may be for general use, there may be other scales, 
such as the duodenary, whose base is 12, which possess superior advan- 
tages. But whatever be the scale of notation made use of, the same 
principle will enable us to write all numbers in that scale. Thus in the 
quinary scale whose radix is 5, we need only the dye characters, 0, 1 , 
2, 3, 4, and e^ieh figure placed on the left of another will have a value 

five times greater than if it occupied the place of this Icuft. Hence in 
this scale, 10 means five, 11 six, 12 seven, and so on. In this as well 
as in every other scale, except the denary or decimal one, we find a dif- 
ficulty in enunciating a number, because there is no longer an accord- 
ance with the decimal languafre which pervades th6 construction not 
only of our own, but of all civilized languages. 

11. Numbers may be viewed in two ways, either by considering them 
without particularizing the unit to which they refer, or by designating 
what they are intended to enumerate. Thus two, three, ave^ seven are 
abstract numbers^ while three men, five days, seven books are concrete 
numbers^, It is evident that the formation of numbers, by the successive 
re-union of units, does not depend upon the nature of these units, since 
5 days and 7 days together make 12 days, 5 acres and 7 acres together 
make 12 acres, and 5 and 7 together make 12. 

12. Since numbers can only be changed by increasing or diminish- 
ing them, it follows that the whole art of arithmetic is comprehended in 
two operations, which are termed Addition and Subtraction. But as 
it is frequently required to add several equal numbers together, as well 
as to subtract several equal sums from a greater, till it be exhausted, 
other methods have been devised for facilitating tbe. operation in these 
cases, and named respectively Multiplication and Division, These 
four rules are the foundation of all arithmetical operations whatever. 

ADDITION. 

13. Addition is the collecting together of two or more numbersi 
and the amount of all of them is termed their sum. The sign + 
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ADDITION. 7 

(plus) is employed to indicate addition, and 7+2 signiiies that 2 is 
to be added to 7. Also the sign =s (equal) signifies that the numbers 
between which it is placed are equal : thus 8+1 =9. 

Examples. 

1. Let it be required to find the sum of the two numbers 1724 and 
4638* Take them to pieces, separating them into thousands, hundreds, 
tens, and units. Thus — 

1724 = 1 thousand, 7 hundreds, 2 tens, and 4 i 
4638 = 4 thousands, 6 hundreds, 3 tens, and 8. 

To each of the four parts into which the first number is separated add 
the part of the second which is under it, beginning at the units. Thus 
8 units and 4 units are 12 units; that is, Iten and 2 units; again, 

3 tens and 2 tens are 5 tens; 6 hundreds and 7 hundreds are 13 
hundreds, or 1 thousand and 3 hundreds. Lastly, 4 thousands and 
1 thousand are 5 thousands ; hence the sum is either 

5 thousands, 13 hundreds, 5 tens and 12 units; 
or 6 thousands, 3 hundreds, 6 tens and 2 units «= 6362. 

2. Let it be required to find the sum of 26389, 38127, 2815, 6817, 
490, 25 and 3745. 

Write the numbers, as at the side, so that the figures of the same 
class shall be in the same vertical columns. Then taking the o/sooq 
sum of each class, we find there are 38 units, 27 tens, 31 ooion 
hundreds, 25 thousands, and 5 tens of thousands. Now oqir 
38 units are 3 tens and 8 units; then writing 8 below the * gg.i. 
units' column, carry the 3 tens to the 27 tens, which together ^qq 
make 30 tens, or 3 hundreds and tens. Write below the ac 
column of tens, and reserve the 3 hundreds to be added to the q^jak 
31 hundreds. This gives 34 hundreds or 3 thousands and 

4 hundreds, and writing 4 below the column of hundreds, '78408 
carry the 3 thousands to the 25 thousands, and we get 28 thousands, 
or 2 tens of thousands and 8 thousands. Writing 8 below the column 
of thousands, carry the 2 tens of thousands to the 5 tens of thousands, 
and finally write 7 bdow the column of tens of thousands, making the 
entire sum = 78408. 

14. From these principles the following rule may be drawn : — 
RoLB. Write the numbers to be added together in verticid columns^ 

so that the units of all the numbers may be in one column, the tens in 
the second, the hundreds in the third, cmd so on* Draw a line under 
the last number, and, beginning with the column of units, add suc" 
cessiveiy the numbers contained in each column: if the sum does not 
exceed nine, write it down under the line; but if it contain tens^ 
reserve them to be added to the next column^ writing down only the 
units of each column ; and under the last cdumn put the entire sum 
whatever it may be. If the sum of any column be an exact number 
of tens, write Ofor the units and carry the tens to the next column. 

15. The results of the partial additions being furnished by the memory, 
it is desirable to have some plan of testing the accuracy of the final sum, 
and this may be done in various ways ; but we shall only mention the 
two following methods of i\it proof of addition : 

1. Having found the sum in the usual way, begin at the top and 
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add the numbers together downward ; then if the summation is the same 
by both methods, it is very probable that the sum is correctly obtained. 

2. Separate the numbers into two or three parts ; find the sum of 
each separately, and then add all these partial sums together, which 
will give the whole amount. It is usual to separate the numbers into 
two parts only, the uppermost number forming one part. 



SXTBTBAOnOK. 

16i Subtraction is the taking a less number from a greater, and 
finding their difference. The process of subtraction involves two 
principles : — the one is the equal augmentation or diminution of each 
of the numbers. In either way the difterence of the two numbers will 
not be altered ; for if the greater number be either increased or di- 
minished by 7, for example, and the less be likewise increased or 
diminished by 7, the numbers themselves will he altered but not their 
difference. The other principle is this : since 12 exceeds 7 by 5, and 
8 exceeds 6 by 2, then 12 and 8 together, or 20, exceed 7 and 6 
together, or 13, by 5 and 2 together, or 7. The sign — {minus) is 
used to indicate subtraction, and 9 — 7 signifies that 7 is to be taken 
from 9. 

Examples. 

1. Let it be required to take 231 from 574. 

Write the numbers as in the margin, units under units, tens under 
tens, and hundreds under hundreds. Then 

Hand. Tens. Units 

4 units exceed 1 unit by 3 units. 5 7 4 
7 tens exceed 3 tens by 4 tens. 2 3 1 

5 hundreds exceed 2 hundreds by 3 hundreds. 3 4 3 

Therefore by the second principle all the first column together exceeds 
all the second column together by all the third column together, that is, 
by 3 hundreds 4 tens and 3 units, or 343, which is the difference 
between 574 and 231. 

2. Let it be required to subtract 23957 from 802126. 
Write the numbers at length ; thus 

K; Thol ThouB. Hnnd. Tens. Units. 
802126 =: 8 2 I 2 6 

23957 = _ 2 3 9 5 7 

778169 

Now here a difficulty immediately arises, since 7 is greater than 6, 
and cannot be taken from it, neither can 5 be taken from 2 ; 9 from 
1 ; 3 from 2 ; nor 2 from 0. To obviate this we must have recourse to 
the first principle, and add the same number to both of these numbers, 
which will not alter their difference. Add ten to the first number, 
making 16 units ; and add ten also to the second number, but instead of 
adding ten to the number of units, add one to the number of tens, making 
6 tens. Again add ten tens to the first number and one hundred to the 
second ; then add ten hundreds to the first and one thousand to the 
second, and so on, adding equal numbers to each. In this way the 
numbers will be changed into the following : — 



Hood. 
Thous. 

8 

1 



Ten 
ThoQS. 

10 

3 



MULTIPLICATION. 

Thoos. Hund. 

12 11 

4 10 



Tens. Units. 

12 16 

6 7 



7 7 8 16 9 

and the difference 778169 is obtained in the usual manner. Hence^ 
when the tipper figure is the less^ toe must augment it by ten, and retain 
one to be added to the lower figure immediately to the left. 

The proof of subtraction is deduced from the simple fact, that tb* 
difference added to the smaller number is equal to the greater number. 



KULTXPLXOATION. 

17. Multiplication is the finding the amount of a number repeated 
any number of times. The number which is repeated is called the 
muUiplicandy the number denoting the repetitions is called the mul' 
tiplier, and the amount the product. The multiplicand and multiplier 
are termed the factors of the product, and the sign x (into) denotes 
multiplication. Thus 12 X 3 signifies that 12 is to be repeated three 
times, and added together; thus 12 + 12 + 12 = 36. 

18. When the multiplicand and multiplier are large numbers, as 
1269 and 423, we should have to write 1269, the multiplicand, 423 
times, and then to make an addition of enormous length. This operation 
can be abridged, however, by reducing it into a certain number of partial 
multiplications which may be easily effected mentally ; but previous to 
explaining a shorter method, the following table must be committed to 
memory. 

MultipliccUion Table. 



1 


2 

4 
6 


3 

6 

9 

12 

15 


4 


5 


6 
12 


7 


8 


9 


10 


11 


12 
24 
36 


2 


8 


10 


14 


16 


18 


20 


22 


3 


12 


15 


18 


21 


24 


27 


30 
40 


33 


4 

5 
6 


8 
10 


16 
20 


20 
25 
30 
35 


24 


28 


32 


36 
45 
54 
63 
72 
81 
90 


44 


48 


30 


35 


40 
48 
56 
64 
72 
80 


50 
60 
70 
80 


55 
66 

77 
88 


60 
72 
84 
96 
108 


12 


18 


24 


36 
42 


42 

49 


7 

8 

9 

10 


14 

16 


21 


28 


24 


32 
36 


40 
45 


48 
54 
60 


56 
63 
70 


18 
20 


27 


90 
100 
110 
120 


99 


30 
33 
36 


40 
44 
48 


50 
55 
60 


110 
121 
132 


120 
132 
144 


11 


22 
24 


66 


77 


88 
96 


99 
108 


12 


72 


84 



To form this table, write the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
11, 12, in the first horizontal line; then add each of these numbers to 
itself to form the second line, which is composed of the products of 
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each of these numhere multiplied by 2. To each number in the second 
line add the corresponding one in the first, and the third line is formed, 
containing the several products of the numbers in the first line mul- 
tiplied by 3. Again adding the numbers in the third line to the 
corresponding ones in the first, a fourth Une is formed, containing the 
products of each number of the first line by 4 ; and so on to the last line. 
The table may be extended if required. If we take any of the numbers 
in the first line, as 8, and proceed downwards, we shall find the same 
succession of numbers as if we had taken 8 at the side and proceeded 
to the right ; hence 8x5= 40 = 5x8. This may be shown in the 

following manner. Place 8 counters in a line, and repeat 

that line 5 times ; then the number of counters in the whole 

is 5 times 8 if they are counted by rows from the top to the — 

bottom; but if they are counted by vertical columns, we 

shall find eight rows with five iu each row, the whole 

number of which is 8 times 5. Hence we see that 

8 + 8 + 8 + 84-8 = 5 + 5 + 5+5 + 5 + 5 + 5 + 5, 

or 8 X 5 = 5 X 8. 

This method of proof may be applied to any numbers beyond the range 
of the table, and hence in cmy multiplication the order of the factors 
may be changed^ that is^ either of them may be taken as the multi- 
plier. 

19. Let it be required to multiply 739 by the single figure 8. 
Since the product of 139 by 8 is evidently equal to the sum of the 

products of all its parts, we have the following operation : — 
Thouf. Hand. Tens. Units. 

7 3 9 739 

8 _8 

""72 72 = product of 9 by 8 

2 4 240 = product of 30 by 8 

5 6 5600 = product of 700 by 8 

5 9 12 5912 = product of 739 by 8. 

In practice the partial products 72, 240, and 5600, are not written 
down, but combined mentidly into one sum : thus we say 8 times 9 are 
72, write down 2 and reserve the 7 tens ; then 8 times 3 are 24, 739 
and the reserved 7 added thereto gives 31, write down 1 and g 

carry the 3 to the product of 8 by 7 or to 56 hundreds, and the TgTo 
entire number of hundreds is 59, the whole product being 5912. 

20. Find the products of 2376 multiplied by 10 and by 100. 

To multiply any number by 10, we have only to remove each of the 
figures of the multiplicand one place to the left and their value will be 
increased ten times; hence 2376 X 10 = 23760. In like manner 
2376 X 100 = 237600, where the value of each figure is increased a 
hundred times. 

Hence any number will be multiplied by 10, 100, 1000, etc., by 
writing on the right of the multiplicand as many ciphers as there are in 
the multiplier. 

21. When the significant figure of the multiplier is not a unit, as for 
example 30, 400, or 7000. Since these multipliers are the same as 10 
times 3, 100 times 4, or 1000 times 7 ; the multiplicand js first multi- 
plied by the significant figure 3, 4, or 7, by Art. 19, and afterwards the 
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product is multiplied by 10, 100, or 1000, as in Art. 20, by 4^3 

writing one, two, or tbree ciphers on the right of the product. 700 

Thus to multiply 468 by 100, we have the operation in the qo nenn 
margin. 

22. Let it be required to multiply 3729 by 563, where both factors 
consist of several figures. This is merely to repeat 3729 thrice, 60 
times and 500 times, and then to add the whole together. We first 
multiply 3729 by 3 ; then by 6 annexing 3729 

a cipher to the right of the product (20), 553 

and lastly, by 5 annexiDg two ciphers "jTig^ ^ 3 ti^es 3729 
(20). In practice the ciphcni on the 223740 = 60 times 3729 
right may be omitted, provided the first 1864500 = 500 times 3729 

significant fiirure be made to occupy its -— - . — - — 

proper place in the partial producta, 2099421 = 663 Umea 3729 

If one or more of the figures of the multiplier be 0, the corresponding 
partial product or products will be 0, and the lines may be entirely 
omitted, recollecting to give its proper value to the product arising from 
multiplying by the next figure. Also if the multiplier be the product of 
^wo or more numbers, as 32, which is the product of 8 and 4, we may 
multiply first by 8 and the product thence arising by 4; or first by 4 
and then by 8. This principle is evident, since 4 times any number, 
repeated 8 times, is the same as repeating that number 32 times. We 
have, in all cases of multiplication, the foUowing rule : — 

Rule. Place the multiplier under the multiplicand, so that the units 
of the former may be under those of the latter; multiply the whole mul- 
tiplicand by each figure of the multiplier (19), and place the unit of each 
line in the column under the figure of the multiplier from which it cam«; 
then add all these partial products together, and their sum will be the 
entire product of the two factors. If the multiplicand contain a cipher, 
treat it as if it were a number, recollecting that 0x1 =0, 0x2=0, 
and so on. 

23. To prove MuUiplication. Cast the nines out of the sum of the 
'digits of the multiplicand, multiplier, and product separately, and set 

down each remainder at the side of the number from which it came. 
Multiply the first two remainders together and cast out the nines from 
this product, if the sum of the digits exceed nine ; then if the remainder 
which thus arises is the same as that from the product of the two factors, 
the operation is very likely to be correct, unless there be some compen- 
sation of errors* or some figures misplaced.* Thus in the annexed 

* This method of proof depends on a property of the namber S^ irhich belongs 
to no other digit, except 3. It is this : any number divided by 9 will leave the eame 
remainder as the sum ^ its figures or digits divided by 9. 

For take the number 569, fbr instance, which is equal to 500 4-60 + 3. Now 

500 = 5 X 100 = 5 X (99 + 1) =r 5 X 99 + 6, 

60=6X 10 3:6X(9 + 1)=6X 9 + 6; 

henoe 563 =5X 99 + 6x9 + 5 + 6+ 3, and 5 X 99 + 6 X 9 contains an exact 

number of nines ; therefore if the number 5G3 be divided by 9, it will leave the same 

renudnder as 5 + 6 + 3 divided by 9. The same is true for every other number. 

Let now A and A denote the number of nines in the multiplicand and multiplier, 
and a and b the remainders, then the numbers will be 9 A + a and 9 A + 6, and 
their product is (9 A + a) repeated 9 A times, 9 A repeated b times, and the product 
of a by b. Now these products are each an exact number of nines; except the last 
a X 6 ; but a and 6 are the remainders after the nines are cast out of the two factors, 
and heucet he remainder, after casting the nines out of the product of these fkctors, 
must be the same as the remainder alter the nines are cast out of the product a x 6. 
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example, we say (amitting: the 9) 3 and 1 are 

10 ; then 1 and 6 are 7, which write down. 

Again, 2 and 8 are 10, then 1 and 3 are 4, which 

is also put down near th^ multiplier. Lastly, the 

product of 4 and 7 is 28, and 2 and 8 are 10, 

which is 1 above 9. Write then 1 near the 

product, and cast the nines out of it thus : 1 and 

8 are 9 ; 8 and 2 are 10 ; 1 and 5 are 6 and 3 are 9 ; 2 and 8 are 10, 

which being 1 above 9, shows that the operation most probably is 

correct. 



Multiply 90376... 7 
By 2083 , -.4 

271128 
723008 
180752 

188253208 ..1 



BXVI8I01I. 

24. Division is the finding how many times a less number is con- 
tained ill a greater, or how many times it may be taken out of the 
greater. 

The number to be divided is called the dividend; the number to 
divide by is called the divisor^ and the number of times the less can be 
taken out of the greater is called the quotient. If a number is left after 
the division is finished, it is called the remainder. The sign -4- {divided 
hy) indicates division. 

25. Let it be required to divide 28 by 7, or to find how many sevens 
the number 28 contains. This is done by subtracting 7 from 28, and 
then subtracting 7 from the remainder, and eo on as often as it can be 
done. Then count the number of subtractions, and the quotient is 
obtained. In this example the quotient is 4, because we have found 
that 28 contains 7 four times. So long as the quotient is a small 
number, this process of continued subtraction may be employed, 
but when the dividend contains the divisor a large number of 
times, it would be necessary to abridge the operation, by faking 
away as many times the divisor at once as we please, provided the 
number of times is marked at each step. For example, to divide 
115 by 12 we may take away 8 times 12 at once -^^b 
from 115, and afterwards take away 12; theiefore 
1 2 may be subtracted 9 times, and the remainder - 
is 7. 

26. Let it be required to divide 3168 by 27. 
Here the quotient will consist of three digits, and 
therefore there will be at least 3 separate subtractions, 
in the hundred's place cannot be more than 1, 31 go 
and if the partial product 27 hundreds, or 2700, 
be subtracted from the total product 3168, the 
remainder 468 must contain the products of the 
tens and units of the quotient multiplied by the 
divisor 27, and thus the question is reduced to 
another of a similar character, viz., to divide 
468 by 27. We now inquire how often 27 is 
contained ten times in 468, and this is found to 
be only once ten times ; then subtracting the partial product 27 tens or 
270 from 468, the remainder is 198. Lastly, we have to divide 198 by 
27, which gives 7 for a quotient, and a remainder 9 ; and, therefore, 
3168 contains 27, 100 4- 10 + 7, or 117 times, leaving 9 for remainder. 
It will be readily seen that as often as 27 is contained in 31, so many 



28 

21 

J 
14 
_7 

7 
_7 





9i6 = 8 times 12 

"19 

12 = once 12 

7 = remainder. 

Now the 6gure 



2700 = 100 times 27 

468 
270 * 

198 
189 = 

9 



10 times 27 

7 times 27 
117 times 27 
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hundred times it will be contained in 3100 or in 3168; and as often aa 
27 is contained in 46 so many ten times it will be contained in 460 or 
468, and in this manner any quotient figure is just as readily obtained 
as the last or units' figure of it. 

27. The preceding articles contain the principles of division, and all 
that remains is to apply them in the most economical way. Suppose we 
have to divide 2987618 by 3605. 

Operation with ciphers in full. Operadon withont annexing dphers. 

3605)2987618(800 + 20 + 8, 3605)2987618(828 

2884000 or 828. 28840 



1U3618 10361 

72100 7210 



31518 31518 

28840 28840 



2678 2678 

Hence we may deduce the following rule : — 

RuLB. — Write the divisor and dividend in one hne, and place paren- 
theses on each side of the dividend. Take off from the lef\ hand of the 
dividend the least number of figures which make a number not less than 
the divisor; find what number of times the divisor is contained in these, 
and write this number as the first figure of the quotient. Multiply the 
divisor by this figure, and subtract the product from the number which 
was taken off at the lefi; of the dividend. On the right of the remainder 
place the next figure of the dividend, and if the remainder thus increased 
be greater than the divisor, find how many times the divisor is con- 
tained in it ; put this number at the right of the first figure of the 
quotient, and proceed as before ; but if not, on the right place the next 
figure of the dividend, or more, until it is greater; recollecting to place 
a cipher in the quotient for every figure of the dividend so tak^n, 
except the first. Find how often the divisor is contained in this number, 
and proceed in this way until all the figures of the dividend are ex- 
hausted. 

28. When the divisor is not greater than 12, the subtraction is per- 
formed mentally, and the figures of the quotient are written successively 
under those of the dividend. Also, if the divisor be the exact product 
of two or more numbers, each of which is not greater than 12, the 
dividend may be divided by one of these numbers, the quotient thus 
obtained by the next, and so on, as in the following example: — 

Divide 8327965 by 72 and also by 99. 



< 



8327965 ^^f 9 



99i 
925329 4 [H 



115666 1 



8327965 



925329... 4 



84120... 9 



To deduce the remainders which would have been left, had the divisions 
been performed by 72 and 99 in the usual way, we may observe that 
the first partial remainder 4 must be units ; but the second dividend 
being so many collections of 9 units each, the second remainder must 
be regarded as so many collections of 9 units each ; hence the true 
remainders in these examples are respectively 

1 X 9 + 4 « 13, and 9 X 9 + 4 =85. 
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Division may 'also be abridged when the divisor is terminated by a 
cipher or ciphen?. Thus cut off as many figures from the riglit of the 
dividend as there are ciphers on the right of the divisor ; proceed with 
the remaining figures in the usual manner, and to the right of the 
remainder annex these figures which were cut off from the dividend. 

29. To prove Division. Multiply the quotient by the divisor, or the 
divisor by the quotient, and to the product add the remainder, if there 
be one. The result ought to be the same as the dividend; because 
we are only adding the divisor the same number of times as it was 
subtracted in the operation of division. 

30. As the principles of arithmetic can only appear in their full 
extent when they can be adapted to any scale whatever,^ it will be 
useful to show how numbers expressed in one scale may be represented 
in any other scale, and how the fundamental operations may be per- 
formed with numbers expressed in any scale. When more characters 
than ten are required, as in the duodenary scale, ire shall represent 10 
by n and 1 1 by e. Now all numbers can be expressed in the binary 
scale by two characters 0, 1 ; in the ternary scale by three, 0, 1, 2 ; in 
the quaternary by four, 0, 1, 2, 3; in the duodenary or duodecimal 
scale by 12, viz., 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, it, e, and so on. Let it be 
required to transform the number 10011101 from the binary to the 
denary or decimal scale. 

Since in the binary scale each figure has a value two times greater 
for each remove to the left, it is obvious that the figure 1 on the left is 

7 removes from the units, and expresses 1x2x2x2x2x2x2 
X 2 or 128 units. The next 1 is 4 places from the units ,and it there* 
fore expresses 1x2x2x2x2 or 16 units ; the next 1 will express 

8 units ; the next 4 units, and consequently the entire number of units 
is equal to 128 + 16 + 8 + 4 + 1 = 157. In a similar manner the 
number represented by 3 tt 8 in the duodenary scale is expressed by 
3 X 12 X 12 + It X 12 +8^= 432 + 120 + 8 = 560 in the denary 
scale. These calculations being attended to, it will be easy to see that . 
the same thing may be effected in a more simple manner as in the 
margin. Thus multiply the left hand figure by 2 and 1 00111 01 
add the figure on the right ; multiply the sum 2 by 2 ^ 

and add the next figure on the right ; multiply the sum 4 — 
by 2 and add the third figure on the right, which gives ^ 

9 ; continue this process till all the figures have been _^ 
taken in, and the last sum will be the equivalent 4 

number in the common or denary scale. In this 2 

manner a number expressed in any scale may be 'g 
transformed into an equivalent number in the denary 2 

scale. If it be required to convert a number from the Tq 
common to any other system, we must reverse the pre- ^ 

ceding process, and divide successively by the base of — 

the system in which the number is to be expressed, ^9 

and the successive remainders will be the figures in _^ 

the different places, reckoning from the right or -units' 78 
place. Thus, to convert the number 560 into the duo- ' 2 

decimal scale, we divide 560 by 12 j which eives 46 ^57 

and 8 over ; hence 8 must be the figure on the right ^— 
hand of the number; then 46 -^ 12 gives 3 and ik over; hence 3 « 8 
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IS the number expressed in the duodecimal scale. If a number is to be 
transformed from one scale to another, neither of which is the decimal 
one, we must first transform it into the decimal scale and then into the 
required scale, by the process just adverted to. Thus 226 in the 
septenary scale is equal to 118 in the denary scale; and this again is 
equal to 9 tt in the duodenary scale ; consequently 226 in the septenary 
scale expresses the same number as 9 it in the duodenary one. We 
shall only add one example in illustration of the operation of multiplica- 
tion in the system whose base is 12, and the student will feel no diffi- 
culty in performing the fundamental operations of arithmetic in any 
system whatever. 

Suppose it required to multiply 56 c 7 by 90 ir 6. 



By the decimal scale. 
9643 
5310 


By 


the daodedmal scale. 
56 8 1 

30ir6 


9643 
28929 
48215 




29596 
4797 Tt 
148jt9 


51204330 




1519417 6 



The student may convert the one of these products into the other, and 
thus test the accuracy of both multiplications. Id a similar manner the 
fundamental operations may be performed in any system of notation. 

31. It may be useful to notice here two or three properties and prin- 
ciples connected with the theory of numbers. 

We have already seen that a number is divisible by 9 or 3, when the 
sum of its dieits. is divisible by 9 or 3. A number is divisible by 2 
when the unit s figure is an even number, or ; it is divisible by 4 
when the last two figures are divisible by 4, for every digit except the 
last two is a number of hundreds, and 100 is divisible by 4 without 
remainder. A number is divisible by 8 when the last three figures are 
divisible by 8, for every digit except the last three is a number of 
thousands, and 1000 is divisible by 8 without remainder. If a number 
terminate with 5 or 0, it is divisible by 5. Since 5 is the half of 10, the 
shortest way to multiply by 5 is to annex a cipher and divide by 2 ; and 
to divide by 5 multiply by 2 and cut off the last figure, the half of 
which is the remainder. And since 25 is the fourth of 100, the shortest 
way to multiply by 25 is to annex two ciphers and divide by 4 ; and to 
divide by 25, multiply by 4, and cut off the last two figures, the fourth 
of which is the remainder. To multiply a number by 9, annexed 
cipher and subtract the number ; and to multiply by 99, annex two 
ciphers and subtract the number. The reason is very evident, since 
9 = 10 - 1,99 = 100 - 1, 999 = 1000 - 1, and so on. 

OONOBETE NUMBEB8. 

32. The numbers which have been hitherto introduced into our cal- 
culations have been independent of any particular unit, that is, abstract 
numbers ; but those numbers can only afford a clear conception of the 
magnitude of objects when the unit is defined and known. By the 
number 24 we specify that the quantity to be measured is com- 
posed of 24 times the unit, supposed to be known ; but when we say 
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that the day is compoeed of 24 hours, we mean that the unit of time is 
the duration of one houvj and that 24 of these hours are equal in 
duration to one day. Numbers of this kind» composed of a particular 
unit, which is repeated as many times as are indicated by an abstract 
number, are termed concrete numbers^ and are consequently products of 
which the multiplicand is the unit, and the multiplier an abstract 
number. Hence 24 hours means 24 times one houTy and 36 miles sig- 
nifies 36 times one mile. Now suppose a distance is to be measured, we 
may take a mile as the unit, and the distance may be represented as 
nearly as we please, and sufficiently accurate for all practical purposes, 
either by a certain number of miles or a certain number of parts of a 
mile, and may therefore be expressed either by a whole number or a 
fraction. If one distance be represented by the one hundred and fifty' 
fourth part of a mile, and another by the one hundred and forty-fourth 
part of a mile, we have but an imperfect notion as to how much the 
second distance is longer than the first. It is necessary to have some 
smaller measure, and if a mile be divided into 1760 equal parts, and 
each of these parts be called a yard ; then tlie first distance will be 
1760-7- 154 or 11 yards and three-sevenths of a yard, and the second 
distance will be 1760 -f- 144 or 12 yards and two-ninths of a yard. We 
have now a better notion of these different distances, and if the yard 
be supposed to be divided into 3 equal parts, and each of these parts be 
called 2ifoot^ a still clearer notion of the two distances would be obtained. 
Hence large measures are convenient for measuring large quantities, 
while smaller measures are necessary and more convenient for measuring 
smaller quantities. 

33, A compound quantity is one consisting of several others, ex- 
pressed in different units, as 17 miles, 57 yards, 2 feet, or £3. 17^. 6^. ; 
and the different denominations into which money, time, weight, length, 
or distance, etc., are divided, constitute so many scales or systems of 
numeration, by means of which operations on concrete and compound 
numbers are assimilated to those on abstract and simple numbers. The 
usual tables of the different divisions of money, weights, and measures 
will be found in the following article, and the determination of the 
standard weights and measures will be found in a subsequent part of 
the Arithmetic. 



34. Tables of Monbt, Wbiorts, and Mbasurbs. 
1. Money, 

2 farthings = 1 halfpenny. 

4 farthings s 1 pennj. 
12 pence = I shilling. 

2 shillings = 1 florin. 
20 shillings = 1 pound. 



2. Measure of Length. 

12 inches. =^ 1 foot. 
8 feet s 1 yard. 
5^ yards = 1 pole or rod. 
40 poles s= 1 furlong. 
8 fhrlongs = 1 mile. 
1760 yards simile. 

Special Measures of Length, 

Land Measure, 
100 links = 1 chain. 



22 yards = 1 chain. 
80 chains =s 1 mile. 

Nautical Measure, 



3 miles = 1 league. 
20 leagnes = 1 degree. 

di Measure of Surface, 

144 square inches s 1 sq. foot. 

9 square feet s 1 sq. yard. 

30} square yards = 1 sq. Dole. 

40 square poles = 1 rooo. 

4 roods or 4840 sq. yds. s 1 acre. 

Special Measure qf Surface for Land, 

10000 square links — 1 sq. chain. 
10 square chains = 1 acre. 
640 acres = 1 sq. mile. 



BBDUCTION. 



n 



4. Measurt cf Solidity, 

1728 cubic inches = 1 cubic foot. 
27 cubic feet = 1 cubic yard* 

5. Meamre qf^ C<tpacUjffor Ziqftidtf 
Grain, Pruit, etc. 

Liquid, 

4 giUs = 1 pint 
2 pints = 1 quart 
4 quarts = 1 gallon. 

Dry. 

2 gallons = 1 peck. 

4 pecks = 1 bushel. 
8 bushels = 1 quarter. 

5 quarters = 1 load. 

6. Measures of Weight, 

Trog,—by which Gold, Silver, and Pre- 
cious Stones are weighed, 

24 grains =r 1 pennyweight. 

20 pennyweights =r 1 ounce. 
12 ounces = 1 pound. 



Avoirdupoisj cr the general Meaeure cf 
Weight, 

^ I ounce. 

= 1 pound. 

^ 1 stone. 

= 1 quarter. 

= 1 quarter. 

^ 1 hundredweight (cwt). 

= 1 ditto. 

= 1 ton. 



16 drams 
16 ounces 
14 pounds 

2 stones 
28 pounds 

4 quarters 
112 pounds 
20 cwt 



Special Measure <f Weight for Medical 
Prescriptions, 

20 grains = 1 scruple. 

3 scruples = 1 dram. 

8 drams = 1 ounce. 
12 ounces = 1 pound. 

7. Measure qf Time. 

60 seconds = i minute. 
60 minutes = 1 hour. 
24 hours = 1 day. 
7 days = 1 week. 

365 days = 1 common year. 

366 days = 1 leap year. 



£. s, d. 
421 15 1i 
20 

8435 shillings. 
12 

101227 pence. 
4 



BEDUOTXON. 

35. Heduetion is to change a concrete number, consisting of one or 
raore denominations, into another, without altering its value. 

** Ex, 1. Let it be required to reduce £421. 15«. 7^. 
to farthings. Since there are 20 shillings in 1 pound, 
it is obvious that in 421 pounds there will be 421 
times 2QI^ or, which comes to the same thing, 
20 X 421, or 8420 shillings. To this product we 
must add 15 shillings, which may be done mentally 
while the multiplication by 20 is being made, and 

the entire number of shillings in £421. 15*. is 8435. 

Again, since there are 12 pence in 1 shilling, there 404910 farthings 
will be in 8435 shillings 8435 times 12 pence, that — — 
is, 12 X 8435, or 101220 pence. Adding to this number 7 pence, we 
have £421. 15*. 7e?., equal to 101227 pence. Lastly, since 4 farthings 
are equal to 1 penny, 101227 pence will be equal to 101227 times 4 
farthings, or 101227 X 4 = 404908 farthings; hence, in £421. 15*. lid. 
there are 404908 + 2, or 404910 farthings. 

Since there are 960 farthings in 1 pound, 48 in a shilling, and 4 
in a penny, the previous example may be performed iu the following 
manner: — 

960 X 421 = 404160 farthings in 421 pounds 
48 X 15 = 720 farthings in 15 shillings 
4 X 7 = 28 farthings in 7 pence 

2x1= 2 farthings in 1 halfpenny. 

hence there are 404910 farthings in £421. 15*. 7^^. 

J3x, 2. How many pounds, shillings, pence, and farthings are in 
337587 farthings? 

VOL. I. C 
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337587 farthings. 



84396} pence. 



703,3*. Old. 



£351. 13*. Old. 



Here the operation must be the reverse of the 4 
former, and dividing the number of farthings by ^n 
4, the quotient is 84396 pence, and the re- 
mainder is 3 farthings. Dividing the number ^*^ 
of pence by 12 gives 7033 shillings, and no re- 
mainder, and dividing the number of shillings 
by 20, gives 351 pounds, and a remainder of 13 shillingi; hence, 
337587 farthings are equal to 84396 pence and 3 farthings, or equal 
to 7033 shillings and 3 farthings, or equal to £351. ISs. Old. 

Ex. 3. How many half-crowns are equivalent to £227. 12*. ]<f. ? 

The given sum is first reduced to £ a 

pence by multiplying by 20 and 12, 227 1*2 1 

adding the shillings and pence in sue- oq 

cession ; then since there arc 30 pence 

in 1 half-crown, the number of pence ^552 shillings. 

is divided by 30, which gives 1820 !£ 

half-crowns and 25 pence remaining, 3,0 )546&,5 pence. 

or 1^20 hf.-cr. 2#. Id. These three 1 820 h alf-crowns 25 pence> 

examples are sufficient to illustrate the — 

principles of Reduction, as, whatever be the denominations, the operations 

are performed in a similar manner. 

CX»CPOTIin> ADDITION. 

36. Compound Addition is the collecting into one sum two or more 
numbers expressed in different denominations ; and the process is pre- 
cisely similar to that for the addition of simple numbers, with this 
difference, that the numbers connecting the different denominations must 
be employed instead of ten. 

Ex. Find the sum of £73. 2*. 9K, £25. 8*. 41^?., £68. 3{. 1 li^., 
£28. \U. lid., and £ 17. 14*. Uld. * 



£. 9, d. Farthinf^. 
73 2 94 = 70214 
25 8 4} = 24403 



4 



204564 farthings. 



68 3 lU = 65469 12 51141 pence. 

28 11 71= 27439 2,o| 426,1 «. 9d. 

n 14 111 = 17039 £:2^U.M. 

213 1 9 » 204564 

Here the numbers are arranged so that those of the same denomination 
are in the same vertical column ; then beginning at the lowest denomina- 
tion, viz., farthings, the sum is 12 farthings, which are equivalent to 
3 pence. Then 3 pence are carried to the next column, and added 
thereto, making the entire number of pence 45. But 45 pence are 3 
shillings and 9 pence, and writing 9 under the column of pence, the 3 
shillings are added with the numbers in the column of shillings, making 
41 shillings, which are equivalent to 2 pounds I shilling; writing 1 
under the column of shillings, and carrying the 2 pounds to the left 
column, the entire number of pounds is found to be 213 ; consequently, 
the sum of the whole is £ 213. \s. 9d. The sum may also be obtained 
in the ordinary manner by reducing each of the numbers to the denomi- 
nation of farthings, as has been done above, and then reducing the sum, 
viz., 204564 farthings, to pounds, shillings, and pence, in the usual 
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manner. In practice, it is more useful to adopt a separate scale of nota- 
tion for each case, as in the first method, without changing the denomi- 
nations into the lowest. 

OOMPOUMD 8T7BTBAOTION. 

37. Compound Subtraction is the taking a less number from a 
greater, when both numbers are composed of different denominations. 

Ex. Find the difference between 35 yards 2 feet 8 inches and 
52 yards 1 foot 4 inches. 
Yds. Ft. lo. Yds. Ft. la. Inches. 



52 1 4 or 52 4 16 or 1888 12 
35 2 8 36 3 8 1292 3 

16 1 8 16 1 8 596 



596 inches. 



49 feet 8 inches. 



16 yds. Ifl. 8 in. 



Since the difference of two quantities is not altered by adding the same 
quantity to both, we must first add 12 inches to the upper line, and 
12 inches or 1 foot to the lower line, making 16 inches in the one and 
3 feet in the other. Again, as 3 feet cannot be subtracted from 1 foot, 
we must add 3 feet to the upper line, and 3 feet or 1 yard to the lower ; 
making 4 feet in the former, and 36 yards in the latter. The subtraction 
can now be effected, the difference being 16 yds. 1ft. 8 in. Reducing 
both numbers to inches, the difference (596 inches) is obtained in the 
ordinary manner, and then reduced to yards,- feet, and inches, as in the 
example above. 

OOMFOUNB MULTIPLIOATION. 

38. Compound Multiplication is the finding the amount of a number 
consisting of different denominations, repeated any number of times. If 
a quantity consists of several parts, and each of these parts be multiplied 
by a nui^ber, and the products be added, the result is the same as would 
arise from multiplying the quantity by that number. 

Ex. I. Multiply £24. 17*. 8*^^. by 23. 

3 farthings X 23 = 69 farthings = 1 5i 

8 pence X 23 = 184 pence = 15 4 

n shillings x 23 = 391 shillings = 19 11 

24 pounds X 23 = 552 pounds = 552 

The sum of all these is £ 572 7 9t 

This product may be obtained in another manner ; for since 
23 = 4 X 6 — 1, we may multiply £ 24. 17*. 8f J. first by 4, then the 
product by 6, and from diis last product subtract £24. 17*. 8fc/. Or, 
since 23 = 2x11 + 1, 'we may first multiply by 2, then the product 
by 11, and add to this last product £24. 17*. 8f^. 

£. 8, d» £. Bm d, 

24 17 8| 24 17 8| 

4 2 



99 


10 


11 

6 


49 


15 


5* 
11 


597 


5 


6 


547 


10 


Oh 


24 


17 


8* 


24 


17 


6* 


572 


n 


9i 


572 


7 


9i 



subtract 24 17 8* 24 17 SJ add. 



39. When the multiplier is a large number, we may reduce the 

c2 



20 
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multiplicand to the lowest demonination included, and proceed in the 
ordinary way. Or we may multiply by the separate units, tens^ hun- 
dreds, etc., of the multiplier. 

Ex, 2. Multiply £3. 15«. 6^. by 327. 

£. », d. £. «. d. 

3 15 64x7= 26 8 94= 7 times. 

10 

37 15 5 x2= 75 10 10 = 20 times. 
10 



£. 8. d, 
3 15 6j 


Farthings. 

= 3626 
327 

25382 
7252 
10878 


4 


1185102 far. 


12 


296425K 


2,0 


2470,2*. lid. 


« 


£1235 2*. Md. 



377 14 2 x3 = 1133 2 6 =800 times. 

1235 2 14 = 327 times. 



£. 

172 



n 



d, 

5* 



34 10 34 



OOMFOUMI) DIVI8I0K; 

40. Compound Division is the dividing a number consisting of 
several denominations into as many equal parts as there are units in the 
divisor ; or it is the finding how many times one compound number is 
contained in another consisting of like denominations. 

Ex. 1. Divide £172. 11*. 54^. by 5. 

Dividing 172 pounds by 5, gives a quotient of 34 
pounds, and 2 pounds remain to be divided by 5. In 
2 pounds there are 40 shillings, and 40 + 11, or 51 
shillings, divided by 5, gives 10 shillings, and 1 shilling 
remains. But in 1 shilling there are 12 pence, and 12 + 5, or 17 pence, 
divided by 5, gives 3 pence, and 2 pence remain ; then 2 pence are 
8 farthings, and 8 + 2, or 10 farthings, divided by 5, gives 2 farthings, 
and £34. 10*. Z^d. is the quotient required. 

Ex. 2. Divide £629. 16*. hid. by 91. 

This may be effected either by reducing the dividend to the lowest 
denomination iucluded, and then dividing in the ordinary way, or by 
dividing as in Division. 

£>, 8. d. ^ £. 8. d, £. 8. d. 

629 16 5i 91)629 16 5i(6 18 5* H- 

20 546 



12596 
12 

151157 
4 

91)604629(6644 ff farthings, 
546 or£6. 18*. 5Jrf. «. 

586 
546 



402 
364 



389 
364 

25 

91 



83 
20 

91)1676(18 
91 

766 
728 

38 
12 

91)461(5 
455 

6 
_4 

25 
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Ex, 3. How many times does £263. 8*. 1 \\d. contain £37. 12». 8W. ? 

Here both numbers must be reduced to the lowest denomination, 
which is farthings. The divisor £37. 12*. 8ic?. is 
equivalent to 36130 farthings, and the dividend 36130)252910(7 
£263. 8^. llitf. is equivalent to 252910 farthings; 252910 

then dividing the latter by the former, we get for a 
quotient the abstract number 7 ; hence the former sum contains the 
latter 7 times. 

41. It is worthy of remark, that when a concrete number is divided 
by an abstract number, the quotient is a concrete number of the same 
kind as the dividend; but when one concrete number is divided by 
another, the quotient is an abstract number. Thus 24 days divided by 
6 gives 4 days for quotient, while 24 days divided by 6 days give the 
abstract number 4 for quotient. 
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42. When one number divides another without remainder, or is con- 
tained an exact number of times in it, the former is said to measure the 
latter. Thus 4 is a measure of 28, but it is not a measure of 29. 
When one number is a measure of two others, it is called a common 
mectsure of these others ; and the greatest of all the common measures 
of two numbers is called their greatest common measure. Thus 2, 3, 
6 are common measures of 16 and 30, but 6 is their greatest common 
measure. 

43. If one number measures two others, it measures their sum and 
difference. Thus 9 measures 18 and 45, and hence it must necessarily 
measure both 45 + 18 and 45 — 18, or 63 and 27. 

44. If one number measures a second^ it measures every number 
which the second measures. Thus 9 measures 18; and 18 measures 
36) 54, 72f etc., all of which are evidently measured by 9. 

45. Every number which measures both the dividend and divisor^ 
measures the remainder also ; and every common measure of the divisor 
and remainder is also a common measure of the dividend and divisor. 

Dividing 168 by 63, we get 2 for a quotient, and the remainder is 42 ; 
that is, 168 =: 63 X 2 + 42, and therefore 42 is the difference between 
168 and twice 63, or 42 = 168 — 63 x 2. Take now any number 
which measures both 168 and 63 as 3; then, since 3 measures 63, it 
measures 63 + 63, or 63 X 2 by Art. 44, hence (43) it measures 168 
— 63 X 2, and therefore it measures the remainder 42. The same holds 
for all other measures of 168 and 63 ; hence it follows, that every com- 
mon mectsure of a divisor and dividend is also a common measure of the 
divisor and remainder. Again, since 168 =63 x 2 + 42, let us take 
any common measure of the divisor 63, and the remainder 42 as 7 ; 
then 7 measures 63 X 2 by Art. 44, and hence (43) it measures 
63 X 2 + 42, that is, it measures the dividend 168. From this it 
follows that there is no common measure of the remainder and divisor 
which is not also a common measure of the divisor and dividend. 
Hence the greatest common measure of the remainder and divisor is 
also the greatest common measure of the divisor and dividend ; that is. 



22 FBINCIPLES OF ARITHMETIC. 

the greatest common measure of 42 and 63 is also 63)168(2 
the greatest common measure of 63 and 168. 126 

In a similar manner, by dividing 63 by 42, we 42)63(1 

find that the greatest common measure of the re- 42 

mainder 21, and the divisor 42 is also the greatest ^lS42(2 

common measure of 42 and 63, and therefore also "^^2 

of 63 and 168. — 

This process may sometimes be shortened by taking the quotient figure, 
BO that when the divisor is multiplied by it, the product shall be greater 
than the dividend ; because it is only the difference between 168 and 
126 which we have to deal with in the preceding rea- fiQXigQ/^Q 
soning. Thus taking the first quotient figure 3 instead i qq 

of 2. the product 189 differs from 168 only by 21 ; irr 

whereas, in the former division, the diflference or re- 21)63(3 

mainder is 42. The last divisor, 21, is hence the ^ 

greatest common measure of 63 and 168. 

Otherwise. Since 63 = 1 X 9 = 7 X 3 x 3, and 168 = 7 X 24 
= 7x3x8; therefore 7x3 = 21, is the greatest common measure 
of 63 and 168. 

Hence, to find the greatest common measure of two numbers^ divide 
the greater by the lessy and then the divisor by the remainder ; repeat 
this operation till an exeunt divisor is obtained ; this will be the greatest 
common measure sought, 

46. A prime number is one which can only be measured by unity, 
and a composite number is one which can be measured by some number 
greater than unity, or it is the product of two or more numbers. Also, 
two numbers are prime to each other when they have no common 
measure greater than unity. 

47. To obtain the greatest common measure of three numbers, as 63, 
168, and 189, we must first find that of 63 and 168, which is 21, and 
since it is manifest that the number sought is either 21 or some 
measure of it, we have only to find the greatest common measure of 
£1 and 189, which is 21, because it is an exact divisor of 189. This 
process is applicable to four or more numbers. , 



LEAST OOMMON MULTIPLE. 

48. A multiple of any number is one which contains it an exact 
number of times ; a common multiple of two or more numbers is one 
which contains each of them an exact number of times ; and the least 
common mtdtiple of two or more numbers is the least number which 
contains each of them an exact number of times. Thus 15 is a multiple 
of 3 or 5 ; 24 is a common multiple of 3 and 4 ; and 12 is their least 
common multiple. 

49i One method of finding the least common multiple of two num- 
bers is to divide their product by their greatest common measure. For 
take any two numbers, as 72 and 30, and resolve them into their prime 
factors ; then, since 72 = 2 X 2 X 2 X 3 X 3, and 30 = 2 X 3 X 5, 
we see at once that their greatest common nieasure is 2 x 3 or 6, 
and that if (2 X 2 X 2 x 3 x 3) X (2 X 3 X 5) be divided by 2 x 3 
or 6, the quotient will be equal to 2x2x3x2x3x5. This 



576 


312 


48 


26 


24 


13 



LEAST COMMON MULTIPLE. 23 

product must be the least commou multiple of 12 and 30, since no 

smaller number is exactly divisible by 2x2x2x3x3 and 

2 X 3 X 5, or by 72 and 30; hence 2x2x3x2x3x5 = 360 

72 X 30 

= least common multiple, and 360 = 72x5=30x12= 

6 

^ 2X2X2X3X3X2X3X5 

2X3 

50. Hence it follows, that if two numbers be divided by all the num- 
bers which will divide them exactly, the products of the divisors and 
quotients will be the least common multiple. Thus, to find the least 
common multiple of 576 and 312, we first divide by 12, and then the 
quotients by 2, and consequently 12x2x24x13 12 

= 7488 = the least common multiple required. It is n 
also evident that 12 X 2, or 24, is the greatest com- 
mon measure of 576 and 312. 

» 

51. From these examples we perceive ihtit the product of two numbers 
is a common multiple ofeach^ and that if two numbers have a common 
measure^ they also have a common multiple less than their product* 
Also^ when the greatest common measure is unity ^ the letut common 
multiple rf the two numbers is their product. The rule then is: — to 

Jind the least common multiple of two numbers^Jifid their greatest com- 
mon measure^ and divide their product by it; or divide either of the 
numbers by their greatest common measure^ and multiply the quotient 
by the other. 

52. The least common multiple of three or more numbers may be 
found very simply by the following process. Write the numbers in a 
line, and divide by any number that will divide them all, or two or 
more of them, and set down the quotients and undivided numbers (if 
any) in a line below. Divide the numbers in the second line in a similar 
manner, and continue the operation until every two of the numbers are 
prime to each other. Then the continued product of all the divisors, 
and the numbers in the last line, will be the least common multiple of 
all the numbers. 

Ex. 1. Find the least common multiple of 126, 168, 210, and 294. 



126, 168, 210, 294 



63, 


84, 


105, 


147 


21, 


28, 


35, 


49 


3, 


4, 


5, 


7 



Beginning with the least prime divisor, 2 
2, we find the quotients to be as in the 
second line. As 84 is the only number in ^ 
this line divisible by 2, we try 3, the next 7 
prime number, and thus the third line is 
obtained ; and as no two of these num- 
bers are divisible by 2, 3, or 5, we take the next prime number 7, and 
this gives the quotients in the last line, every two of which are prime 
to each other; hence, 2x3x7x3x4x5.x7 = 17640 = the 
least common multiple sought. 

The greatest common measure of all these numbers is evidently the 

• product of all the divisors 2, 3, 7, or 42 ; and this being the greatest 

common factor of all the numbers, it is evident that if the product of all 

the other factors, 3, 4, 5, 7, be multiplied by this number 42, the least 

common multiple of all will be obtained. 
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Ex, 2. Find the least common multiple of all the nine digits* 



2 
3 



5, 6, 7, 8, 9 



5. 3, 1. 4, 9 



15, 1, 7, 4, 3 



2 


2, 3, 


4, 


5, 


6, 


1, 


8, 


9 


2 


1, 3, 


2, 


5, 


3, 


7. 


4, 


9 


3 


1, 3, 


1, 


5, 


3, 


1, 


2, 


9 




1, 1, 


1, 


5, 


1, 


1, 


2, 


3 



Here we may either take all the digits, or omit 2, 3, 4 ; because^ 
whatever number is measured by 9 and 8, will be measured by 2, 3, 4. 
In either way we have the least common multiple 

= 2x3x5x7x4x3 = 2520. 

53. The least common multiple of several numbers may be found 
by first finding the least common multiple of any two of them ; then 
the least common multiple of that multiple, and a third number; and 
80 on. 

FBAOnOKS. « 

54. The nature of a fraction will be understood by supposing that a 
unit of any kind is divided into several equal parts. One or more of 
these parts is called a fraction of that unit, and is represented by one 
number above a line, and another under it. The number under the line 
denotes the number of parts into which the unit is divided, and is called 
the denominator of the fraction, and the number above the line shows 
how many of these parts are represented, and is called the numerator of 

3 

the fraction. Thus if the unit be a yard, the fraction - signifies that the' 

o 

yard is divided into 8 equal parts, and three of these parts are taken. 
It is read three-eighths. If the unit be divided into 2, 3, 4, 5, or 6 equal 
parts, the corresponding fractions, with their names^ are as follow : — 

-, one^half; -^ one-third*, -, one-fourth; -, one-fifth; ~, one-sixth, 

55. Hence it follows that if the numerator of a fraction be less, equal 
to^ or greater than the denominator, its value is less, equal to, or greater 
than unity. 

56. A, proper fraction is one whose numerator is less than the deno- 
minator ; and an improper fraction is one whose numerator is either 

3 9 

equal to, or greater than the denominator. Thus ~, — are proper frac- 
tions, and -, -, — , are improper fractions. In the latter case we may 

suppose each of two or more units to be divided into the number of 
parts indicated by the denominator, and from these units so divided, 
take as many parts as there are units in the numerator. 

57. A simple fraction has only one numerator and one denominator, 

3 2 9 

which are called the terms of the fraction, as -, -, and -. A compound 

4 5' 8 ^ 

fraction is two or more fractions with the word of between them j thus 

13 5 

- of - of - is a compound fraction. A mixed number is composed of 
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an integer and a fraction, as H, 6i, and 15^ ; and a complex fraction has 

i 12* 
a fraction or a mixed number in one or both of its terms, as -, • 

5 i 

58. From the notion attached to the words numerator and denomi- 
nator, it is evident that 

1 . A frcuition is increased by increasing the numerator. 

2. A fraction is increased by diminishing the denominator, 

3. A fraction is diminished by diminishing the numerator. 

4. A fraction is diminisJied by increasing the denominator. 

For by increasing or diminishing the numerator, we take more or 
fewer of the parts of the unit ; by diminishing the denominator, the 
magnitude of the parts is increased, while the same number of parts are 
taken. Also if the denominator be increased, the mai2;nitude of the parts 
is diminished, and the fraction is diminished. Thus the fraction 

' 3 . 14 2 

- is three times (rreater than - : - is the double of - ; 
5 ° 5 7 7 

7 . 7 3. 3 

-■ is three times greater than 77: ; - is the double of -rr ; 
4 12 5 10 

1 ^ f* 1 ft 

- is the third part of - ; — are the half of — ; 

2 2 4 4 

- are less than -; T^ ^'^^ ^^^ ^^^ o' 

59. Hence a- fraction is multiplied or divided by multiplying or 
dividing the numerator ; and a fraction is divided or multiplied by 
multiplying, or dividing the denominator. Also if the numerator and 
denominator of a fraction be multiplied or divided by the same number y 
the value of the fraction is not altered. 

Thus i X 3 = I ; 5 H- 3 = 1 5 I -^ 2 = ? ; A X 4 = I ; .nd 

12345 6 7 10. 

2=4 = 6 = 8 = 10 = T2 = 14"20''"*^ ""•'"• 

It is worthy of remark that, by suppressing the denominator of a frac- 
tion, it becomes multiplied by this number. For example, by sup- 

3 

pressing the denominator 8 in the fraction ~, it becomes 3 whole num- 

3 

hers, or is multiplied by 8 ; that is - X 8 = 3. Also since the integer 

o 

3 

3 is 8 times greater than the fraction -, it is evident that 3 may be ex- 
pressed in a fractional form by writing 1 in the denominator; thus 

o 3 J 

3 = J, and so on. 

60. To reduce a fraction to its lowest terms. 

By Art. 59, the value of a fraction is not altered if both numerator 
and denominator be divided by the same number ; therefore divide the 
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numerator and denominator by their greatest common measure ; or first 

divide by any common measure of the terms of the fraction, and repeat 

the operation on the reduced fraction until the terms have no common 

measure but 1. 

891 
Reduce the fraction to its simplest terms. 

891)3429(4 891 891 -=- 27 33 

?^ "^^^^3429 = 3429-4:^ = 127- 

^^^ Q^i ^^ finding the greatest common 

_Z? measure, the work has been short- 

54)135(2 ened by taking the quotient figures 

108 4 and 7, because the products 3564 

27)54(2 and 945 differ less from the divi- 

54 dends 3429 and 891 than if 3 and 

6 had been taken. 

_ . 891 297 99 33 ... ... • , , o 

^' '^"'' 3429 = 1143 = 381 = 127' ^y ^'''^'''^ Buccessively by 3. 

In many instances it is unnecessary to find the greatest common mea- 
sure, the fractions being reducible to lower terms by successive divisions 
of the numerators and denominators by common factors discovered by 
inspection, 

^^ 4356 1089 363 121 11 ^ ^. .,. ^ , „ ^ 

^^""^ 9504 = 2376 = 792 = 264= 24' '^y ^'"'"^'''^ ^^ ^* ^' ^' ^"^ ^^' 

61. To reduce a compound fraction to the form of a simple fraction, 

2 5 7 

Let it be required to reduce -zoi-oi- to a simple fraction. By Art. 

3 6 8 

177 7 577 35 

59wehave.-of-=5H-6 = 5g; ••• gOf g =48 ^ ^ = 48' 

. . 1 ,35 35 „ 35 2 ,35 33 „ 70 

Aga.n. -of- = -^3=— ;.-.-of- = — X2 = — , 

which is a simple fraction, and from the several steps of the process, we 

, 2 .5 .7 2x5x7 70 35 

have :; of - of - = ;; = r-r, = =7:, by dividmg by 2. 

3 6 8 3x6x8 144 72 -^ ^ ^ 

Hence a compound fraction is reduced to a simple one, by multiplying 
together all the numerators for the numerator, and all the denominators 
fur the denominator of the simple fraction. The resulting simple frac- 
tion may then be reduced to its lowest terms, or the common factors may 
be suppressed before the multiplication is effected. 

62. To transform fractions having different denominators into 
others having a common denominator. 

The principle employed in this transformation is the multiplication 
of the terms of a fraction by the same number ; hence we have only to 
find the least common multiple of the denominators of the fractions 
(52), and then multiply the numerator and denominator of each fraction 
separately, by such a number as will raise its denominator to the least 
common multiple. If the denominators of the several fractions are prime 
numbers, or every two of them prime to each other, then multiply each 
numerator by all the denominators except its own for a new numerator, 
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and multiply together all the denomiDaton for a common denomi- 
nator. 

Reduce ^, -, — , and — to equivalent fractions having a common 
^ S 12 18 

denominator. 



2 
3 



2> 3, 12, 18 Hence ^ =^^ =3^ 



The equivalent 
fractions. 



1, 8, 6, 9, 2 2 X 12 24 

1» 1» 2, 3, 3 ='3x 12 "^36 

.-.2x3x2x3 =36= 5 _ 5 X 3 _ 15 

least common multiple of all Tq ~ lo v 3 "* 36 

the denominators. 

7 7x2 ^14 

18 18 X 2 36 

ADDXTXOK 07 FBACTIONS. 

63. If the fractions have a common denominator, add the numerators 
together and place their sum over the common denominator ; but if the 
fractions have different denominators, reduce them to other equivalent 
fractions (62) having a common denominator ; and then add the nume- 
rators as before. 

64. A mixed number is transformed into an improper fraction by 

^^v 1? ^s '^ . 5 7X8 ,5 56^5 56+5 61 

addit.cn. For 7i = -+ 3 = ^p^+ g = -3-+ 3 = -g-^= -3-. 

Hence to reduce a mixed number to an improper fraction, we have 
only to multiply the integer by the denominator of the fraction, and add 
the numerator to the product. Place this sum over the denominator, 
and the improper fraction will be obtained. 

65. An improper fraction may always be expressed by a mixed num- 

. T, 61 56 4- 5 56 5 ^ ,5 ^ , _,. . 

ber. For — = — — = — +- = 7 + Q = 7i. This process is 

evidently the same thing as dividing both numerator and denominator 
by the denominator ^ noticing the remainder of the former and sup- 
pressing the unit in the latter ; thus — = ' = — = 7i ; which 

8 8 T" 8 1 

affords the following rule : — 

Divide the numerator by the denominator, and the quotient will be 
the integral part; then place the remainder over the denominator or 
divisor for the fractional part. 

Examples. 

1. Find the sum of -, 7, -, and -. 

3 4 6 8 

The least common multiple of the denominators is 48 ; 

2 3.5.7 32 . 36 . 40 , 42 150 25 ^, 

hence-+4+^+ 3 =43+ 43 + 5^+43 = -43 ="Q- = 3i. 
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2. Find the sum of 24^, 36}, 28i, and 112^. 
Here i+|+i+| = |+|+| + | = l« = 2|, to which .dd the 
ftom of the integers, viz., 200, and the entire sum is 2024- 

SUBTRACmON OF PBACTIOKS. 

66. If the fractions have not a common denominator, they must be 
reduced to other equivalent ones having a common denominator ; then 
the parts into which the unit is supposed to be divided are the same m 
both fractions, and the difference of the numerators placed over the 
common denominator will give the difference of the fractions. 

Thus ^«| = ? = 1. I4i-10i = 4i = 4|; 

25i - 12i = 25 + U - I2i = 25^ - 12f = 13i = 13* ; 
_9 _ 10^ 9X3 10 X 2 27 20 J7_ _ 1 
14 21 "■ 14 X 3 21 X 2 " 42 42 "" 42 "" 6' 

XULTZPLIOATION OF FBAOTZOKS. 

2 5 2 

67. Suppose it required to multiply ^ by - ; then if - be multiplied 

by 5, the product will be — by Art. 59 ; but 5 being 8 times as great as 

5 

-, the multiplier used above is 8 times too large, and therefore the pro- 
o 

duct -X- is 8 times too large ; hence this product must be diminished 8 

times, and (59) 

10 105 2 5_ 2x5 _ 10 _ 5 

9""^ ^ " 72 "" 36' ^^""^ '"'9^8" 9^1 " 72 "" 36* 

Hence to multiply two or more fractions together, multiply all the 
numerators together for the numerator of the product, and all the deno- 
minators together for its denominator. 

1 3 
Ex, Find the product of 21, -of -, and 5}, 

„ ^, 7 1 .3 1 X 3 1 . ^^ 36 

Here 21=-, -of- = ^—^ = - and 5| = -^- ; 

7 1 36 7 X 1 X 36 36 12 „ 

then o ^ 7 X "n" =. "^ — z — ;r = o — r = -r = 3. 

3 4 7 3x4x7 3x4 4 

DIVISION OF FEAOnOKS. 

2 5 

68. Suppose it required to divide o ^y w » ^^^^ it is evident by Art. 

3 7 

2 2 

59, that — ^58 — , which is 7 times too small^ because the divisor 

has been taken 7 times too great, viz., 5 instead of the seventh part of 5 ; 
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2 2)4 

hence the quotient — must be increased 7 times, and tt X 1 = tt> i« 

2 5 2 1 2x1 14 

the quotient required. Hence o'^Ti - o^ r= r -z = tt ; and 

o 7 3 5 3Xd Id 

therefore to divide one fraction by another, invert the terms of the 
divisor, and multiply the dividend by it. 

2 3 
iSr. Divide 5f by - of j of 1 J. 

9 4 

„ ^, 28 . 2 ,3 ... 2x3x15 15 

Here 5* = y , and - of-of 1i =-^_-j_^= -; 

28 . 15 28 4 28X4 112 . 47 
andthen _^_ = _x - = 5^^ = ^ = 1 ;^. 

69. A complex fraction may be reduced to a simple fraction by 
division. Forif •— be the complex fraction, then its value will be the 

22 11 

same as that of 1+ -7- 5 J. But 1 J = — and 5| = — , therefore 

3 2 

22_^n_22 2 22x22x2 4 
3'2"'3^1l"3xll" 3 "3' 
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70. A fraction of a concrete number may be reduced to the fraction 
of another concrete number of a higher or lower denomination, by means 
of the principle employed in the reduction of integers from one denomi- 
nation to another (35). 

Examples. 

1. Reduce ^ of a pound to the fraction of a penny. 

Since any integer number of pounds is reduced to pence by multiply- 
ing the number of pounds by 20, and the product by 12, so any fraction 
of a pound is reduced to the fraction of a penny by multiplying the 
numerator by 20 X 12 or 240. 

^ 2 ^ „ 2 20 12 . 480 160 ^ 

Thus -ofa£ = QX"r^ -r-ofa penny = -^ or — - of a penny. 

2 

2. Reduce r of a pound to the fraction of a guinea. 

„ 2^ 2 20 40 . ..,,. 40 ^ 40 , 

Here i^ £= 7^ X y or ~ of a shilling = — x — or — of a gumea. 

3. Reduce 3 cwt. 14 lb. to the fraction of a ton ; or what fraction of 
a ton is 3 cwt. 14 lb. ? 

. Here 3 cwt. = 7^7: of a ton, and 14 lb. = — - or - of a cwt. = - X jr^r 

1 r * .1. f 3 , 1 24 1 25 5 . 

or rrrr of a ton ; therefore —- + - - = --r- + z-rr = -rrr = ~r, the 
160 20^160 160 160 160 32 

required fraction of a ton. 
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Othenvise. Since 3 cwt. 141b. = 3xll2+14or 3501b. and 1 ton 

350 5 
= 2240 lb ; therefore 3 cwt. 14 lb. = — --- or -- of a ton, as before. 

2240 32 

14 
We might shorten the operation in this manner : — Since 14 lb. = 

1 25 1 5 

or - of a cwt. ; therefore 3 cwt. 14 lb. = 31 cwt = -- x :rr or ~- of a ton. 
8 8 20 32 

4. What part or fraction of half-a-crown is 11^^. 

Here \\\d, = 45 farthings, and half-a-crown is = 30£?. or 120 far- 

things; therefore \\\d, = j^ or - of half-a-crown. 

71. The value of a fraction of a concrete number is easily determined 

2 

in terms of the same or lower denominations. For since - of a pound 

may be obtained either by dividing one pound into 3 equal parts and 
taking 2 of those parts, or by taking the concrete unit twice, viz., 
2 pounds, and dividing it into 3 equal parts ; therefore we have 

I of a £ = :i of £2 = i of 40 shiUings = \Zs. Ad. 

3 «) «5 

4 1 3 1 

Similarly rri of a ton = 7— of 4 tons : and - of a mile =-of 3 miles. 
-^ 17 17 5 5 

In every case, then, we have only to multiply the given concrete 
number by the numerator of the fraction, and divide the product by the 
denominator. 

Examples. 
4 
1. Find the value of — of a pound ; that is, how many shillings and 

4 
pence are in — of a pound ? 

4 . ^ 4 20 16 £. s. d. 

4 



1 6 8 



5 4 



Here — of a £ = 77 X Y' °'' "3" ^'^ ^^ shillings ; rg 

I 1 12 ^ 

but 7- of a shilling = « X -r- or 4 pence ; therefore 

O ox 

— of a £ = 5 shillings and 4 pence. 
15 

3 3 

2. Find the value of - of £24. 12*. Ad. ; and also of - of 17 cwt. 

7 5 

3 qrs. 7 lb. 



£. 


*. 


d. 


24 


12 


4 
3 


7)73 


17 





10 


11 






Cwts. 

17 


qrs. Ibi. 

3 7 
3 


5)53 


1'21 


10 


2 21 



q 3 

Hence ?of £24. 12*. Ad. = £10. 11*.; and - of 17 cwt. 3 qrs. 71b. 

7 ^ 

= 10 cwt 2 qrs. 21 lb. 
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72. fiy means of these reductions, we may And the sum and differ- 
ence of fractions of concrete numbers consisting of one or more deno- 

3 5 3 

minations. Thus to find the sum of ^ of s^ pound, - of a shilling, and ~ 

of a crown, we may either reduce any two of them to the fraction of the 
denomination of the other, and then find the sum of these fractions, or 
we may find the value of each, and then take their sum. 



ALIQUOT F&AOnOKS. 

73. The value of any number of articles may always be found by Com- 
pound Multiplication when the price of one of them is given ; but when the 
number is large, and the price of each article is only a small sum, their 
value may be obtained by the method of Aliquot Fractions (t. «., fractions 
having unity for their numerators), in a very convenient manner. The 
process is frequently denominated Practice^ and the following examples 
will sufficiently illustrate the mode of calculation to be adopted in all 



cases. 



Examples. 



1. Suppose it required to find the value of 115 tons, if each ton cost 
£3. 12i. 7K 

The value of 1 15 tons may be found either by multiplying £3. 12«. 7^^. 
by 115, or by separating the price of 1 ton into different parts, as £3, 
\0s.y28, 6d.y and 1^., and finding the cost of 115 tons at each of these 
prices. These different sums together will evidently give the value of 
115 tons, at the whole price, £3. I2s. lid. The reason for the above 
separation of the price per ton into different parts will be manifest from 
the following process, in which £115 is the price of 115 tons at £l per 



s. d. 
10 



2 6 
H 



£. 



£. «. d, 

115 

3 



£. s> d, 

cost of 115 tons at 1 



i 


345 

57 10 

14 7 

14 




6 
4* 




£417 11 


104 



9 9 


9 9 


3 





9 9 


9 9 


10 





99 


9 9 


2 


6 


9 9 


9 9 





H 



- cost of 115 tons at 3 12 7i 



74. The separation of the price into the different parts may be made 
in a flpreat variety of ways ; but in all of them each of the parts must be 
an cSiquot part of some one which precedes it, and the first is usually 
an aliquot part of the unit of the highest denomination in the price. 

Thus 10«. is an aliquot part of £1, for it is i of £l ; 28, 6d. is an 
aliquot part of 10^., since it is i of 10«. ; 14 lb. is an aliquot part of 
I cwt., for it is -t of 1 cwt. ; and so on. Consequently one number is 
an iUiquot part of another when the former number measures the latter; 
that is, when the less number is a fraction of the greater, the numerator 
of the fraction being unity. 

The preceding example may be solved in a different manner, as in 
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the margin, where the division by 20 is 
avoided by firet taking 2s. as an aliquot 
pait of 10^., instead of 2s. 6d, No rule 
can be given for the separation of the 
price, but a little practice will enable the 
student to effect it in the simplest manner, 
and he has only to take care that the 
sum of all the parts be equal to the whole 
price. 



2. Find the value of 293 quar- 
ters, at 18*. lOd. per quarter. 



s. 


d. 


£. 


£. 




10 






* 
* 


1 293 




5 


145 10 




2 


6 


i 


73 5 







10 


+ 


36 12 


6 





5 


4 


12 4 


2 





1 


< 


6 2 
1 4 


1 
5 




£275 18 


2 



s. 


d. 


£. 


£. 


10 





* 


115 
3 

345 


2 





t 


57 10 





6 


1 

T 


11 10 





1* 


1 
T 


2 17 6 
14 44 




* 


£417 LI lOi 



3. What will 358 yard* of silk 
come to, at 5*. 9d. per yard ? 

d. 
6 



s. 


s. 




i 


358 
5 


# 


1790 




i 


179 






89 


6 


2,0 


205,8 


6 



£102 18 6 



BEdMAL FBAOnONS. 

75. We have seen that the fundamental operations of arithmetic can 
be applied to fractions with considerable facility, and that they are much 
more readily performed upon fractions having the same than upon those 
which have different denominators. Hence in all those parts of mathe- 
matics where fractions are often required, it has been customary to use 
only those which have a common denominator, or such as can be easily 
transformed to others having the same denominators. As the decimal 
numbers 10, 100, 1000, etc., can be operated upon with the utmost 
facility, so, by employing .those fractions which have decimal numbers 
for denominators, the highest degree of simplicity will be attained in 
all calculations involving fractions. 

A decimal fraction is one whose denominator is any of the decimal 

5 27 4375 
numbers 10, 100, 1000, etc. Thus — , —- , ■ , are decimal frac- 

lU 1 UU 1 0000 

tions. 

76. Instead, then, of dividing the unit into so many different parts, 
corresponding to all the different denominators which are met with in 
fractions, it has been found convenient to consider the unit as divided 
into ten parts, each of which shall be a tenth ; and each of these tenths 
into ten parts, of which each is a hundredth of a unit ; the hundredths 
into ten parts, each of which is a thousandth of a unit, and so on. By 
continuing this division, the smallest parts may be formed, by means of 
which all numbers whatever may be measured to any degree of accuracy. 
These decimal fractions, being composed of parts of a unit which become 
successively ten times less, are changed one into another, in the same 
manner as the tens, hundreds, thousands, etc., are changed into units. 
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For as the unit is 10 tenths, the tenth is 10 hundredths, the hundredth 
is 10 thousandths, etc. ; therefore the tenth is ten times 10 thousandths, 
or 100 thousandths. Thus 2 tenths, 4 hundredths, and 9 thousandths, 
are equivalent to 249 thousandths, in the same way as 2 hundreds, 
4 tens, and 9 units malce 249 units. 

77« The decimal fractions may, therefore, he written by means of 
figures, in the same manner as whole numbers, the tenths taking their 
place, of course, to the right of the units, then the hundredths to the 
right of the tenths, and so on, as in the following table, which may be 
regarded as an extension of the Numeration Table. 



•3 



Q 



4 



I 



2 1 . 9 "S i "5 



.2 -d 



« >a r? ffl J r® *5 r" .2 ^ J» »2 3 .^ 

765432 1*2346678 

To distinguish the figures which express the decimal parts from those 
which express entire units, a period is placed on the right of the units. 
Thus 21 '234 will represent 21 units and 234 hundredths. 

2 1 

78. Suppose it required to represent ~ and - as decimal fractions ; 

3 5 

12 3 

then by taking the series of decimal fractions y^, jooO' 1000' * ' * ' 

999 1000 2 

TTvJn' 77w\» ^^ ®^ ^^^ ^^ o ^" ^^^ exactly equal to one of these decimal 
1 UOu 1 000 3 

fractions, it must fall between some two of them, as -r^rprz and -rprrr ; 

1000 1000 

and consequently it cannot differ from either by a thousandth part of 

1 ' 12 

the unit With respect to the other fraction, -, we have r = r;:? which 

5 5 10 

is a decimal fraction ; hence we perceive that though the exact value of 
every fraction may not be assignable by means of decimals, still we can 
obtain its approximate value to any degree of accuracy that may be 
required. 

79. The value of the decimal figures depending entirely on the place 
they occupy with respect to the point which separates the units from the 
tenths, any number of ciphers, on their right may either be annexed or 
effaced, without altering their value. For instance, ' 7 is the same as 
0*70, because the number that expresses the decimal fraction becomes 
ten times greater, while its pans become hundredths, and are therefore 

7 70 700 
diminished ten times ; thus — = —- = tt^j and hence it is evident 

that annexing ciphers to the right-hand of decimals does not change 
their value ; but if ciphers be prefixed to a decimal, its value will be 
diminished ten times for each cipher that is prefixed ; thus — 

VOL. I. D 



FRINCIFIiES OF ABITHMETIC. 



A decimal may either be coaiidered u the mm of at many fractians 
■> it containa digiti, or aa a single fraction ; thus — 



■03057 - 



18-204 



= 18 + ^ 



1000 




" 10000 "*" 100000 100000' 
18204 

" ioob ■" 1000' 

Hence a decimal i* alwaya equivalent to the vulgar fraction whote 
oumeratoi la the decimal considered integral, and whose denominator is 
1, with SB many ciphers annexed aa there are decimal placet in it. In 
all these instances above, the reduction of fractions to a common deno- 
minator is entirely diapensed with, and ■their immediate comparison is 
one of the great advantages of the decimal notatioo. 



ASDinOH JUn> BUBTKAOnoiT OF SEODULS. 

60. Place the numbers so that all the decimal parts may be in the 
aame vertical line, tens under tens, tenths under tenths, and so on ; then 
add and subtract in the usual manner, as though there were no decimal 
point, and in the result place the point in the continuation of the aame 
vertical line in which the points in the proposed numbers are situated ; 
that is, between the tens and tentha. 



EXAUPLES. 



1. Find thesumof 25*6,4*831, 
237-009, and 1850*3074. 



21 17 7474 = 



2. Find the uim of 4852-791, 
4-00745^3*7, and -0856. 
4852-791 
4-00745 
3-7 
•0856 



4860-58405 = sum. 



3. Find the difference between 
•71836 and -912. 
•912 
■71836 
■19364 = difference. 



4. Find the difference between 
17^30185and -851476. 



16-450374 = difference. 



mrLTIPIJOATION OF DZmiULS. 
81. Suppose it required to multiply 43-1 by 3-29; then, aince 43 - 7 



100 10 X 100 ' 
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Inasimilar manner, •4x-03 = ^Xy^=j^^ = ji?5=-012. 

Hence, multiply the two numbers as if they were integers, and then 
point off on the right of the product, as many figures for decinuds as 
there are decimals in both factors ; but if there should be a deficiency 
of figures, prefix as many ciphers on the left as taill supply the defect, 

82. If the decimal point be removed one place to the right-hand, the 
number will be multiplied by 10, for by the principles of notation every 
figure has ten times its former value; and if the decimal point be 
removed two places to the right, the number will be multiplied by 100, 
and so on. Thus, 

34-5 = 3-45 X 10, and 2168 = -02768 X 100. 

Multiply no -867 by 4' 12, and 21 '32 by • 100406. 

170-867 21-32 

4-12 '100406 

341734 12792 . 

170867 8528 

683468 2132 



703-97204 2-14065592 



83. The multiplication might be effected by commencing with the 
figure of the highest value in the multiplier, and then each of the partial 
products would have to be carried forward one place to the right. Thus 
the first line would be that which i& generally written last, the last but 
one would become the second, and so on ; and in this manner the figures 
of the highest value would be found first. We may also terminate each 
multiplication at any place we choose, and consequently obtain fof the 
product as many figures as may be required. But in order that no mis- 
take may arise in the beginning of each partial multiplication, the figures 
of the multiplier are written under those of the multiplicand, in ai reverse 
order, in such a manner that each figure of the multiplier is placed 
under that figure of the multiplicand at which the multiplication ought 
to be commenced. 

Examples. 

1. Let it be required to multiply 348*2617 by 49-20863, reserving 
only five decimals in the product. 

Add a cipher to the right of the decimals in the multiplicand, to make 
up the requisite number, and mark it by putting a point qaq-oai ta 

over it; then reverse the multiplier, and place the unit's ^Aanooj. 

figure of it under this cipher, or fifth place of decimals. 3o80294 

This is the riding figure of the operation, because the 1393046800 
multiplicand 348 - 26170 being multiplied by the num- 313435530 
her 9 alone would give a product containing five deci- 6965234 

mals. Then begin each figure of the multiplier with 278609 

the figure of the multiplicand which stands above it, 20896 

taking no account of those to the right, unless it be to 1045 

ascertain how many are to be carried to the first figure 17137-481 14 
which is written down. The first figures of all the ____. 
lines must be placed directly below the unit's figure of the multiplier ; 
then add as usual, and mark off five places from the right for decimals. 

d2 



36 



PBINCIPIiES OF ABITSMETIC. 



In this example, a cipher is supposed to be placed above the first figare 
4 of the multiplier. 

2. Multiply 3*84615 by *065, reserving four decimals in the product. 

Put a point above the fourth figure in the decimals, and 
place the unit's 6gure of the multiplier, which is a cipher in 
this example, under 1, writing the other figures of the multi- 
plier in a reverse order. Then multiply, and place the lines 
as already directed. 



3-84615 
5600 

2308 
192 



2500 



DIVISION OF DZXaMALS. 

84. Divide exactly as in integers, supplying the dividend with ciphers 
to the right hand, if required ; then make as many decimals in the quo- 
tient as the number of decimals in the dividend exceeds the number in 
the divisor ; because the dividend must comprise as many decimals as 
both the divisor and quotient, by the rule of multiplication. Prefix a 
cipher or ciphers to the quotient, if required to make up the number. 
If the divisor and dividend have the same number of decimal places, the 
quotient will be an integer, since there is no excess ; and if there be more 
places in the divisor than in the dividend, ciphers must be supplied so 
as to make the number in the dividend not less than that in the divisor. 

Suppose it required to divide * 1875 by 7*5. These decimals are 

, 1875 ^ 7^ ^ 
equal to ,^^^^ and ■;^ ; hence we have 



10000 



1875-^7•5 = 



10 
1875 . 75 



1875 10 1875 



10 



25 



10000 • 10 10000 75 75 10000 1000 



= -025. 



In this manner the truth of the rule is made evident in every case. 

85. If the decimal point be removed one place to the left, the number 
is divided by 10, for the value of every figure is thus diminished ten 
times ; and if the decimal point be removed two places to the left, the 
number is divided by 100, and so on. 

Thus 21-68-T-lO = 2-168, and 3-65 -T- 100 = -0365. 

Ex. Divide 142*025 by -0437, and 3*85 by 112. 



0437) 1420250(3250 
1311 

1092 
874 



2185 
2185 







112) 3-850000 (-034375 
336 

490 
448 

420 
336 

840 

784 

560 
560 



A cipher is added to the decimals 
in the dividend, because the divisor 
has four decimals. The quotient, 
3250, is therefore an integer. 

86. When the operation of division does not terminate, the quotient 
may be limited to a certain number of decimals, and the work may be 
contracted so as to obtain the specified number. Thus let it be required 
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to divide 732 '10856 by 21 *368594» reserving only 4 decimals in the 
quotient. 

Proceed one step in the or- 21 -,3,6,8,5,94 ) 73210856 ( 34- 2609 
dinary manner, and then de- 64105782 

termine (84) the place which 910507 4 

this first figure occupies in the 854744 

quotient. In this example we ~5si7fi3 

ought to add one cipher to the 42*7^7 

decimals in the dividend to 

make their number equal to 13026 

that in the divisor; therefore ^^^^^ 

there will be 2 integers and 4 205 

decimals, making in ail 6 192 

figures in the quotient. Now 13 

retain 6 figures in the divisor 

and dividend, and instead of annexing a figure or cipher to the dividend 
at each division, cut off a figure from the divisor, and work with the cur- 
tailed divisor, recollecting to carry the nearest ten arising from the 
product of the figure which was cut off by the quotient figure. Proceed 
in this manner till all the specified figures are obtained. 

BEDUOnON OF DXWIICALS. 

87. By means of the rule of division of decimals, any fraction may be 
converted into a decimal. 

Take -, for example; then- = -—-- = — —--^ — = --— - = '625. 
8 *^ 8 8000 1000 1000 

Hence to convert a fraction into a decimal, add ciphers to the nume^ 
rotor for decimals and divide by the denominator^ as in division of 
decimals. 



5 25 3 

Ex. Convert ^, -r^, and t-t into decimals. 

92 00 14 

„« j 4 5 • 00000 «^/ 4 25 • 00000 , A 
"^-^18 1-25000 "^X^ 6-25000 ^*1 



• 15625 



2 



' 69444, etc. 



3-0000000 
1 • 5000000 
•2142857, etc. 



5 ' 

Hence ^ = ' 15625, which is k finite decimal, since the division ter- 

25 
minates; -- = '694^ which is called a mixed recurring or circulating 
36 

decimal, consisting of a non-recurring part 69, and the recurring part 
* 444, etc., usually written with a point or dot above the figure which 

3 
is repeated; and — = *2i4285l, the recurring part 142857, having a 

point above its first and last figures, being called its period. A pure 
circulating decimal wants the non-recurring part, as '5555, etc., or 
•148148, etc. 

Since a number which terminates with a cipher is always divisible by 
2 and 5, it is evident that when the factors of the denominator of a fi ac- 
tion are all either 2 or 5, the division will terminate ; but if one or more 
of the factors be 3, 7, 9, etc., the division will ncer terminate, and the 



38 
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result will be a circulating decimal, whose period of recurring figures is 
always less than the denominator of the fraction. This is obvious, since 
any remainder is less than the divisor, and there cannot be more distinct 
remainders than the number which is one less than the divisor ; hence if 
there be n units in the divisor, the period will consist of some one of the 
number of figures (« — 1), i (« — 1), i (« — l)j etc. 

88. Suppose it required to find the fractions equivalent to. the deci* 
mals 'O'l and *2123, 



Let X = -07 
then 10 x= -7 
and 100a; = 7*7 



Let y = -2123 

100 y= 21-23 
10000 y = 2123-23 



Then subtracting the second line from the last in each example, we get 



therefore 



90a: = 7 
7 
90' 



X ss 



9900 y = 2123-21 = 2102 
2102 _ 1051 
^ "" 9900 " 4950* 



In a similar manner may any decimal whatever be converted into a 
fraction, and in any operation recurring decimals may always be replaced 
by their equivalent fractions. Finite decimals can always be expressed 
fractionally by the principles of their notation ; thus 

/.o^,. 325 
•0325 = 



= -jTr, and 






10000 40' 

89. A compound number of several denominations may be reduced to 
an equivalent decimal of a higher denomination ; and conversely, we can 
find the value of a decimal in terms of the lower denominations. 



Examples. 

1. Reduce lbs, 7^. to the decimal of a pound. 

Writing the different denominations vertically, be- 
ginning with the lowest, we first divide 2 farthings by 4, 
which gives -6 of a penny ; then dividing 7 • 5 of a penny 
by 12, gives '625 of a shilling; and, lastly, 15*625 shil- 
lings divided by 20, gives -78125 of a pound : hence 
155. 7irf. = -78125 of a pound. 

2. Find the value of *625 of a pound. 

Multiplying by 20, the product is 12 shillings and '5 of 
a shilling; then multiplying -5 of a shilling by 12, the 
product is 6 pence: hence £'625 = 12*. Gd, 



4 
12 
20 



2 • 00000 

7 - 50000 

16-62500 

•78125 



£ -625 
20 

8. 12 '600 
12 

d. 6-000 



DUODXSOIMALS. 

90. When a compound number is multiplied by an abstract number, 
that is, taken as many times as there are units in the multiplier, the 
product is a compound number consisting of denominations similar to 
those of the multiplicand; but in the application of arithmetic to 
geometry, we meet with examples in which both factors are concrete 
numbers, as feet and inches, and the denominations of the product are 
entirely different from those of either of the factors. The connexion 
between the measures of length and the measures of surface constitutes 



DUODBCIMA15. 



39 



10 



2 



7 — i 



4_ 



7~r 



B 



/# 



the foundation of the application of arithmetic to geometr}'. This con- 
nexion will be understood from the following illustration. 

Let A B C D be a figure which 
geometers term a rectangle^ having 
the side A B 8 inches in length, and 
the side A C 4 inches ; then divide 
A B into 8 equal parts, and also C D, 
which is equal to A B, into the same 
number of parts, the points of division 
in both being 1, 2, 3, 4, 5, 6, 7. In 
like manner divide AC and BD, 
which are likewise equal, into four equal parts by the points 8, 9, 10. 
Join the points 1, 1 ; 2, 2; 3, 3; .... 10, 10; then the figure 
A B C D is evidently divided into 8 times 4, or 32 smaller rectangles, 
any one of which, as A 1 £ 8, is called a square^ because it is a rectangle 
whose sides are all equal, A 1 being equal to A 8. Now each of these 32 
squares has its sides one inch in length, and is termed a square inch ; 
consequently the figure A B C D contains 8 times 4, or 32 square inches. 
In a similar manner, if A B => 8 feet, and A C = 4 feet, then the figure 
will contain 32 square feet^ and so on. 

91. Suppose now that A B is 67 inches, or 5 feet 7 inches in length, 
and A C is 38 inches, or 3 feet 2 inches in length ; then, as we have 
seen, the rectangle A B C D will contain 67 times 38, or 2546 square 
inches. But as 1 square foot contains 144 square inches, if we divide 
2546 by 144, we get 17 square feet and 98 square inches for the con- 
tent of the rectangle. If, now, 5 feet 7 inches be multiplied by 3 feet 2 
inches, the result ought to be the same as we have here obtained. To effect 
this multiplication, place the factors eo that feet may be under feet, 
inches under inches, and proceed as in the multiplication of decimals, 
recollecting to carry 1 for every 12, because it is this number which 
connects the different denominations in the duodecimal system. In order 
to observe the similarity of the processes in the multiplication of decimals 
and duodecimals, we shall give the mode of multiplying 5*7 by 3*2, in 
connexion with the other. 



In Decimals, 



5*7 
3-2 

171 
114 

18-24 



54 



34 



10 
2 



10 






10 ' 100 



18+77^4 



10 ' 100 



In Duodecimals, 



Ft In. 

5 7 
3 2 



16 



9 
11 



Sq. ft. 17 



Feet. 
12 

^12 



8 2 

12 

98 sq. in. 



16 



12 
11 



12 ' 144 



Sq. ft 174:^-4 



12 



2_ 
144' 



Thus the processes are precisely similar, and the fractional ones serve 
to illustrate the other, becsuse if the denominators 10 and 12 were 
omitted, the corresponding multiplications would have precisely the same 
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form. In the duodecimal multiplication it is important to notice that 
while the product of feet by feet is square feet^ and the product of inches 
by inches is square inches, the product of feet by inches is neither square 
feet nor square inches, but rectangles^ e(ich one foot in length and one 
inch in brectdth^ that is^ twelfths of a square foot^ or 12 square inches. 

92. As another example, let it be required to multiply 23 feet 7 inches 
9 parts by 19 feet 3 inches 6. parts. 

Let 10 be expressed by v and 1 1 by c ; then 23 transformed to the 
duodecimal scale will be expressed by one-twelve + 1 1 or I e, and 19 by 
one-iwelve + 7 or 17 ; consequently the multiplication may be made 
entirely in the duodecimal scale, or partly in that scale and partly in the 
decimal scale in the following manner : — 



Ft In. Pt8. 
23 7 9 
19 3 6 



449 3 3 
5 10 11 3 
11 9 10 


6 


456 2 1 


6 



l£ 

17 



79 
36 



€9x6 


57r€3 


11963 


1*79 


320-2016 


12 


38 


12 



456 sq. feet. 



In this way the multiplication of 23 by 19 is made 
while all the others are effected by the duodecimal 
is obtained in square feet, twelfths of square feet, 
fourths of square feet or square inches, 
and so on. But in the other process, the 
result 320*2016 is expressed entirely in 
the duodecimal scale; therefore 320 must 
be transformed from the duodecimal to the 
decimal scale, and then the results are 
precisely the same by both methods. If 
the multiplication be effected by taking 
aliquot parts of the multiplicand, the pro- 
cess would be as in the margin, where the 
multiplicand is multiplied by 19, as in 
Compound Multiplication, and then the 
aliquot parts are taken. 



in the decimal scale, 
scale, and the result 
hundred and forty- 
Ft In. Pts. 
23 7 9 

2x9+1 



In. 
2 

1 

Pt 
6 





47 3 


6 
9 




Ft. 


425 7 


6 




+ 


23 7 


9 




t 


3 11 


3 6 




In. 


1 11 


7 9 




i 


11 


9 10 


6 




456 2 


1 


6 



BATZO, P&OPOBTION, AND PBOOBESSIOKa 

93. The ratio of one number to another is the relation which the former 
has to the latter, the comparison being made by considering what mul- 
tiple, part, or parts, or, which is the same thing, what fraction the first 
is of the second. Thus the ratio of 8 to 12 is the same as that of 2 to 3, 

2 . . 2 

or of ~ io 1; because in each pair of numbers the first is - of the second. 

3 ** 

Hence if the ratio of any two numbers be represented by a fraction, there 
must be a tacit reference to unity. In this manner the ratio of 20 to 4 
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20 5 15 1 

18 egtiol to — = - = 5, and the ratio of 1 5 to 30 is equal to — = -. 

The ratio of one number to another is espressed by two points placed 
between them, as 3 : 4. The numbers are called the terms of the ratio, 
the former being called the antecedent and the latter the consequent. 

94. If the first of four numbers has to the second the same ratio which 
the third has to the fourth, the four numbers are said to form a prcpor^ 

2 10 2 

tion. Thus the ratio of 2 : 3 is -, and the ratio of 10 to 15 is — = - ; 

hence, these ratios beiug equal, the four numbers 2, 3, 10, 15, are pro- 
portional. This proportion is expressed in the. following manner; 
2 : 3 :: 10 : 15, and is read as 2 is to 3, so is 10 to 15. In a proportion 
thus expressed, the numbers 2 and 15 are called the extreme terms^ or 
simply the extremes^ and the numbers 3 and 10 the means. 

2 10 2 10 

From the equality of the ratios - and t—, we have - = --, and multi- 

o 15 • o 15 

plying both by 3 times 15 or 45, we get 

?x45=12^45,thati,,2xl5 = 10x3; 
3 15 

hence, if four numbers are in proportion^ the product of the extremes is 
equal to the product of the means. 

95. The order of the terms of a proportion may be changed, provided 
that in the new arrangement the product of the extremes is equal to that 
of the means. Thus in the proportion 2 : 3 :: 10 : 15, the following 
arrangements may be made : — 



2: 


3:: 10 : 15 


3: 


2 ::15 : 10 


2: 


10:: 3: 15 


3: 


15 :: 2 : 10 


15: 


10:: 3: 2 


10: 


: 2 ::15 : 3 


15: 


: 3:: 10: 2 


10: 


15 :: 2 : 3 



96. Also if the corresponding terms of two proportions be multiplied 
together, the products thence arising will give four numbers, which are 
proportionals. Thus if 30 : 15 :: 6 : 3 and 2 : 3 :: 4 : 6 be two pro- 
portions, then we have 

306, 24 ,30 264 30x26x4 

15 = 3"^^3 = 6'^^""^^^^"^^yi5^3 = 3><6'"''l5-^ 

hence 30 X 2 : 15 X 3 :: 6 X 4 : 3 X 6, or 60 : 45 :: 24 : 18. 

In a similar manner it may be shown that if the terms of a proportion 
be squared or cubed, or if their square roots or cube roots be extracted, 
the results will still constitute a proportion. 

97. Hence, since the product of the extremes is equal to that of the 
means, if the product of the means be divided by one oj the extremes, the 
quotient will he the other extreme ; or if the product of the extremes be 
divided by one of the means, the quotient wUl be the other mean. The 
operation by which the fourth term of a proportion is found, any three 
of them being known, is called the JRule of J%ree, 

98. Numbers may be also compared by observing how much the one 
differs from the other. Thus the difference between 8 and 19 is 11 ; 
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and if we take two other numbers connected in the same manner, that 
is, two numbers whose diflTerence is 11, as 51 and 62, then the four 
numbers 8, 19,' 51, 62, form what is usually termed an arithmetictU 
proportion. It will be obvious that 62-f-8 = ^l + 19; that is, the 
sum of the extremes is equai to the sum of the means. 

99. A set or series of numbers is said to be in continued arithmetical 
proportion, or in arithmetical progression^ when the difference between 
every two succeeding terms of the series is the same. Thus, the two 
series of numbers, 

2, 5, 8, 11, 14, etc.. and 100, 90, 80, 10, 60, etc., 

are in arithmetical progression, the common differ ence of the former 
being 3, and that of the latter 10. It is obvious that if we take any 
three terms of the first of these series, as 5, 8, 11, the sum of the 
extremes will be equal to tunce the mean^ that is, 5 + 11 =2x8; 
since 8 is just as much above 5 as it is below 1 1 . Hence half the sum 
of any two numbers is the arithmetical mean between them, 

100. A set or series of numbers is said to be in continued proportion, 
or in geometrical progression, when the ratio of any term to the preced- 
ing term of the series is the same. Thus the two series of numbers, 

1, 2, 4, 8, 16, etc., and 9, 6, 4, —, — , etc., 

*s y 

are in geometrical progression, the common ratio of the former being 2, 

2 

and that of the latter -. If we take any three terms of the first of these 

series, as 4, 8, 16, the product of the extremes will be equal to the 
square of the mean^ since 4 X 16 = 8*; hence the square root of the 
product of any two numbers is the geometrical mean between them. 

The properties of a series of quantities, either in arithmetical or 
geometrical progression, are investigated and applied in the Algebra, and 
require no further notice here. 

BTTLE OF THBEE. 

101. This is the most extensive and useful rule in Arithmetic, 
and it is termed the The Rule of ThreCy because in it three quan- 
tities are given and a fourth is to be found, to which that one of the 
three quantities which is of the same kind with it shall have the same 
ratio as one of the remaining two has to the other of these. 

Suppose it required to find what 1 7 yards will cost, if 52 yards cost 
£lO. Ss, Reducing £lO. 85. to shilhngs, we get 208 shillings for the 

208 
cost of 52 yards ; therefore, the cost of 1 yard must be -— -, or 4 shil- 

lings, and since the cost of 17 yards will be 17 times the cost of 1 yard ; 
therefore 17 yards will cost 17 times 4 shillings, or 68 shillings, which 
is £d. Ss. Hence £lO. 8^. has the same ratio to £3. 8s which 52 yards 
has to 17 yards, and the proportion is thus written : — 

52 yards : 17 yards :: £10. 8^. : £3. Bs. 

Again, were it required to find in how many days 27 men would finish 
a piece of work which 15 men, working at the same rate, could accom- 
plish in 18 days ; it is evident that the more men there are employed 
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the less time will they require to finish it, and vice versd. In this case 
there exists a proportion, but the order of it is inverted; because, if 15 
men require 18 days, 27 men will require, not more, but less than 18 
days; consequently 18 days must have the same ratio to the number of 
days required which 27 men has to 15 men ; and therefore the propor- 
tion will be 

27 men : 15 men :: 18 days : x days, 

where x denotes the number of days which 27 men would require ; con- 
sequently (97) the extreme term of the proportion is 

15X18 15X2 ^ ^ ,^. 
x = — ^^=— ^ = 5X2= lOdays. 

102. When it is proposed to resolve a question by means of a Rule of 
Three, first ascertain whether the solution can depend on proportion, 
and, if it does, then assign to each term the place which it ought to 
occupy. But as the placing of the numbers constitutes the chief diffi- 
culty, the following remarks will be found useful in assisting the student 
to write down correctly the first three terms of the proportion. 

Place that quantity which is of the same kind with the fourth or 
required quantity as the third term of the proportion ; then consider, 
from the nature of the question, whether the fourth quantity is to be less 
> or greater than that in the third term. If the fourth quantity is to be 
less than the third, place the less of the two other quantities in the 
second term ; but if the fourth is to be greater than the third, place the 
greater of the two others in the second term. 

If the quantities consist of several denominations, reduce the first and 
second to the same denomination, the lowest in either, and reduce the 
third term to the lowest denomination in it; then (97) the fourth term 
is obtained by multiplying the second and third terms and dividing their 
product by the first term. ' The quotient is the fourth quantity or num- 
ber required, and it is in the same denomination to which the third term 
was reduced. 

If the first and second terms be divided or multiplied by the same 
number, their ratio will not be altered ; and if all the numbers be re- 
garded as abstract numbers, we may also divide the first and third terms 
by the same number without destroying the proportion. 

Ex. 1. Find the value of 36 cwt. 1 qr., if 2 cwt. 2 qrs. 10 lb. cost 
£4. Is. 9K 

Here the third term mu9t be money, and as 36 cwt. 1 qr. will cost 
more than 2 cwt. 2 qrs. 10 lb., the greater of these quantities must be 
placed in the second term, and the first three terms of the proportion 
must be arranged as follows : — 

Cwt. qrs. lb. Cwt. qrs. £. «. d. 

2 2 10 : 36 1 :: 4 7 9* 
_4 _4 2 

10 qrs. 145 qrs. 8 15 7 
28 28 7 

80 1160 61 9 1 

21 290 



29)29,0 lb. 29)406,0 lb. Ans. £61 . 9*. Id. 
1 14 
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Here the second term is 14 times the first ; therefore the fourth must 
be 14 times the third. 

Ex. 2. If a person travel 1800 miles in 7 days of 16 hours each, in 
how many days of 12 hours each wil] he travel the same distance ? 

As the fourth term is to be days, the third must be 7 days ; but if it 
require 7 days of 16 hours each to travel the given, or any other dis- 
tance, it will require a greater number of days of only 12 hours each to 
accomplish the same distance ; therefore the quantities must be placed 
in the .following manner: — 

Hra. Hrs. Days. Hrs. Hrs. Days. 

12 : 16 :: 7; or 3 : 4 :: 7 

_4 

8)28 

9 days and ■}■ of a day of 12 hours each ; 
therefore he would travel the distance in 9 days 4 hours. The distance, 
1800 miles, has not been employed, being a superfluous quantity. 

Ex. 3. If the provisions of a garrison will serve 2500 men for 73 
days, how long will they last if the garrison be reinforced by 750 
men? 

Here the fourth term is evidently less than 73 days, because the gar- 
rison is increased from 2500 to 3250 men ; hence, 3250 men is the 
first term, 2500 men is the second, and 73 days is the third term of 
the proportion. 

2500 men : : 73 days 
50 10 



3250 men 
or 65 
or 13 



10 13)730(56,V days. 

65 

80 

78 



00XP0X7ND FBOPOBTZON. 

103. Questions frequently arise in which five quantities are given to 
find a sixth, or seven quantities to find an eighth, and so on. In such 
cases it becomes necessary to repeat the process already adverted to in 
the Rule of Three, or to combine two or more proportions so as to reduce 
them all to a single proportion, and then if any three of the terms of the 
reduced proportion be known, the fourth can be found as before. 

Ex. 1. If the expenses of 7 persons for 3 months be 70 guineas, what 
will be the expenses of 10 persons for 12 months at the same rate ? * 

Here we must find what the expenses of 10 persons for 3 months 
would be, and this is done by the Rule of Three in the following 
manner: — 

7 persons : 10 persons :: 70 guineas : 100 guineas .... (A). 

Now, since 10 persons expend 100 guineas in 3 months, we must 
next inquire how much they will expend in 12 months; and, by the 
same rule, we get 

3 months : 12 months :: 100 guineas : 400 guineas .... (B). 
Instead of repeating the operation in the Rule of Three, the terms of 



INVOLUTION. 4S 

the proportion (A) may be multiplied by the corresponding terms of the 
proportion (B), and the products will still be proportional (96). Hence 

7 X 3 : 10 X 12 :: 10 X 100 : 100 X 400; 

but as the ratio of the third term to the fourth will not be altered by 
dividing each uf its terms by 100, it is obvious that the operation for 
finding the fourth term (100 guineas) in (A) is superfluous, and may be 
dispensed with entirely. The statement of the terms and the operation 
will then be as follows : — 

7 persons : 10 persons :: 70 guineas ; 
3 months : 12 months, 

70 X 10 X 12 

then — = 10 X 10 X 4 = 400 guineas, the expense re- 

• X o 

quired. 

Ex. 2. If the carriage of 30 tons, through 36 miles, cost £12. 10^., 
what weight ought to be carried 48 miles for £6. 13^. id. 

Here weight is required, and therefore 30 tons will stand in the third 
term ; then it is obvious that the weight which will be carried through 
36 miles for £6. 13*. Ad, will be less than the weight carried through 
the same distance for £12. lOs. On this account £12. 10«., or 3000 
pence, will be the first term, and 6/. 1S«. 4</., or 1600 pence, the second 
term of the first proportion. Again, whatever be the weight car- 
ried throug 36 mile, for 3^^ ^ ^^^ „^ ^^ 

win S^'cSried thLIh '48 « -"«» •' 36 mile. 

miles forthe same sum ; hence, ^^^^^^ 30 x 1600 X 36 _ 16 X 36 

on this account, 48 miles is to 3000 X 48 48 

be the first term, and 36 miles 16x8 

the second term of the second = — - — =4x8=12 tons. 

proportion. Then multiply ^ 

the corresponding terms of these two ratios, the reduced proportion is 

3000 X 48 : 1600 X 36 :: 80 tons : 12 tons. 

104. If one or more of the terms be fractions or decimals, the result 
will be obtained in the same manner, provided the principles of the mul- 
tiplication and division of fractions or decimals be carefully observed. 



nnroLnnoN. 

105. By multiplying a number by itself ane^ iwo^ three^ or (»-l) 
times successively, we obtain the second , tMrd^ fourth^ or n*^ powers of 
that number ; hence a power of a number is tne number arising from 
successive multiplications by itself Thus 3 X 3 = 9, is the square or 
second power of 3 ; and 5x5x5 = 125, the cube, or third power 
of 5. In a similar manner the square, the cube, and generally any power 

of a fraction or a decimal is found by multiplication. So » X ^ ~ 5> 

2 

the square of-, and* 025 X '025= '000625,thesquareof'025,andsoon. 

These operations are denoted by means of Indices, or small figures 
placed on the right of the numbers a little above the line; thus, 
2" = 2 X 2 = 4, 3» = 3 X 3 X 3 = 27, and 2» = 32, where the index 
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or exponent deuotes the number of factors employed. This method of 
notation furniBhes some important conclusions ; for, since 5' = 5 X 5 
and 5* = 5x5x5x5; therefore we have, 

5* X 5» = (5 X 5 X 5 X 5) X (5 X 5) = 5* = 5* + *; 

5*-f-5« = (5 X 5 X 5 X 5)-r-(5 X 5) = ^-—^^^^ = 5« = 5*-; 

consequently powers of the same number are multiplied by adding their 
indices and divided by suhtractiny the index of the divisor from that of 
the dividend. 

Thus, since 11 =4-f4 + 3 = 4 + 4-f4-l; therefore, 
5" = 5*X 5* X 5»= 5* X 5* X 5* -f- 5 = 625 X 625 X 125 = 48828125. 

The 12* power of 5 is 5* x 5* x 5* = the cube of 5* or (5*)'j or it 

is 5* X 5' X 5" X 5* = the fourth power of 5' or (5'/; hence (5')* 

= (5*) = 5" ; and, therefore, the power of a power of a number is ex- 
pressed by multiplying the index or exponent by the degree of the power. 
Hence, 9* = 9*><«^" = 9 X 9" X 9" = 9 x 81 x 729 = 531441, 
and the same result will be obtained if either of the following indicated 
operations be performed : — 

9" = 9« X 9* = 9» X 9* = 9* X 9 = 81'. 

EVOLTTTION. 

106- A root of a number is such a number as, being multiplied by 
itself on^, twoy three, or (n-l) times, produces the given number; and 
the operation by which the root is obtained is termed Evolution, Thus 
the second or square root of 25 is 5, since 5 X 5 = 25 = 5' ; the third, 
or cube root of 27 is 3, for 3" = 3 x 3 X 3 = 27, and the square root 
of • 0625 is • 25, since ' 25 x ' 25 = • 0625. Also the cube root of 

8 2 2 2 2 8 

— is -, because « ^ « ^ o ~ o^' "^^^ operation of evolution is in- 

dicated by the sign V» accompanied with a small figure in the opening. 
The sign ^ is called the radical sign, and the figure in its opening indi- 
cates the {^articular root to be determined. In the case of the square 
root the figure 2 in the radical sign is always omitted ; hence the square 
root of 25 is expressed by ^/ 25, the cube, or third root of 27, by 4^27, 

and so on. Again, by involution (8") = 8*^" =8'; therefore, con- 
versely, the cube, or third root of 8* is 8", where the index 2 is found by 
dividin<; 6, the index of the power, by 3 the index of the root. Hence 
generally the «* root of a power of a number is that power of the num- 
ber whose index is the 7i^ part of the index of the proposed power. 
Thus the square root of 2* is 2"; the cube root of 2* is 2" and the n^ 
root of 2" is 2. 

Suppose, now, we take a number with 2^ fractional index, as 8^, and 
treat the fraction exactly as it were an integer ; then since 8* X 8' 

= 8» + « = 8«, we have 8* X 8* = 8*"*^* = 8' = 8 ; but V 8 X V 8 

must necessarily produce 8 ; hence V 8 ^ 8 , and the fractional index 
i will represent the second or square root. Again, since 8" X 8* X 8* 
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= 8»+»+' = 8", we have in like manner 8* x 8* X 8* = 8* + + + * 

= S> = 8;but^8x>^8X'^8 = 8; hence ^8 =8"*", and the 
index -J- characterizes the third or cube root ; and so on. Hence 

V64 = V(16 X 4) = V16 X V4 = 4 X 2 = 8; V35 = V5 X VI; 

/49 V 49 1.7^7 49 . , 
» / — = —T — = — ; for — X — = — ; and also 

(11)* = \i^^* =^(11^)^ or(n^)*;henctJyn=^Vn^V^ll; 
(11)* = 11*^*^* = 11*^' = ll'^* = 1331* = V1331. 



EXTRACTION OF TH£ SQUABE BOOT. 

107. The square root of a number is that number which multiplied 
by itself produces the proposed number. There are many numbers 
whose square roots cannot be determined exactly, as 5, 7, 10, etc., but 
they may always be found to any degree of accuracy by means of deci- 
mals. And siiice 10* = 100, 100' = 10000, etc., it follows that the 
squares of all numbers between 1 and 10 must consist of 1 or 2 figures ; 
the squares of all numbers between 10 and 100 must consist of more 
than 2, but not more than 4 figures ; and the squares of all numbers 
between 100 and 1000 must consist of more than 4, but not more than 
6 figures, etc. ; hence, if a number be proposed to find its square root, 
we must place a point over every second figure^ beginning at the unites 
place ; thus dividing the number into periods of two figures each, 
excepting the last period, which may consist of either one or two figuteii 
as the case may be. There will be just as many figures in the root as 
there are periods.. With respect to a number composed of integers and 
decimals, the points will necessarily fall above the secandy fourth^ sixths 
etc. decimals, counting from the unit's place, which we must do in all 
cases, and when there is no unit, as in the case of decimals, its place 
must be supplied with a cipher, and a point placed over it ; hence the 
number of decimals must be one of the even numbers^ 2, 4, 6, 8, etc. 
A ciph^ must be added to the right of an odd number of decimals to 
complete the period. 

108. Let the several parts of a number be denoted by Oyb^ c; then 
(a + 6 4- ^y is the same as a -|- 6 + ^ repeated a times, b times, and 
c times. But a -f- ^ + ^ repeated a times ib — a* + ab + acy b times 
= aft 4- ^ * + ^^9 wid c times = ae -^ be -^c^; hence by adding all 
together we get the square of a-^ b + c expressed in either of the 
following forms : — 

{a+b+cy = a*+{2 a+b)by or (a4-6+c)« = c»4-2c(a+ft) 

-f(2€i+2i+c?)c +b* + 2ab • 

109. From the latter of these forms the rule for squaring will be, 
square each party and multiply all that precede by twice that part ; 
and a reverse rule for extracting the square root immediately presents 
itself. Let n denote the given number, and take a number a whose 
square does not exceed n. Find the remainder ; take a second number 
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6, such that the remainder will hear the subtraction of the square of b 
aud twice b multiplied by the preceding part a. If there be a re- 
mainder! take a third number c and find whether the second remainder 
will allow of the subtraction of the square of e and twice c multiplied 
by a 4- 6. Proceed in this manner till the process terminate, or until 
the root be obtained to the nearest unit. The first form, however, 
affords an easy process for forming the numbers to be subtracted. For 
we have only to double the sum of all the parts which have been 
obtained^ add the new part^ and muUiply the sum by the new part. 
Thus after a* is subtracted; (2a + 6) x ^ is the next subtrahend; 
{2 (a 4- 6) + c} X ci^ the third, and so on. 

Ex. Let it be required to extract the square root of 273529. Begin 
at the unit's place and point off the periods 
as Already directed ; then since there are 3 
periods, the first figure of the root will be in 
the place of hundreds. This first figure will 
be 5, because 500* is less and 600* is greater 
than 270000. Subtracting 250000 from the 
number leaves the remainder 23529. Let 2 
tens or 20 be the next part; then by the 
processes given above, the number to be sub- 
tracted will be 20« 4-2x20x500, or (2x 5004-20) X 20, viz., 20400. 
Lastly, take 3 as the next part of the root; then, as before, 
3« 4- 2 X 3 X 520, or (2 X 520 4- 3) X 3, gives 3129, which, being 
exactly equal to the second remainder, shows that the root is = 523. 
It will be covenient to arrange the operation of forming the numbers to 
be subtracted on the led of the successive remainders, as in the following 
example : — 

Ex. Find the square root of 293764. 



273529 (500 4- 20 4- 8 
2500 00 or 523 

23529 
20400 

3129 
3129 



293764 (500 4- 40 4- 2 
250000 or 542 



293764 (542 
25 



1000 
40 

1000 

80 

2 



43764 
41600 



104 
4 



437 
416 



2164 
2164 



1082 



2164 
2164 



In the first of these, the numbers are written at length, but in the 
second the ciphers on the right are omitted, and each period is annexed 
to the remainder as it is wanted. The parts of the root a, by c may be 
any whatever ; but when they are confined to the nearetst number of 
hundreds, tens, and units, the parts 2 a, and 2 a 4- 26 which form so 
large a portion of the factors 2a + by 2a + 2 b 4-c soon become avail- 
able for the determination of the succeeding parts. Thus 1000 is 
contained in 43764 more than 40 but less than 50 times. In this way 
the successive figures of the root can be written in the places which 
they occupy in the decimal scale, as in the second mode of operation. 

110. When the proposed number has not an exact square roof, it 
may be obtained to any degree of accuracy by means of decimals, and 
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ivlien one more than half the number of figures in the root have 
been obtained, the remaining figures may be found by dividing the last 
remainder by its corresponding divisor as in contracted division of 
decimals. 

Ex, Find the square root of 10, and also of 17 * 108 each to 6 places 
of decimals. 



10(3-162277 
9 



17-1080 (4- 136182 
16 



61 ] 

1 


00 
61 


626 
6 


3900 
3756 


6322 
2 

6,3,2, 


14400 
12644 

4 1756 
1265 



81 110 
1 51 


823 
3 


2980 
2469 


8266 
6 


51100 
49596 



491 
443 

48 
44 



8,2,7,2 1504 
827 

677 
661 

16 
16 



111. The square root of a fraction is equal to the square root of the 
numerator divided by the square root of the denominator. If the terms 
of the fraction have not exact square roots, the fraction may be reduced 
to a decimal, and its root extracted, or if the denominator has no exact 
root, the terms of the fractions may be multiplied by such a number as 
will render the denominator a complete square. Thus : — 



100 



V 8 V 16 



V 100 10 10 

V14 _ Vl4 _ 3-741657 4 
V 16 ~ 4 ~ 4 



» -9354143. 



EZTEAOnOK OF THE OITBi: BOOT. 

112. The cube root of a number is that number which multiplied 
twice by itself produces the proposed number. Since 10* = 1000, 
100* = 1000000, etc., the cubes of all numbers between 1 and 10 must 
consist of 1, 2, or 3 figures ; the cubes of all numbers between 10 and 
100 must consist of more than 3 but not more than 6 figures, and so 
on ; hence the number whose cube root is to be found is to be divided 
into periods of three figures each, beginning at the uniVs place, and 
putting a point over it, and a point over every third figure towards the 
left in integers and the right in decimals. In decimals supply one or 
two ciphers, if necessary, to complete the period of 3 figures. 

113. Let a and b represent the tens and units of the root; then 
(a -|- by is the same as a + 6 repeated a times and b times. -But a •■\-b 
repeated a times is a* + a 6, and repeated b times is a 6 -f ^ ; hence 
a + b repeated a -f 6 times, or (a + ^)* = a* + 2 a ft -f ^. Again 

VOL. I. B 
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(a ^ by is tbe same Ma* + 2 ab + b* repeated a times and b times ; 
thatis(a4-6)* = (a» + 2a«64-a^)4-(a»^ + 2aft«4-^')='a' + 3a*6 
-f 3 a ^ + ^'* This may be put in either of the forms 

(f + (3a* + 3ab + b^)boT(f+Sab{a + ft) + b\ 

From this result the following simple rule for finding the cube root of a 
number is deduced. Let n be the number, and take a number a whose 
cube'does not exceed n. Find the remainder, take a second number b, 
such that the remainder may bear the subtraction of the cube of ft, and 
the continued product of thrice a, the second number ft, and the sum of 
a and ft. If there be a remainder, consider a + ft ss the first number, 
and proceed as before. 

The following mode of forming the successive numbers to be sub- 
tracted is the most convenient in practice. Write down 3 times the 
first number, and three times its square , 

separately, the former one line lower • n o jl i il«\ 

than the other, and to the left of it as ^a 4- ^ 3ab + &' 

in the margin. To 3 a add the second fr 3 a" + 3 aft + ^ 

number ft, and multiply the sum by ft, 3a+3ft ft* 

placing the product below 8 a* and 3a' + 6aft-|-3ft" 

adding it thereto. The sum 3 a* + 

3 a ft + ft* being multiplied by ft, produces the entire number to be sub- 
tracted. As the part 3 a* forms a large part of the factor 3 o^ + 3 a ft 
-4- ft", it soon becomes available for. the determination of the next, figure, 
by using it as a trial divisor. To show how the process may be con- 
tinued, change a into a + ft, and ft into c in the arrangement in the 
margin ; then 3 a becomes 3 a -f- 3 ft and 3 a' becomes 3 a' + 6 a ft 4- 
3 ft' ; now to obtain these, we have only to add 2 ft to the one column, and 
ft* to the sum of the lasf two lines of the other column. Then to 3 a 
+ 3 ft add the next number c; multiply the sum by c, placing the pro- 
duct below 3a*4-6aft -\-3b^; then adding and multiplying the sum 
by Cj the next entire number to be subtracted will be obtained. In this 
way the cube root may be extracted with the greatest facility, and when 
the root cannot be accurately obtained, it may be approximated to, and 
the work contracted as in the following example. 

JEx. 1. Find the cube root of 46656. Here the number of tens is 
evidently 3, for 30* is less, and 
40" greater than 46656, or 3' is 
ess and 4' greater than the 
second period 46. Writing 3 
times 30, and 3 times the square 
of 30 on the left, we ask how 
many times is 2100 contained 

in the remainder 19656? The quotient is 7, which will be found a 
unit too much ; taking 6 then it is added to 90, and the sum 96 is 
multiplied by 6. ' The product 576 is written below 2700 and added 
thereto ; then the sum 3276 is multiplied by 6, and the product being 
equal to the remainder, the process terminates. In the next example we 
shall omit the ciphers, and place the figures as they arise in their proper 
places. 







46656 (30 + 6 « 36 


90 


2700 


27000 


6 


576 


19656 


96 


3276 


19656 
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Ex. 2. Find the cube root of 21035*8 to ten places of decimals. 









• 


21035 ' 800 (27 * 60491055944 




12 


8 


61 


469] 


■ 


13035 


14 


1669 




11683 




49j 




1352800 




2187 


1341576 


816 


4896 


11224000000 




223596 ' 


9142444864 


12 


36) 


2081555136 


m 


22852800 


2057415281 


82804 


331216 ^. 


24139855 . 




2285611216 \ 


22860923 


8 


16 J 


1278932 




228594244 8 


1143046 


('8 2812 


7453 1 \ 
228601697 9J . 


135886 




1 14305 




22860915 


1 

31 

4' 


21581 




8 


20576 




22860923 


1006 




22,8,6,0,9,3|2 




914 



-2? 

In this manner we have found the cube root to ten or eleven places of 
decimals with comparatively little trouble. When the contraction is 
commenced it is only necessary to cut off one figure from the right of 
the middle column, and two from the right of the left column ; because 
in this way three figures or a period is struck off from each column, 
the period on the right-hand column ' not being annexed to the right 
of it. ^ 

114. The cube root of a fraction may be found* by reducing it to a 
decimal, or by multiplying both numerator and denominator by snch a 
number as will render the denominator a cube number. 



Tl.„. »/5 - »/ 5x49 ^ ^245 ^ 6; 
' V 1 " V 7 X 49 " ^343 



257325 



= '893904. 



^y^Va-^'--^ -•"-»'■ 




zacTBAonoN or akt boot. 

{Br HuttmCs Method.) 

115. Let N be the number whose root is to be extracted, and n the 
index of the root ; then assume a root a whose n^ power, a", is as near 
to the given number as convenient, and let R represent the true root of 

the number. Then will — 

e2 
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-, (n - 1) a- + (« + 1) N • , ^ 

^ = ^ • / . IX « . -7 7T1J = root nearly.* 

(n + 1) a" + (» — 1) N 

Ex, 1. Find the cube root of 21035*8. 

Here n = 3, and if we asaqme a = 28, which is rather too great, since 

the cube of 28 is 21952 = a*, we have 

21952 X 2 + 21035-8 X 4 _ 21952 + 21036-8 X 2 

* 21952 X 4 + 2l035^8x 2 " 21952x2 + 21035-8 

^^ 64023-6 1792660-8 ^^ ^^^^ ^ * ^i. i * « 

= ^' ^ 6i939"8 == -64939T- = '^'^^^^^ '"^^ '^ ^^^ ^^ ^^'"^ 

Ex. 2. Find the fiflh root of 30. 

Here n s 5, and if we assume a = 2, then a* = 82, which is a little 
too great; hence, 

_ _ 4 X 32 + 6 X 30 2x17 71 ^ ^- .^^ , 

R = 2 . ^^ . ^ „^ = — — — = rx = 1-97436 nearly. 

6x32+4x30 78 39 '' 

Take a « 1 "97 ; then a^ = 29*670928, etc.; therefore by the formula 

298 * 6837 1 2 
^ "■^•^''^ 298 025568 = 1 ' 9743504 = root very nearly. 



LOaA&XTHM& 

116. The principle of logarithms is essentially arithmetical, depend- 
ing on the relation subsisting between the corresponding terms of an 
arithmetical and a geometrical progression, which is this, viz. : — If any 
number of terms are arranged in a geometrical progression commencing 

* Let N =s 0" + ^> where h may be either^dditiye or snbtracdYe, and let a + sr 
be the tme root B ; then by the binomial theorem, 

n Cn — 1^ 
N = rf« + 6= (a + *)«sr a« + iia"-«4r+ ^ ^ tf'-«j*+ . • . .; 

hence, 6a=(iia*-*+ "" ■ a*-'x+ ....)*» 

^ 1*2 

b 

• «• ^ ■ ■ ■ 

„«•-! + !!i^Jli2cg--i*+ .... 

1 A 

Now if jr be small, we may neglect all the terms in the denominator except the 

first; hence, 'for a first approximation, we get jt = — >— .. Substitoie this Talna 

for X in the denominator aboye, and take two tenns of it ; then will 

h 2ah 



2 a 

, . .^ 2ah 2iia" 4- (n + 1)* 

and a 4- jr as a -I. —^ -— , = a —i 1--. 

• 2aa" + (a - 1)6 2»rt" 4- (.n - 1) 6 

Bnt since N s a* + 6, we have 6 s N — a", and this being written for h in the 
last equation, we get, 

. P_ 2na« + (« ^ 1) N - (n + 1) g* (n - l)o" + (n-f 1)N 

*"^''®' 2ita-+ (n- l)N-(»- I) a« ~ * * (« + l)a- + (a - 1)N' 

Thb may be pnt in the form of a proportion, and easily recollected ; thos, 

(a + 1) a« -I- (n - 1) N : (a - 1) a- + (« + 1) N : : a : R. 
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with 1, and over these terms are placed a corresponding^ series of terms 
of an arithmetical progression commencing with 0, it will be found that 
the sum of any two of the numbers in the upper line will constitute the 
number in that line which corresponds to the product of the two numbers 
in the lower line, and that the difference of any two of the upper hue 
will be the number standing over that number in the lower line, which 
is equal to the quotient arising from dividing the greater number by the 
less. Thus let the 

Arithmetical series be 0, 1, 2, 3, 4, 5, 6, 7, etc. 
Geometrical series 1, 2, 4, 8, 16, 32, 64, 128, etc. 

Here 8 x 16 = 128, and if the numbers 3 and 4 placed over 8 and 16 
be added together, the sum is 7, which is the number in the upper line 
standing over the product 128. In like manner, if 64 be divided by 4, 
the quotient is 16, and if the number 2 placed over 4 be subtracted from 
6, the number standing over 64, the difference 4 is the number standing 
over the quotient 16. 

117. It is a further property of two such progressions, that if we 
double any one of the terms iu the upper line, it will give the number 
standing over the square of tlie corresponding number in the lower line, 
and three times 'that number will give the term standing over the cube 
of the corresponding number iu the lower line, and so on. The same 
property extends to the extraction of the square, or cube, or any other 
root. Thus the square root of 64 is 8, and the number standing over 
64 is 6» and, dividipg this by 2, gives 3, which is the number standing 
over 8, the square root of 64 ; or, if divided by 3, we have 2, the number 
standing over 4, the cube root b( 64. 

118. We have here given two of the most simple series for the sake 
of illustration, but with them we can only deal with the numbers belong- 
ing to these series, while in the more general form, viz.. 

Arithmetical series 0, x, 2 x, 8 x, 4 x, 5 a;, 6 x, 7 x^ etc. 
Geometrical series 1, a", a*', a", a**, a**, o*', a", etc. 

we can include every number, integral, decimal, or mixed of both, from 
to any extent required in the upper series, and in the lower every 
number, integral, decimal, or both, from 1 to any extent. The upper 
line constitutes a series of numbers which are termed the logarithms of 
the corresponding numbers in the lower line, and we hence obtain our 
first general idea and definition of a logarithm, viz. : — The logarithm of 
a number is that index of the power cf a given radix or bcue which is 
equal to that number. 

119. It appears, then, that logarithms are strictly of arithmetical 
origin, but it would be laborious, if possible, to prove by Arithmetic, un- 
assisted by Algebra, that it is possible, by different powers of any given 
radix a, to express every intervening number and fraction between and 
one hundred or a thousand millions, and to supply at the same time the 
means of computing them. For this reason we shall defer the more ex- 
tended development 9f the principle and properties of logarithms to its 
proper place in the Algebra, and the rules for applying them, with the 
description of the Tables to the Introduction in the Volume of Loga- 
rithms* 
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APPLICATION OF ARITHMETIC TO COMMERCIAL 

CALCULATIONS. 



h:i:4:h: 



120. Partnbrsbip is the method of dividing any quantity into any 
proposed number of parts, having a given ratio to one another. By it 
the gains or losses of partners in trade are adjusted, the effects of bank- 
rupts are divided amongst creditors, and contributions are levied. 

When two or more partners invest their money together, and gain or 
lose a certain sum, it is evident that the gain or loss ought not to be 
divided equally among them all, unless each partner contributed the same 
sum. Suppose that P contributes 3 times as much as Q, it is evident 
that P's share of the gain or loss ought to be 3 times as much as the 
share of Q ; hence dividing the gain or loss into 4 equal parts, P must 
receive or pay 3 of these parts, and Q one of them. 

Ex, 1. A ship is to be insured, in which P has ventured £2500; 
Q, £3500 ; and R, £4800. The expense of insurance is £496. \0s. ; 
how much must each pay of it ? 

The entire amount of money risked is £10800, and if the eipense of 
insurance be divided into 10800 equal parts, each of th^m will express 
the expense of insurance for one pound of capital ; consequently the sum 
that each must pay will be expressed by 

£495. 10*. „^^ £495. 10*. ^^^ . £495. 10*. ^^^ 

X 2500 ; X 3500 ; and — ^ -■ x 4800. 

10800 ^ ' 10800 ^ ' i0800, 

These results are furnished by the following proportions, in which the 
first term is the sum of the money risked by all the partners, yiz. £10800. 

£. £. £. «. £. «. d. 

10800 : 2500 :: 495 10 : 114 13 llfi 

10800 : 3500 :: 495 10 : 160 11 6ft 

10800 : 4800 :: 495 10 : 220 4 5i f 

Proof . • 495 10 



Ex. 2. Three persons. A, B, C, have a pasture in common, for which 
they are to pay £30 per annum, into which A put 7 oxen for 3 months, 
B put 9 oxen for 5 months, and C put 4 oxen for 12 months; how much 
must each person pay of the rent ? 

The principle in questions of this kind is, that the same sum should 
be paid for the keep of one ox for one month prone year by each person. 
Now since A put in 7 oxen for 3 months, he might have had an equal 
share of the pasture by putting in 7 oxen x 3, or 21 oxen for 1 month. 
In like manner, B might have put in 9 oxefn x 5, or 45 oxen for 1 
month, and C might have put in 4 oxen x 12, or 48 oxen for 1 month. 
Hence, if we divide £30 into 7x3 + 9x5 + 4x 12, or 114 equal 
parts, A must pay 7 X 3 or 21, B must pay 9 x 5 or 45, and C must 
pay 4 X 12 or 48 of those parts. The three persons A, B, C, must 
therefore pay respectively, 

n1 X 3 X 30 /» 9 X 5 X 30 , /»4 xl8 X 30 

^ 114 ^ — uT-' ""^ ^ — m — ^ 

or £ 5. 10*. 6ld. tV> £ H. 16*. \0^. iV>. and £ 12. 12*. l^d, ^. 



nrrsx£8T. 
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This question may consequently be resolved in the following manner : 



7X 
9x 



3 = 
5 = 



4X 12 = 



21 
45 

48 

114 



Then 114 : 21 
114: 45 
114 : 48 

Proof 



£. £. «; d. 

30 : 5 10 61 tV 

30:11 16 101^ tV 

30 : 12 12 7^tV 

. 30 



The reasoning employed above may be conducted in a somewhat 
different manner ; thus, suppose one pound were charged for the pas- 
turage of one ox for a month, it is obvious that A would have to pay 
7 pounds for having 7 oxen for 1 month, and consequently £7 X 3, or 
£21, for having 7 oxen in the pasture for 3 months. In like manner 
B would have to pay £9 X 5, or £45, for having 9 oxen at pasture for 
5 months, and C, £4 X 12, or £48, for having 4 oxen at pasture for 
12 months. Hence it is evident that the rent must be divided amongst 
them in such a manner, that if it be divided into 114 equal parts, A 
must pay 21, B 45, and C 48 of these parts. 



121. Interest is the sum of money paid for the use of other money, 
and is always estimated at so much for £100 during a year. Thus, if 
£l00 are lent at 4 per cent., it must be understood to mean 4 per cent. 
per annum, that is, that £4 are paid annually for the use of £100. 

Principal is the money lent ; the rcUe per cent, is the interest of 
£100 for a year; and the amount is the interest and principal together. 
Simple interest is only the interest of the principal for the whole time it 
is lent, and compound interest is not only the interest of the principal for 
the whole time it is lent, but if the interest is not paid at the stated 
intervals it is considered as principal as soon as it is due, and then the 
original principal, together with the unpaid interest, forms a new prin- 
cipal, the interest of which becomes due at the next stated time of 
payment. 

Ex. 1. Find the interest of £355. \28. 6d. for 4 years at 4 per cent. 
per annum. 

£. £. «. d. £, £. 8. d, 

100 : 355 12 6 :: 4 14 4 6 = interest for 1 year. 

4 4 



100)14-22 10 
20 

4-50 
12 



56 18 = interest for 4 years. 



600 



In practice, it is usual to multiply the principal by 
the rate per cent, and by the number of years ; then 
to divide by 100, as in the margin. If the interest 
be required for any number of days, we must find the 
interest for one year, or 365 days, and then by the 
Rule of Three find the interest for any given number 
of days. «• 



£. 8, d. 

355 12 6 

4 

1422 10 
4 

£56-90 
20 

«.18-00 
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122. To find the interest of any sum at compound interest, it is neces- 
sary to find the amount of the principal and interest at the end of the 
first year, because it is this amount on which interest must be dharged 
at the end of two years. 

Ex, 2. Find the interest and amount of £400 for 3 years at 5 per 
cent, per annum, compound interest being allowed. 

As £5 is i>o of £100, the interest of any sum at 5 per cent, per 
annum is found by dividing that sum by 20 ; hence we have, 

N 20)400 = first principal. 

20 = first year's interest. 

20)420 = amount at the end of 1 year. 

21 = second year's interest. 

20)441 = amount at the end of 2 years. 

22 1 = third year's interest. » 

463 1 = amount at the end of 3 years. , 
400 = original principal. ^ > 

63 1 = entire interest for 3 years. 

123. But the best way of performing calculations in interest is to find 
the amount of one pound for any given number of years alf the proposed 
rate of interest, and then to multiply the result by the number of pounds 
in the given sum. Thus in the last example, the interest of £l for 

1x5 
1 year, at 5 per cent., is — — — , or '05 of a £., and the amount is 

^ ^^ ^^ 

£1*05, or £l + '05 of a £. Again, the interest of '05 of a £. is 

•05 X 5 

», or *0025 of a £., and the interest of £l being *05 of a 

pound as before, the interest of £r05 is ~ '05 of a £. + '0025, or 
( '05)* of a £. ; hence the amount at the end of two years in pounds is 
1 + '05 X 2 -f (•05)*, or (r05)*. In like 
manner, the amount in pounds at the end of ^* £• 

three years is (1 • 05)% and if this be the amount lO^' = 1 ' 1 57625 

of £l in three years, the amount of £400 wiU ^^ 

be 400 times £ ( 1 ' 05)*. The operation by this £ 463 ' 050000 

method will be as in the margin ; but when 20 

the number of years is very great, the labour 1^00*. 

is so enormous that recourse must be had * 

either to tables of interest already calculated for Amount is £463. 1^. 
£1, or to logarithms. 

If a certain sum of money has at simple interest amounted to £750 
in 4 years at 5 per cent., the original sum may be found in the following 
manner. Take £l 00, and find what that sum would amount to in 4 
years at 5 per cent., simple interest. The interest for one year is £5, 
the interest for 4 years is £20, and the amount is £120. Now £100 
will have the same ratio to £120 which the original sum has to £750 ; 
hence, inversely, 

120 : 100 :: 750 : ,^, = £625, the origHwd sum. 

120 
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124. Commission and Brokerage are charges made by persona acting 
aa agenta or brokers, as a remuneration for their skill and. trouble in 
executing business confided to their management, and are calculated at 
a certain rate per cent, on the amount of the transactions. 

125. Insurance is a per centage paid to those who engage to make 
good to the payers any loss they may sustain by accidents from fire, or 
storms, etc., up to a certain amount named in the agreement. The sum 
of money paid for insurance is called the premium^ and it is reckoned 
by a per centage upon the amount insured. 

All questions relating to commission, brokerage, and insurance, are 
solved by the Rule of Three, as examples in simple interest. 



FUBLZO FUNDS, OB STOCKS. 

126. The.'Public Funds^ or, as they are sometimes called. Stocks, 
are the debts contracted by the Government, and are transferable ^at 
pleasure from one person to another. The exigencies of a country often 
compel the governing body to negociate a loan with some monied 
persons, or great capitalists, who contract with the Government to 
supply the required 8\^ on condition of receiving a certain interest 
or annuity u^^il the money is repaid. The contractors do not advance 
the whole of the money themselves, but bring the stock into the market, 
and if they dispose of it for more or less than the contracting price, 
they gain or lose accordingly, and in this way some persons amass im- 
mense fortunes, whilst others are ruined. The business in the public 
funds is transacted at the Stock Exchange, and is confided to the agency 
of stock-brokers, who usually charge \ or 2s, 6d. per cent, on the 
amount of stock bought or sold. Similar contracts are made by large 
commercial companies, such as the Bank of England, the East India 
Company, and some Railway Companies, and their Stocks are denumi- 
nated accordingly Bank Stocks Ease India Stock, etc., but we shall only 
allude to one or two of the Government stocks. i 

Consols is a description of stock bearing .3 per cent, interest, and it is 
so named from several annuities* being consolidated together, and their 
dividends are now chargeable on the Consolidated Fund, that is, the 
-permanent taxes. 

Reduced Annuities are those which have been reduced from a higher 
to a lower rate of interest. Long Annuities are stock which terminate 
in 1859 or 1860, and are quoted in the price of stocks at so many years* 
purchase ; thus, if the quotation be 8i, then for an annuity of £30, 
until I860, there must be paid 8^ X 30, or £255. 

- Exchequer Bills are a kind of promissory notes issued from the 
Exchequer, and entitle the holder to receive the sums for which they are 
drawn, with interci^t, when they are advertised* to be paid off, which is 
usually about 12 months from the time they are issued. Exchequer 
Bills are issued for £100, £200, £500, and £1000, which bear an 
interest of \^d, per cent, per diem, and sometimes 2d, or more, accord- 
ing to the state of the money market. These bills are much sought 
after by bankers, as a steady investment, being generally quoted at a 
premium. Thus, if the premium be 17 shillings, we must pay 
£100. lis. for £100 Exchequer Bills. 
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jEx, Bought in the 3 per Cent Consols, £540 at 9H; how muck 
was paid for it, and what was the broker's charge at i per cent ? 



£. 


£. 


£. 




£. 




10,0: 


; 54,0 : 


:91i. 


or 


91- 


125 
54 



364 500 
4556 25 



10 )4920-750 £, ,, j^ 

492*075 = 492 1 6, the sum paid. 

Brokerage, at ^ per cent, on £540 ~ 1 3 6, the brokerage. 

492 15 0, the whole sum paid. 



3>Z8CX>T7KT. 

127* DiscouKT is an allowance made for advancing money on 
securities before they are due, at a certain rate per cent. ; and when the 



discount is subtracted from any proposed sum^ ^e remainder is termed 

;x626^.toJ|i/ 
end of 4 years, but that A is desirous of paying the debwmmediately. 



the present worth. Suppose that A owes to B x625,:.to k|l.paid at the 



Now if A paid £625 to B, he would lose, and B would^gain, 4 years' 
interest. We must therefore find what sum A must pay to B so that, 
with 4 years' interest, it may amount exactly to £625. • Now if interest 
be reckoned at 5 per cent., then (123), 

£• £. £• 525 y 100 

120 : 625 :: 100 : — ~ — , or £520. I6s. sd. 

Hence, £104. Zs. 4d.j the difference between £625 and £520. IQ^. Sd.^ 
must be allowed in consideration of present payment, aift this is the 
discount of £625 payable at the end of 4 years at 5 per cent.'l while 
£520. I6s. 8^. is the present worth or value of £625 duii '4 years 
hence, discount being at 5 per cent. Since £20 is X)\e discount of 
£120 due 4 years hence, at 5 per cent.,, it is evident tha| thetliscount 
of £625 will be found by the following proportion — 

£• ^* ^' 625 y 20 
120 : 625 :: 20 : — -~g — , or £104. 3*. 4d. 

As bills or promissory notes are usually made payable in a few months, 
it is customary for bankers, and those who discount bills, to consider the 
discount the same as the interest of the money for the short time spe- 
cified. Thus the discount of £ 250 for 3 months at 4 per cent, would 
be considered the interest of the same sum for the given time and rate, 
viz., £2. iOs. The true discount would be found thus— 

£. £. £. 250 

101 : 250 :: 1 : — , or £2. 9*. 6{d. Vi,V; 

and therefore the difference is in favour of the party who discounts the 
bill. 
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EXOHANOE. 

128. ExcBANOB is a term employed to designate those mercantile 
transactions by which the debts of individuals residing at a distance 
from each other are either partially or wholly liquidated without the 
intervention of money, by means of bills of exchange. A bill of exchange 
is an '* order addressed to some person residing at a distance, directing 
him to pay a certain specified sum to the person in whose favour the bill 
is drawn." In mercantile phraseology, the person who draws a bill is 
termed the drawer ; the person on whom it is drawn, and to whom it is 
addressed, is called the drawee^ who is also called the acceptor when he 
engages to pay it, by writing the word accepted, together with his name, 
across the face of the bill ; the person to whom it is made payable is 
called the payee ; and those persons into whose hands the bill may pass 
previously to its being paid are, from their writing their names on the 
back, termed indorsera. The person in whose possession the bill is at 
any given period is termed the holder or possessor. 

Suppose that A in London sells goods to B at Edinburgh, amounting 
to £500, and B at Edinburgh sells goods to C in London amounting to 
£300, and to D jn fendon amounting to £200 ; these several debts 
may be miillally discharged in this manner : — B, instead of remitting 
the amount h^ ia-indebted to A, draws on C at a specified time, in favour 
of A, for £300, and on D, in favour of A, for £200. These bills are 
transmitted to A, who, on their receipt, or as soon after as convenient, 
presents them to C and D respectively for their acceptance. If C and 
D accept these bill^ eacb becomes liable to A for the amount named in 
his bill, and when these bills become due, they are presented by A to C 
and D for payment. If they are regularly taken up, A writes a receipt 
on the back, and the several transactions are thus settled in the most 
simple and convenient manner. 

The price of bills of exchange fluctuates according to the abundance 
or scarcity of them compared with the demand. Thus if the debts 
reciprocally due by London and Edinburgh were equal, they may all be 
discharged without the agency of money, and the price of bills of 
exchange would be at par; that is, a sum of £100 or £500 in Edinburgh 
will purchase a bill for £100 or £500 payable in London, and vice versd^ 
But if these two cities are not mutually in4ebted in equal sums, then the 
price of bills of exchange will be increased in the city which has the 
greater amount of payments to make, and reduced in the other. If 
Edinburgh owe London £250,000, whilst the debts due by London to 
Edinburgh amount only to £200,600, it is evident that the price of bills 
on London would rise in Edinburgh, because of the increased competition, 
and that the price of bills on Edinburgh would fall in London, on 
account of the proportionally diminished competition. The exdiange 
would be in favour of London and against Edinburgh, and bills on 
London would sell in Edinburgh at a premium, whilst bills on Edinburgh 
would sell in London at a discount. An increased demand for bills 
must always enhance their price, as it would that of any other saleable 
article. This is the plain principle of exchange being constantly 
exemplified in the premium paid for bills on London, which has gene- 
rally a large balance of trade in its favour. The premium on bills can 
nerer exceed the expense of transmitting money or bullion from one 
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place to another, ivhich forms the natural limit to fluctuations in 
exchange. 

129. The object of exchange calculations is to ascertain what a sum 
of money payable in one place is worth in another, either by the ratio 
of the two sums, considered as equivalent in the coin of those places, 
or by two or more ratios, formed of equivalent sums, expressed in the 
coin of three or more places communicating with each other, as in the 
example in Art. 137. 

130. The par of exchange between two countries is that sum of the 
currency of either of the two countries, which, with respect to 
intrinsic worth, is precisely equal to a given sum of the other. In 
this definition of the phrase, '< par of exchange," it is assumed that a 
given quantity of gold or silver always possesses the same intrinsic 
value ; or that, bullion being everywhere recognized as the standard 
currency of the commercial world, the comparative value of the 
currencies of particular countries depends on the quantity of bullion 
contained in their coins, or for which their paper money, or other 
circulating medium, may be exchanged. In estimating the quantity 
of bullion contained in the currencies of diiferent countries, a parti- 
cular coin of one country is taken as the standai^ of comparison, and 
the proportion between it and the coins of other count^ks of mint 
standard weight and fineness, is ascertained. A par of exchange is 
thus established, by ascertaining the amount of the standard currency of 
any particular country which contains precisely as much gold or silver 
as is contained in the coin or integer with which it has been com- 
pared. Thus, for instance, the franc, which is the principal unit of 
value in the currency of France, weighs, when of full weight, 771- 
troy grains, and is of a fineness of iV^^s» ^^^ '^^y tt^^^ of the pieces 
are pure silver ; and the dollar, which is the principal unit of value 
in the currency of the United States of America, weighs 412^ troy 
grains, and is also of a fineness of iV^^^; 5*346 francs is evidently, 
then, the. par of exchange for the dollar of the United States, when 
no loss of time, nor, consequently, of interest, takes place in effecting 
such exchange ; but in the sum quoted by merchants as the par of 
exchange between two places, an allowance for interest is usually made, 
depending on the period allowed for the payment of the bills of 
exchange passing between those places. 

131. The par of exchange between different countries is, then, 
determined by the relative proportion of fine gold or silver which the 
coins compared respectively contain ; but the sums which at any par- 
ticular time are considered as equivalent in the money of those places 
are continually varying according to the momentary preponderance of 
their mercantile transactions. The nominal value thus acquired is 
termed the r€Ue ofexchangey and is dependent on the relation between 
the supply of the bills of exchange of those places and the demand for 
them. 

132. Between two places employing the same description of money 
as London and Edinburgh, the rate of exchange is easily expressed by 
saying that the bills are at a certain premium or discount, as the case 
may be ; between foreign countries employing different descriptions 
of money, the relative value of their respective coins requires to be 
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considered ; and for countries whose standards of value are of different 
roetals, as England and France, the relative value of the metals adopted 
a^ their respective standards is a necessary element in a calculation of 
their par of exchange; and consequently, in determining whether 
the rate of exchange is either favourable or unfavourable to one of 
those countries. 

The principal unit of value in England is the pound sterling, and 
this may be defined to be 123*214 troy grains of gold of the fineness 
of -H-ths, while, as already stated, the principal unit of value in France 
is the franc, containing 77-}- troy grains of silver, of a fineness of i^ths ; 
the silver coins of England represent sums somewhat greater than 
their intrinsic value, beinff coined only for circulation within the 
country as convenient subdivisions of the pound sterling, and being 
onl/ a legal tender in payment of a debt to a small amount ; and the 
gold employed in France is subject to a premium or discount, almost 
invariably a premium, calculated upon its nominal value, and varying 
from day to day. To determine the par of exchange at any time 
between England and France, it is then necessary either to know the 
market-price of silver at that time in England, or the premium on 
gold in France. Let it be supposed that the price of fine silver in 
London is 5s, bd, per ounce troy, and consequently, that of an ounce 
troy, or 480 grains of silver, equivalent in fineness to the franc, 
4s. I0id.y then the intrinsic value of the franc in English money will 
be 9*4cf. ; and the par of exchange for the pound sterling, 25*53 
francs. Or, if it be assumed that the premium on gold in Paris be 1 5 
per mille (li per cent.), the ten- franc gold piece would be worth 
10*15 francs; and, as its weight is 49*783 troy grains, and its fine- 
ness rV^hs, 44*805 grains of pure gold would be worth 10* 15 francs ; 
but 123*274 grains of gold of -H^ths fine, or 113*001 grains of pure 

113*001 
gold being equivalent to the pound sterling, ■ x 10*15 

s= 25*59 francs would be the par of exchange for the pound sterling. 
If, when the circumstances are in accordance with the above assump- 
tions, the rate of exchange at short, or for bills payable at sight, were 
25 '75, the exchange would be said to be favourable to England and 
unfavourable to France. 

134. The foregoing calculation is founded on the assumption made 
in Article 130, that a given quantity of gold or silver has the same in- 
trinsic value in all places and in all forms ; but as the transmission of 
bullion from one country to another is regulated by the same prin- 
ciples as the export and import of other commodities, it is evident that 
a difference in the value. of bullion in two countries may exist equal 
to the expense of its transmission, and that the difference in value of 
bullion in two countries, like the rate of exchange between those 
countries, as stated at the end of Article 128, is limited by the cost of 
transmission. The regulations, also, under which the mints of different 
countries execute the coinage, establish generally a certain difference 
between the value of coin and the value of bullion. 

135. Under the laws by which the currency of this country is regulated 
the price of gold may be considered invariable. Since the Bank of 
England has been by law obliged to purchase all bullion tendered to 
them at 3/. 17^. 9d, per oz., of ^-^-ths fineness, gold bullion has 
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been almoet inyariably quoted at that price in this country, and 
English gold coin is always worth 3/. I7s. lOid, per oz., that value 
being assumed as the basis of our currency. In France a kilo- 
gramme = 15,432 English grains, of goldof -jVths fineness, is coined 
into 3100 francs, of which six are retained to cover the expense of 
fabrication, and the price of gold bullion of the fineness of -i^g-ths may 
therefore be considered, when there is no premium, 3094 francs per 
kilogramme, or 3437 '8 francs per kilogramme of fine gold, or the price 
of a kilogramme of gold bullion of English standard or -)^ths fineness, 
3151*3 francs; or of one ounce, of which the value in England 
would be 3/. 17«. 9d.f 98*019 francs : the par of exchange between the 
two countries deduced from the relative prices for gold bullion would 
therefore be 25*21 francs to the pound sterling; and if at tlmt time 
the rate of exchange was 25*24, gold must be dearer in London than at 
Paris, for * 03 in 25 ' 21 francs, or * 12 percent, more gold would be given 
for a bill on London than that bill would exchange for in London, or 
the same proportion less would be given in London for a bill on Paris 
than it would afterwards command in that city. 

If, as is generally the case, gold in Paris be at a premium, say of 
12 per mille, the par of exchange calculated by the price of gold bul- 
lion would be 25*51 ; and if at that time the rate of exchange were 
25 * 61 , gold would be about -^ per cent, dearer in London than in 
Paris. 

In a similar manner, ifthe par of exchange between Hamburgh * and 
London be 13 marks banco, 1 1-|- schillings, but ifthe rate of exchange 
at Hamburgh on London at short be 13* 12}, then it follows that gold 
is dearer in London than in Hamburgh. To find the per centage we 
have only to make the following proportion : — 

Kks. 6eh. Mks. Seh. 

As 13 Hi ' 13 12i :: lOO : 100*51 ; 
hence gold is '51 per cent, dearer in London than in Hamburgh. 

136. In foreign exchange, one place always gives another a fixed 
sum of money for a variable price, which fluctuates according to the 
balance of debt ; the former is called the certain price, and the latter 
the uncertain price. Thus London is said to give to Paris the certain 
for the uncertain ; that is, the pound sterling for a variable number of 
francs ; and to give to Spain the uncertain for the certain ; that is, a 
variable number of pence sterling for the dollar of exchange. 

As examples in direct exchange are only applications of the Rule of 
Three, it will be unnecessary to occupy more space with it, and we 
shall now advert shortly to the subject of indirect exchanges. 

ABBITBATION OF XSOHANGS. 

137* Indirect exchanges are those produced through the medium of 
some other country or countries, and the proportional or mean rate 
deduced is termed the arbitrated rate of exchange, and the object of 

* lu France, accouuts are kept in francs and centimes, and 100 centimes make 1 
franc. In Hamburgh, there are two kinds of money — banco and currency. Accounts 
are kept in banco, which is a nominal valuation of the Cologne mark. A mark banco 
is worth about 17^. sterling, and 16 schillings make 1 mark. In Frankfort, accounts 
axe kept in florins and kreutsers, and 60 kieutien make 1 florin, A riz dollar is 
equal to 90 kreutseit. 
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the arbitration of exchanges ia to ascertain whether, in remitting or 
drawing bills, it will be most advantageous to do so directly or »n- 
direcUy. Simple arbitration comprehends the exchanges of three places 
only, and compound arbitration of more than three places. A single 
example will be sufficient to explain the method of calculation in all 
cases. 

Suppose a merchant of London has to receiye 4500 marks banco at 
Hamburgh, whether will it be more advantageous for him to draw on 
Hamburgh directly at 13 marks 8 schillings per pound sterling, or to 
direct his agent to remit the sum to Frankfort, at 148 rix dollars per 
300 marks banco, with directions to invest the value in a bill on 
London, which can be effected at 10 florins per pound sterling, allow- 
ing 1 per cent, for the charge of commission ? 

By the direct mode of exchange, 

Mks. B. Sh. Mks. B. £. £. t. d. 

13 8 : 4500 :: 1 : 333 6 8 

Now let X represent the value by the indirect course of exchange, 
then we have the following equalities : — 

£x = 4500 marks banco. 
300 marks banco = ] 48 rix dollars. 
1 rix dollar =^li florins. 
10 florins ^ £l. 

£100 = £99 on account of commission. 

Henoe the continued product of the numbers in the first column must 
be equal to the continued product in the second, that is 

a? X 300 X 10 X 100 = 4500 X 148 X 1+ X 99; 

^ 4500 X 148 X 3 X 99 ^ 15 X 37 X 3 X 99 

•'• * "" 300 X 10 X 100 X 2 10 X 25 X 2 

= 3X3TX3X99 ^ £ 32^7 ^ ^3 ^3, 

10 X 5 X 2 100 

The direct is preferable to the indirect exchange, the difference being 
£3. IBs. Sid. in favour of the direct exchange. 

8TAMDABD8 OF ENGLISH WEIGHTB JJXD BCHAflXTBZS. 

I. Measure of Time. 

138. For a standard measure of time we must look to the daily and 
yearly revolutions of the earth, which, by the immutable laws of Nature, 
has performed its revolutions round the sun with unerring regularity for 
ages past, and will continue to do so for ages to come, unless some great 
and unknown change should occur in the solar system of which it is, a 
part. The sun, which regulates the operations of man, and determines 
the periods of labour and rest, is pointed out by nature to fix the standard 
of time; but as the length of a solar day is not always the same, it is 
an unfit measure of time, and therefore the solar day is superseded by a 
duration called a mean solar day^ that is, the mean interval of time 
which elapses between two passages of the sun across the meridian of 
any place. This interval of time is supposed to be divided into 24 equal 
portions, each of which is called an hour. Astronomers have determined 
that a solar year^ or the time of one tropical revolution of the earth 
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round the sun, conBivts of 365*24224 mean solar days. Thie is very 
nearly 365f dAys9 and a year is made to consist of 365 days, while to 
every fourth year a whole day is added, and such year is termed a leap 
year. The average year 365^ days is too long hy the difference hetween 
*25 and 24224 or '00776 of a day; consequently if I day he divided 
by •00176, the quotient 1 28 • 87 is the number of years in which the error 
will amount to 1 day, so that the error is 3 days in 3 times 128 '87 
years, or nearly 3 days 2^ hours in 400 years. This error is corrected 
by allowing only one out of four of the years which terminate the cen- 
turies to be leap years. Every year whose date is divisible by 4 is a 
leap year, except that date be exactly a number of centuries^ in which 
case that number must be divisible by 4, in order that it may be a 
leap year : thus 1600, 2000, 2400, etc., are leap years, whilst 1900, 
2100,' 2200, 2300, etc., are not accounted leap years, for 19, 21, 22, 
23, etc., the numbers of the centuries, are not divisible by four. Hence 
in 400 years there are only 97 leap years and 303 common years. 

The day is then the first measure that is obtained, and it is divided 
into 24 parts, each of which is called an hour; each hour is divided into 
60 parts, called minutes^ and each of these is divided into 60 parts 
which are termed seconds. Since 24 x 60 x 60 = 86400, it is obvious that 
1 second (marked thus 1") is the 86400th part of a day. 

A civil month consists of 4 weeks or 28 days. The 12 calendar 
months, and the number of days in each are as follow : — January 31, 
February 28 in common years, and 29 in leap years, March 31, April 30, 
May 31, June 30, July 31, August 31, September 30, October 31, 
November 30, and December 31. The mean solar year consists of 
365*24224 days, or 365 days 5 hours 48 minutes and 49 '5 seconds. 

II. Standard of Lineal Measure. 

139. It is an object of the first importance in a civilized state of society 
that standards of weights and measures shall remain without alteration, 
and that we should be able to replace them in the event of their being 
destroyed either by accident or design. With a view to this object 
the English Government has had reference to the length of the seconds' 
pendulum. It has been seen that the second of time is an unalternble 
period of duration, and by the application of very ingenious contrivances, 
and the known laws of mechanics, the actual length of the seconds' 
pendulum has been ascertained, in the latitude of London, at the level of 
the sea in a vacuum, and at a certain degree of the thermometer, so that 
in case our standard of length should be destroyed, it w^ould always be 
possible, while the laws of Nature remain unchanged, to restore that 
standard without alteration. The seconds* pendulum is not the unit of 
our measure of length. -By an Act of Parliament, passed on the 17th 
June, 1824, a certain brass rod is declared to be the standard yard of 
England; and that its lcnp:th, as compared with that of the seconds' 
pendulum, determined as above, is in the proportion of 36 to 39*1393 ; 
it follows, therefore, that although the seconds' pendulum is not the unit 
of our measure of length, it furnishes the means of restoration if at any 
time hereafter the standard yard should be lost or destroyed.* The 

* The ifandard yard wa< destroyed in the conflagration of the Hoaaes of Parliament, 
in 1834, and bai not yet been restored. 
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measures of length are given in (34), and for particular purposes 
some other denominations are employed. Thus, for measuring cloth of 
all kinds, 2f inches = 1 nail, 4 nails = 1 quarter, 4 quarters = 1 yard, 
and 5 quarters = 1 ell. For measuring the height of horses, 4 inches 
= 1 hand. For measurmg depths, 6 feet = 1 fathom. The chain for 
measuring land is 22 yards, or 66 feet, or 792 inches in length, and 
consists of 100 links, each of which is consequently 1'92 inches. Me* 
chanics usually divide the inch into halves, quarters, and eighths. A 
degree of the equator is 69*156 miles, and a degree of the meridian is 
69 044 miles. 

Since a square inch is a square whose side is I inch, and a cubic inch 
is a cube whose side is I inch, it necessarily follows that a lineal inch is 
the foundation of the unit of square and cubic measure. In the super- 
ficial measurement of stone, brick or slate-work, 36 square yards are 
termed a rood^ and 100 square feet of flooring a square, 

III . Standard of Weight. 

140. By the Act of Parliament already referred to, and which came 
into operation on the 1st of January, 1826, " a cubic inch of distilled 
water, weighed in air by brass weights, at the temperature of 62 degrees 
of Fahrenheit's thermometer, the barometer being at 30 inches, is equal 
to 252*458 grains." Of the grains thus determined 5160 are a ^roy 
pound, and 7000 are a pound avoirdupois. These pounds arc divided, 
as in the tables of troy and avoirdupois weight, in (34). In troy 
weight, and that usually termed apothecaries* weight, the grain, ounce, 
and pound are the same. The former, or troy weight, is used for the 
precious metals and for jewels, as also in tr} ing the strength of spirituous 
liquors, etc. ; and the latter is employed in medical prescriptions. • 
The carai^ used for weighing diamonds, is 3}^ grains. The assay 
weightSf which are only used to show the fineness of gold, are 4 grains 
= 1 carat, and 24 carats = 1 pound. Avoirdupois weight is the 
general weight of commerce, and by it all articles are bought and sold, 
except precious metals and precious stones. The avoirdupois pound is 
larger than the troy pouiyl, the former being to the latter as 7000 grains 
to 5760 grains, or as 173*: 144. The troy ounce is to the avoirdupois 
ounce as 480 grains to 437 '5 grains, or as 192 : 175. 

IV. Standard of Capacity. 

141. The standard unit of the measure of capaci y is the imperial 
gallon^ containing 10 pounds avoirdupois of distilled water at the tem- 
perature of 62 degrees Fahrenheit, the barometer 30 inches, and is 
equal to 277*274 cubic inches. The imperial bushel^ consisting ot 
8 gallons, will consequently contain 2218*192 cubic inches, or 80 
pounds avoirdupois of distilled water. 

V. Standard of Value. 

142. The usual coins of England are in copper, silver, and gold, of 
the value stated in the Table of Money, Art. 34. Of these, gold is the 
only legal tender above 40 shillings. A farthing is the coin of least 
value, and it is usual to denote farthings as fractions of a penny. From 
the Latin words lihra^ a pound; solidus, a shilling; emd clenariusj & 
penny ; £. s. d, are made to represent pounds, shillings, and pence re- 

VOL. f. p 
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spectivelj ; hence one farthing = iif., two farthings = ^d.^ and three- 
farthings = id. The English pound is generally called a pound ster^ 
ling, to distinguish it from a pound weight, as well as from stock or 
foreign coins. 

The standard gold coin is made of a metal composed of 22 parts of 
pure Qxjine gold, and 2 parts of copper. The standard silver coin is 
made of a metal composed of 37 parts of pure silver and 3 parts of 
copper. Tiiese compositions are better fitted for the purposes of a circu- 
lating medium than either pure gold or silver, which are too soft and 
flexible. Of these standard metals, a pound troy of gold is coined in'o 
£46. 14^. 6t/., and a pound troy of silver into 66 shillings ; hence the mint 
price of standard gold, or gold of a fineness ^-ti i^ £^^ 1'7'* 10^^. per 
ounce ; and of our silver coinage of a fineness ^ J-, or nearly 449 ^* ^'> ^c/- 
per ounce. 

The weight of a sovereign, or pound sterling, is consequently 5 dwts. 
3 ^i^ grains, and the weight of a shilling is 3 dwts. 15 yy grains. An 
avoirdupois pound of copper is coined into 24 pence, each of which 
weighs 10-}- drams avoirdupois, or 291{- grains troy. The weight of the 
silver florin is double that of the shilling, or 7 dwts. 6^^- grains. 

OOMPA&ISON OF ENGLISH AND FOBEIGK KBASXTKEBf 

ooiNs, xrro. 

143. It is explained (139) that the standard of English lineal measure 
is a brass rod preserved in the Exchequer of a certain length called a * 
yard, and that in order to the recovery of this measure or standard if it 
should be accidentally destroyed, a comparison has been made between 
it and the length of the seconds' pendulum vibrating under certain con- 
ditions. The standard lineal measure of France is in like manner a 
certain fixed length called a metre. This length has been obtained as 
follows: — About 9i degrees of the meridian of Paris were carefully 
measured by some of the most distinguished mathematicians and astrono- 
mers of France and Spain, in terms of a certain assumed tnHre, and by 
means of the length of the whole of this measured terrestrial arc, and 
the lengths of sepurate parts of the same, the figure of the earth, and 
the entire measure of the quadrant from the Equator to the Pole, was 
computed in terms of the assumed metre, and then the ten-millionth 
part of this arc was adopted as the standard mktre of France. Several 
comparisons have been made by the most carefully-conducted ex peri* 
ments to ascertain the ratio of the length of this m^tre to that of the 
English standard yard, and the result considered the most accurate, 
makes the metre = 39*370079 English inches. This ratio being thus 
established, we easily arrive at the standards of lineal measure of the 
several European nations, which are generally founded on either the 
English or French system. 

It is shown also (139) that the unit of lineal measure becomes ne- 
cessarily the foundation of the unit of square and cubic measure, as 
also of the measures of solidity and capacity. And by availing ourselves 
of the unalterable condition of water at a fixed temperature and baro- 
metrical pressure, it furnishes also the means of determining a fixed unit 
of weight, or rather for fixing a means of comparison of different units 
of weight. Thus a certain brass weight in the Exchequer is determined 
to be the English troy pound, and the 5760th part of this is one | 
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grain; and by the means of careful experiments, it has been ascer- 
tained that a cubic inch of water under the conditions above referred 
to weighs 252 '458 grains. These grains thus become a sort of universal 
term of comparison of the weights of different nations. Some discre- 
pancy is found to exist in the results as obtained by different philosophers, 
but they are very inconsiderable ; and we believe the numbers in the 
following tables are those which are generally considered as the most 
correct. 

144. The metrical system of weights, measures, and coins, adopted in 
France, both as regards the multiples and submultiples of the unit, 
proceed acdirding to the decimal scale, the units of the different measures 
being denominated as follows : — 

1. The unit of length is the metre, 

2. The unit of surface is the are, which is a square whose side is 
ten metres. 

3. The unit of volume is the sih^e^ which is a cube whose side is a 
metre. 

4. The unit of capacity is the litre, which is a cube whose side is a 
tenth part of a m^tre, and 

5. The unit of weight is the gramme^ ^%ich is the weight in vacuo 
of a cubic centimetre (the hundredth part of a metre) of water at the 
temperature of 4 degrees of the centigrade thermometer (39 '2^ Fahren- 
heit), being the temperature of water when its density is a maximum. 

* The Latin derivatives did to denote the tenth part, centi^ the hun- 
dredth, and miUi, the thousandth part, being prefixed to any of the 
preceding units, serve to denominate iis decimal submultiples; whilst 
the Greek prefixes, deca to denote ten times, hecto a hundred, kilo a 
thousand, and myria ten thousand times, will ex()ress the decimal mul- 
tiples. Thus a dicifMire signifies the tenth of a m^tre, and a decamttre 
is 10 metres. Taking the length of the metre to be 39*370079 inches, 
the following tables of comparison of French and English measures will 
be easily understood. 



Comparison of English and French Measures. 



Measures 


of Length, \ 




Inches. 


Millimetre = 


•03937 


CentimHre = 


•39370 


Decimetre = 


3-93701 , 


MHre = 


39-37008 


D^cam^e — 


893 '70079 


Hectom^re = 


3937 '00790 


Kilometre = 


39370'07900 


Myriam^tre = 


393700-79000 


Measures 


1 
if Capacity, \ 




Cubic Inchet. 


Centilitre = 


•6102 { 


Decilitre = 


6-1023 


Litre = 


61-0237 


Decalitre = 


610-2379 


Hectolitre = 


6102-3791 


Kilolitre = 


61023' 7917 


Myrialitre = { 


510237-9179 



Measures of Surface. 

Sqaare Yards. 
Are = 119-599 
D€care = 1195-990 
Hectare = 11959-906 

Mecuures of Volume, 

Cable Feet. 
D^cistere = 3*53146 
Stdre = 35-31469 

D^castire = 353- 14694 

Measures of Weight. 



Centigramme = 
Decigramme = 
Gramme = 

Decagramme = 
Hectogramme = 
Kilogramme = 
Myruigramme = 



Grtina, Troy. 

'1543 

1.5432 

15-4327 

154-3272 

1543-2720 

15432*7200 

154327-2000 

p2 
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Comparison of English and French Coinage, 

145. In England the only legal tender above 40 shillings is the pound 
sterling or sovereign, a gold coin of the standard fineness of W^ viz., 
eleven parts of fine gold wiih one. of alloy. In France either gold or 
silver may be legally tendered to any amount. The coins of France are 
of -j*^ fineness, viz., nine parts of fine metal with one of alloy, and the 
gold coins are considered to have a variable value with respect to the 
silver coins ; the 20 and 40 franc gold coin being commonly at a pre- 
mium in respect of 20 or 40 silver francs. The silver franc is the unit 
of French money, which is subdivided and multiplied, like their weights 
and measures, according to the decimal scale. The subdivisions are 
stated in centimes or hundredths of a franc. 

The weight of a silver franc is the 200th part of a kilogramme, or of 
15432*72 grains = 77*1636 grains, of which 69*447 grains are fine 
silver and 7*716 grains alloy. A franc in gold is the 3100th part of 
a kilogramme ; its weight in standard gold is therefore 4*9783 grains, 
of which 4*48047 are fine gold and '49783 alloy. 

Now (135) it is shown that the English pound sterling or sovereign 
contains 113 grains of fine gold; therefore, estimating the value of the 
two coins by their respective weights of pure gold, the English sovereign 
= 113-7-4*4804 = 25*22 gold francs, whatever may be the price of gold, 
the exchange being made in the same place, and at the same time ; but 
other conditions must be considered under the general question of ex- 
change between the two countries, as is shown in (135). From the 
above are obtained the following comparative intrinsic values of the 
French and English coinage, viz. : — 

1 franc (silver) = 77 * 1636 grains of silver iV fine. 
10 franc (^oW) = 49*783 ditto gold tV ditto. 
20 franc ditto = 99*566 ditto ditto. 
40 franc ditto = 199 * 132 ditto ditto. 

1 franc = 9*516 English pence, and 

25*22 francs in gold = 1 sovereign. 
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ALGEBRA, 



PEFZNinoKS Mny slemxntary fbinoxfles- 

Art. 1. Algebra is the science of computation by genera] symbols, 
or it is a general method of reasoning on quantity by means of symbolical 
characters. 

In algebra, quantities are represented by the symbols a, b, e, x, y, ar, 
etc., and by employing this concise notation, the steps and results of 
algebraic investigations can be expressed not only in simple and intelli- 
gible forms, but free from that prolixity of which common language 
could never divest them. These very convenient symbols are made 
the arbitrary representatives of the quantities under consideration, and 
by the fundamental principles and operations of algebra, which are the 
same as those of common arithmetic, results are deduced exhibiting in 
what manner the various quantities are combined, and showing their 
relations to each other, even before particular values have been assigned 
to these quantities. In arithmetic each question requires a separate 
investigation, but in algebra all questions of the same class are con- 
sidered together, and included in the same investigation, and the result 
of the reasoning with general symbols is expressed in a general form that 
applies with equal facility to every question of the same kind. 

Thus, suppose that a represents the number of days in which a per- 
son, A, can perform a certain piece of work, and that b denotes the 
number of days in which another person, B, can perform the same, or 
an equal piece of work ; then, by the principles of algebra it can easily 
be shown that the time in which A and B, working in conjunction, can 

perform the specified piece of work, is expressed in symbols by j 

Now, to apply this to an ex4|iple or two, let us suppose that A can do a 
piece of work in 10 days, and that B can do it in 15 days, then a will 
denote 10 and b will denote 15; hence 

axb 10 X 15 150 _ , . . . .... , ^ 

— r~T = ,., . ,^ = -TTT = o days, the time m which A and B 
a -I- * 10-1-15 25 •' 

jointly can perform the piece of work. 

Again, suppose A takes 12 days to perform a piece of work, and B 
takes 20 days, in what time will A and B jointly perform the piece of 
work? 

In the general expression -r- , we must now write 12 for a and 

20 for by then we get 

axb 12 X 20 ' 240 15 ^. , .... , ,. 

■ . , = -^ . ^ = -— - = -- = 7i days, which is the time 
a + b 12 + 20 32 2 ^ 

that A and B jointly would take to perform the work. 
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Thus, by the use of general symbols, results may be deduced which 
are true for all numbers, and formulas which apply to all questions of 
the same character. Other advantages will present themselves as we 
proceed in the development of the principles of this useful science. 

2. Quantities or magnitudes of all kiud;» are, as we have seen, 
represented by the letters of the alphabet ; so also the operations to be 
performed with these symbols or letters are indicated by certain other 
signs, instead of being expressed in words at length. 

3. Quantities are divided into classes distinguished by the terms 
known or given, and unknown or required. Known or given quantities 
are usually represented by the leading letters of the alphabet, as a, b, c, 
etc., and unknown or required quantities by the final letters a;, y, ir, etc. 
Also if a represent 8, then twice a, or 2 a, would represent 16; or if 
6 represent 5, then tkrice 6, or 3 b^ would represent 15. 

The signs which are employed to indicate the operations to be per- 
formed with the symbols of quantity are as follow : — 

4. The sign + (plus) denotes that the quantity w hich it precedes 
is added; thus a -{- b signifies that b is added to a, and it is read 
a plus b. 

5. The sign — (minus) denotes that the quantity which it pre- 
cedes is subtracted; thus a — b signifies that b is subtracted from a, 
and read a minus b, 

6. The sign ± iplf^ or fninus) comprehends both the former 
signs, and denotes that the quantity which it precedes is added when + 
is used, and subtracted when — is employed. 

7. All quantities preceded by -(- are called positive quantities, and 
those which are preceded by — are called negative quantities ; and if 
neither + nor — precedes a quantity, + is understood, and the quantity 
is a positive one : thus c means + c, 

8. The sign = (equal) denotes that the quantities between which 
it is placed are equal to one another : thus 3 -f 2 = 2 + 3 signifies 
that 2 added to 3 is equal to 8 added to 2 ; and a =s 6 + c, means that 
a is equal to b plus c, or that a is equal to the sum of b and c. 

9. The sign X (into) denotes that the quantities between which it 
is placed are to be multiplied together. A period, or full point, is often 
used instead of x > and it is usual in algebra to write the quantities to 
be multiplied together in succession without the intervention of any sign 
between them. Thus a y, b x c^ a,b .c^ and a b c^ all signify that a 
is multiplied by 6, and the product is multiplied by c, or they all denote 
the continued product of a, o, c. 

10. The sign -r (by) denotes that the quantity which precedes it is 

to be divided by that which follows it; but the same operation is usually 

expressed by placing the dividend over the divisor, with a line between 

a 
them, in the form of a fraction. Thus a-^b and 7 signify the same 

operation, a divided by b. 

11. The sign < (inequality) denotes that one of the quantities between 
which it is placed is greater than the other, the opening of the sign 
being turned towards the greater quantity. Thus a > 6 signifies that 
the quantity denoted by a is greater than that represented by 6, and 
c K,d signifies that c is less than d. 

12. The coeffieieni of a quantity is the number, whether positive or 
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negative, which is preBxed to it, and it expresses the number of times 
the quantity is taken. Thus in 5 a, 5 is the coefficient of a, and it 
signifies that the quantity a is taken 5 times. 

13. If no numerical coefficient is prefixed, the coefficient is understood 
to be 1, because a means once a^ and x means once x, 

14., A power of a quantity is the product arising from the multiplica- 
tion of that quantity by itself any number of times, and it is usually 
expressed by writing the quantity with a small figure above it to the 
right, denoting the number of equal factors to be multiplied together. 
Thus a' means axaXax^xaxa, or aaaaaa^ and also 
5a* b^ c^x stands for5aa hbb cccc x. 

15. A root of a quantity is that quantity which, if multiplied by itself 
a certain number of times, produces the proposed quantity. Thus a is 
the second or square root of a*, for a x a = a ^ ; 2 x is the third or 
cube root of 8x", for 2 a; X 2ar X 2a; = Sx*, and y is the w*** root of 
y" for y X y X y X ... to w factors = y". 

16. The exponent or index of a quantity is the small figure employed 
to denote the power to which it is to be raised. 

Thus a (or a^) is the^r** power of a, 

a* is the second power or square of a, 

a" is the third power or cube of a, and so on. 

The small figures, % \ etc., are the indices of the eecond, third, etc., 
powers of a respectively. 

17. The symbol ^ is employed to denote a root, and a small figure 
placed over the sign shows the root to be extracted, except in the case 
of the square root, where the figure 2 is understood. Thus i^ a signifies 
the square root of a,*^ a the cube root oi a^y a the n*^ root of a, and 
BO on. A different notation for expressing routs of quantities will be 
explained in a subsequent article. 

18. The terms of an expression are those parts of it which are con- 
nected by the sign + or — , and the expression itself is either simple or 
compound. 

19. A simple quantity consists of a single term, as 3 aar. 

20. A compound quantity consists of two or more terms, such as 
a —26 + 5y. 

21. Brackets (),{}, []. arc employed when a compound quantity 
is to be the subject of any operation, as (a-|-ft— c) x 5, or 5 (a4-6— c) ; 
j^/ (a + ft — c), and (a + o — <?)•, which respectively denote that the 
quantity (a + ft — is to be multiplied by 5, that its square root is to 
be taken, that it is to be cubed. Sometimes a line over the quantity is 

used instead of a bracket; thus the last two expressions might be 

« 

written ^a + ft — c, and a -f ft — c ; but the latter of these is very 
inelegant, and ought not to be employed. 

22. Algebraic quantities are called like or unlike^ according as they 
contain the same or different letters, or as they contain the same or 
different combinations of letters. Thus 2 a and 5a; 2aj"y and 3x*y 
are like quantities; and 2a, and 3ft;3a:*yand 5a: y* are unlike 
quantities. 

23. A monomial quantity consists of one term only, as am^c xy^ etc. 

24. A binomial quantity consists of two terms, as a 4- ft> 3 a; ^ 5 y, etc. 

25. A trinomial involves three terms, as a + ft — 5 a:. 



I 



I>SFlNlTION8. 73 

26. A multinomial or polt/namial quantity is compoBed of several 
terms, asa<4-26 — 3c + 4c^. 

27. The reciprocal of a quantity is unity divided by that quantity. 

Thus the reciprocal of a is — , and the reciprocal of ~ is ~. 

a b a 

28. The signs : : : : {proportion) denote that the four quantities 
between which they are placed are proportional. Thus aibiicid 
signifies that a has the same relation or ratio to h that c has to d. 

29. The sign oc (varies as) signifies that the quantity which pre- 
cedes it varies as that which follows it ; thus A oc B signifies that A 
varies as B. 

30. The abbreviation .'. for therefore or consequently is now much 
used instead of either of those words. 

31. We may here add a few examples of the substitution of numbers 
for letters, for the purpose of familiarizing the student with the symbols. 
The very little power which even many advanced students possess of 
reducing algebraical into arithmetical results, operates very much to 
their disadvantage, and seriously checks their progress in the higher 
branches of analysis, inasmuch as the numerical result alone is the 
object of almost every practical inquiry. 

Numerical Valuation of Algebraic Expressions. 

Ifa = 6, 6=5,<^ = 4, d = l and e = 0, find the numerical values 
of the following expressions : — 

1. a4-2ft4-3r + 4rf+5c=6-|-10+12 + 4=32. 

2. a«(a-fft)-2aic=36x (64-5)— 2x6x5x4=396-240=156. 

2a 2b 5e 6« 12 10 20 

3. — +■T- + lT-i3a=^+T+-4=^-^^^+^=^«• 
4. 4a*c« -3a'6rf+ ?^/'^o = 1920 - 540 + 1^=1980. 

a-\- b—2c 3 

5, x/^a + Jbb -V^ +4^^ = 3+5-2 + 4 = 10. 

6. Suppose that, at the commencement of an investigation, the numbers 
5, 3, 8 and 10 had been denoted by a, b, e, d respectively, and that 

2 3 4 

the result of the investigation gave x := -ab + -bc + ^cdy what 

O 4 o 

would be the numerical value of a: ? 

2 3 4 

Here a: = -x5x3 + - X3x8+-x8xl0 

3 4 O 

= 2x64-3x3x2 + 4x8x2 
= 10 + 18 + 64 = 92. 
For practice, the student may compute the numerical values of the 
following expressions, taking a =: 5, 6 = 2, c = 4, c/ = 3, and » = 4. 

a + 6 + c a + b — ca—b+cb + c — a 

1. xr, + + + ^— . 

Ans. X = 1 1 . 

a«— 6» 4a^-c* a« + 6»+c«-rf» ^ 

2. X = -=- H —3 ~ — . Ans. x=23T*r- 

€?— rf 2d ab + cd 
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3. x = a + ft — (c-il)4-V(<**- 2*c). Ans.x=z9, 

6 3 , 10 14 

4. Xs= T + 



a b c—d c+€C Afu. x = 7tV- 

5. X = V («* + *■- <^ -^) - V (8 ^0 + ^. -4«'. « = 14. 

6. y «=V(«*+^)-V («•-*•)+ V («•-*'). Am. y«5-693562. 

•^"" abed + I ' Afu.yz=: 121. 

a*+6*-d> aicrf 4a*— 105c+2 
^ a+b-^d ^2b + c 2c+d ^ 

/ia + b + c a-^b-'C a-^b+c b + c ^ a) 

10.y = V{ 2 • 2 • 2 • 2 r 

i4iM.y« 3-799671. 

11. There is a certain expressiou consisting of four terms connected 
by the sign + . The first term is the square of a, divided by b ; the 
second is the square of a by 6 ; the third is the square root of the excess 
of the square of a above the square of b ; and the fourth is the reciprocal' 
of the sum of the squares of a, b, c. Write down the expression. 

12. An expression consists of three positive terms; the^r^^ is the 
square of Xy the seoond is x with a coefficient «qual to the sum of a and 
b ; and the third is the product of a and b. What is the expression ? 

ABDITZON. 

32. Addition is the method of connecting quantities together by means 
of the signs prefixed to them, and incorporating such as are like into one 
sum. Unlike quantities cannot be incorporated, and their sum can only 
be expressed by writing them in succession, prefixing to each its proper 
sign. 

Thus tlie sum of 3 a and 4 a is 7 a ; for the sum of 3 times any 
quantity a and 4 times the same will be 7 times that quantity, in the 
same manner as the sum of 3 pounds and 4 pounds is 7 pounds. 

Again, the sum of 3 a — 2 6 and T a ^3b is 10 a — b b; for the 
sum of 3 a and 7 a is 10 a; -but the first quantity 3 a — 2 6 is less than 
3a by 26, and the second quantity 7a — 36 is less than 7a by 36; 
therefore the sum of 3 a and 7 a, viz., 10 a, must be diminished by the 
sum of 2 6 and 3 6, or 5 6, to obtain the correct sum of tbe two pro- 
posed quantities. 

33. When the like quaniitieg have like signs^ their sum is obtained 
by adding the coefficients together, prefixing the common sign to that 
sum, and annexing the common quantity. 

It is usual to arrange the quantities which are like in the same ver- 
tical column, which facilitates the process of summation. 



^ 
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EXAMFLBS. 



(1) 

3a— Sbx+ bxy+ 3z 
9a— bbx+ 2bxy^ 2z 
5a— 4bx+ 5ia?y+ 4z 
12a— 2bx+ bxt/+ z 
a— *\bx'\- 36a:y+ 52r 
2a— iaf+ 6&a:y+ %z 

32a —226a + 18 ftary +21 ar 17 a;* 4-16 ary +14ax — \%y 



(2) 

33:*+ 5a:y4- 2ajc — 

a!*+ ^y + «3: — 

2a:*+ 4xy4- 5ax — 

6x'4- 2xy + 3ax — 

4a:*+ 3a:y+ ax — 

a:* 4- a:y-|- 2aa: — 



4y 
y 
3y 
5y 
2y 
3y 



(3) 
4a6— 6Va: + 3a:"^y — 4c 
3aft— 5^^+ x^lly-^bc 

ab-^ 2Va? + 2arVy— <? 
2a6— i^^aj-l- a:'Vy — 7<? 

aft — 15^0?+ 7^»Jy^ c 



(4) 
2a:"y — 3xy" + 2(a + 6) 

33i*y— xy^+ («4-6) 

a:*y — 2xy* 4- 8 (a + ft) 

8a:"y — 5ary* + 4(a-j-ft) 

7a:«y-9a:y«4- («4-6) 



34. TFA^n /A« /tA€ quantities have different signs^ add all the posi- 
tive coefficients together, and then all the negative coefficients : subtract 
the less sum fiom the greater, and prefix the sign of the greater, and 
annex the common letter or letters. 



(5) 

4a4-3aar*+ 8n'4-3y 

— 5a4-4aa:"— 5«*+4y 
6a - 8aa:«-. 16n» + 5y 

a — 6aa:*4- 3»* — 7y 

— 3a + Sax* 4- 2n« — 2y 

3 a — 2 ax*— 8»'4-3y 



(6) 

- 3a«4- 3ft>y'4-4aft4- 4 

- 5a«+ 9ft*y* — 4aft4- 12 

- 10a* - 10ft«y»+ 7aft- 14 
10a«- 19ft*y»+ oft 4- 3 
14a«-. 2ft«y» — 5aft- 10 

6a»— 19ft*y«4- 3a6- 5 



In the left column of example (5), the sum of the positive coefficients 
is 1 1, and the sum of the negative coefficients is 8 ; subtracting 8 from 
11, the remainder 3 is positive, and hence the sum of the quantities in 
the first column is 3 a, the sign 4" being understood. 

In the second column the sum of the positive coefficients is 12, and 
the sum of the negative 14 ; subtracting the former from the latter gives 
2, to which the sign — is to be prefixed, and the sum is — 2 a 2^. This 
is obvious, since the sums of the positive and negative terms are 12 ax' 
and — 14 a 2^ respectively, and the quantity to be subtracted exceeds 
the quantity to be added by 2 a x', and this must therefore be written, 
not with the sign of addition, but with the sign of subtraction, prefixed. 



(7) 



10 V_ax 4- 4a^x — 

— Z^ax — batj X •{- 
^t jax -^ Sajjx — 

— 12^ax — 2a^x4- 



3y 
y 

2y 
6y 



^ax— a'^x — lOy 



(8) 
12x«y — 3xy« 4- 2 (a 4- ft) «■ 

- Ilx«y4-4xy«- (a 4- b)z* 

4x*y4- xy*4- 4 (a + ft)2^ 

- 3a^y- xy«4- 2(a4- ft)iif* 

«*y 4- a;y» 4- (a 4- ft) z* 



I 
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* Examples for Practice. 

1 . Find the sum ofa4-^ + ^>fl + ^ — ^, « — ^ + <?, and — a + ft 
+ c. Ans. 2a + 2ft + 2c, or 2 (a + ft 4- <?). 

2. Find the sum of 2ax+3ft^, 3ax + 2 fty, *1 ax ■■\- by^ and 
8 ax 4 7ft ^. Ans.20aX'\'\Zhy. 

3. Find the sum of 2 «• — 17 a ft + 3ft", 5 a« + 12 a ft — 5 ft«. 12 a« 
+ 6aft - 9ft», 3a' + 6aft + 3ft*. Ans. 22a"+ 7aft - 8ft*. 

4. Find the sum of a:" — y* + 2xy* — 3a:i*y, 2a:* — 3xy« — 5x'y 
+ 2^*, 6a:*y + 6 a; y* — ac* — y*, and 5xy* - 2^ — 4 a:* + 8x»y. 

-4«*. — 2a:*+ 6x'y + 10a;y« — 2y». 

5. Find the sum of2x + 3y — 42r— 10, 8y — 4a?+73^ + 8, 11a 
+ 5a: — lOy — 2, and 16 + 10a: + 12y + 14^?. 

Ans. 13a: + 13y + 2^z + 12. 

6. Find the sum of 3a:" + 2y* + «" + 8a:y2r, y» + 2ai"— 3a* — 
4a;yz, a' + 3a:" — 2y* — 2xyZj and a?ya + a:* + y* + a*. 

-4/1*. 9a:* + 2y* + ^xyz. 

7. Find the sum of a:* + 3a:^y + a:*2f — 2a:r, 30a?* — 29 a:* a 
-f 18a:t;— 17a:*y, 22a:*^ — 15af* - 32a:* a + 16 a>«, and 17a:*2r 
— 12a;* + 6a:*y--lla:t?. Ans. 4a:*+ 14a:*y — 43a:*2: + 21xv. 

35. If the coeffic ents he literal instead of numerical, they may be 
summed, when they are like, by the preceding methods ; and, when they 
are unlike, their sum can only be expressol by writing them in suc- 
cession, prefixing to each its proper sign. In this case annex the common 
quantity to the 'sum of the literal coefficients inclosed in brackets. 

Thus the sum of ax, ft a;, ex, dx may be written either 
aa:4- fta: + cjr -j-cf a:, or (a + ft -f c + rf) a:. 

8. Add together ax — fty, x — y, and (a — J ) x + (ft + 1) y. 

Ans, 2 ax. 

9. Add together (a + 2 ft) X + (4ft-3a)y, (2 a 4- ft) x+ (2 a— ft) y, 
and 4ax + 3fty. Ans. (7a + 3ft)a?+ (6ft — a)y. 

10. Add together px + ^y4-r5r — c, 2/?x— 2^y + 2c, 3 9y — 
/> x + 4 c, and 7j5x— 8yy — rz— 3<?. Ans. 9px ^ 6qy -h 2 c. 

SUBTRACTION. 

36. Subtraction is the method of finding the difference of any two 
quantities of the same kind. When the quantities are unlike, their dif- 
ference can only be indicated by writing the quantity to be subtracted 
after the other, interposing the sign ~, which indicates subtraction. 

Let it be required Xp subtract 2x + 3y from 7x + 6y. Here, if 
from 7a; + 6y we subtract 2x, there remains 5x + 6y, and if from 
this we subtract 3 y, the result is 5 x + 3 y, which is the difference of ' 
the two proposed quantities. 

Again, let it be required to subtract c — d f ro n a — ft. Here, if 
from a —ft, c be subtracted, the remainder will be 
a — ft — c; but, by subtracting c from a — ft, we ^ — ^ 
have subtracted too much, since c — cf is a quantity c ^ d 

less than c by d. Having therefore subtracted too a — b — e •\' d 

much from a — ft by rf, it is evident that the re- or a — c — ft -f- rf 
mainder, a — ft — c, must be too little by cf, and 
must hence' be increased by d. The correct remainder is therefore 
a — ft^c + d;ora — e — ft + ef, and if we inspect the signs of c — d, 
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the quantity to he subtracted, it \iill be seen that the signs are changed, 
the one from -4- to — , and the other from — to + . 

Lastly, let it be required to subtract 12 a— \3b from 16 a— 9 b, 
By the | receding example the remainder would be 16a .« — . oA 

— 12 a — 9^ + 13 ft, which, by incorporation, gives 4a ^^^ -^, 

+ 43. This is the same result that would be found by 

changing 12a into - 12a; — 13ft into + 13ft,and then 4a + 4ft, 
adding the columns. or 4 (a + ft). 

Hence to subtract one quantity from another ^ conceive the eign, or 
signs of the quantity to be subtracted to be changed, and proceed as in 
addition. 

In many cases it will be unnecessary to apply this rule of changing 
the sign, because the difference of the coefficients may be found at once, 
as in common arithmetic, and the common quantity annexed will com- 
plete the difference. Thus, in the preceding example, it is unnecessary 
to change the sign of 12 a, because 12 taken from 16 leaves 4, and 
therefore 4a is the difference. So also, if — 7y be taken from — 10 y, 
the remainder is — 3y. 

When the coefficients are literal, the operation of subtraction must be 
performed upon these^ coefficients, and to the remainder, enclosed in 
brackets, if necessary, annex the common quantity. 

Examples. 

(U (2) (3) 

6a*— 8ft 9x«- 4xy+ 8 8a;y - 3 -f 6aj - y 
3a* — 5ft 3a;*+ 6a:y- 2 4xjf ^1 - 6x — 4y 

4a;y + 4 * -f 3y 

(6) 
7a«— ^xy+ ^z 
3x" — 2ljxy •\-2^z 



3a* — 3ft 


(4) 
5aft— 6 
- 2aft + 6 





6 a*- 


10a;y + 10 


4y» 
2y« 


(5) 
-3y + 4 
+ 2y + 4 





7. From 219a« — ll7fl? ft + 218aft» + 145 ft» subtract 193 a» 
4- 157afta-12ia«ft + 155ft3. Ans. 26a» + 4a«ft-f 61 aft«-10ft». 

8. Subtract 2 x^ — 3a:*y + a:y*+ xy* frem6a:* + a:*y— 6a:y* + y3^ 

Ans. 3a? + 4a;*y - 7a?y" + y^ — xy*. 

9. Subtract x* — 4a:'y + 6x*y* — 5xy* + y* from 3x* — x'y 
4- 7 x*y* — 4 xy* + y*. Ans. 2 x* + 3 x*y + a:* y* 4- xy'. 

10. From 2p «• — S^xy •{• rt/^ subtract jp x* — 4 g xy + 2 r y». 

Ans, px* + qxy — ry*. 

11. Subtract a« — 3 ax + 2x* — 16a*x + 12ax* — 12ax* - 4x' 
+ 2a*x* from 2a* + ax + x*— 12a"x + 20ax* — 4x» 4- 6a*x« 
- lOax". Ans. a* 4- 4 ax — x* 4- 4a*x 4- 8ax* 4- 4a*x* 4- 2ax*» 

37. To indicate the subtraction of a polynomial quantity, without 
actually performing the operation, enclose the polynomial in brackets, 
and prefix the sign — . Thus, 

2x*— 3x*y + 2xy* — (x* 4* y" — «y*) 
signifies that the quantity x" 4* y" — ^y' is to be subtracted from the 
preceding quantity, fiy the principle of subtraction, ^e must change 
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all the signs of a^ + y* — a? y* from + to — , and vice versd^ and pro- 
ceed as in addition. Hence the preceding expression becomes 

2a:" — 3a;«y + 2a:y« - x*-y" + ary' = x» — 3x»y + 3xy« — y*. 
Also, 12 a — (a + 6 — c) = 12a — a — 6 + c=lla — i + c, 

and a^ + 2a ^ + ** — («•— 2 aft + A*) 

= a*+2a6 + 6* — a«-f-2aft — ft*=4a6. 

On this principle we can make polynomials undergo several transform- 
ations, which are useful in various calculations. 

Thus, a« - 2aft + 6» = a« — (2a6 -5«) = 6* — (2aft — a«); 

a* -3a«ft+3aft«-6» = a»- (3a'6- 3aft« + ft") 

= a» + 3aft« - (3a»ft + ft») 
= a»-^- (3d«ft _ 3 aft*). 

12. Reduce 3 a: — { (x — 3 a) — (2 y — a) } to its simplest form. 

Ans. 2x + 2y + 2a. 

13. Reduce a« - (ft* - c«) — { ft^ - (c* — a')} + c* ~ (ft* - a«) to 
its simplest form. Ans, a* -— 3 ft* -|- 3 c*. 

14. To what isx-l-y + ar — (x — y) — (y — «) — ( — y) equal ? 

-4«#. 2y + 2z. 

15. From a(x4-y)— ftxy-|-c(x — y) subtract 4(x-|-y) 
+ (a-f-ft)xy— 7(x-y). 

Ans. (a- 4) (a; 4-y)-(a 4- 2ft)xy 4- (c + 7 ) (x - y). 

38. We may now make a remark on the occurrence of a negative 
quantity in a detached form, and unconnected with a positive quantity. 

if 8 is to be subtracted frcm 6, it cannot be performed, in the arith- 
metical sense, since 8 is greater than 6 by 2 : subtracting 6 -t- 2 from 
6 by the principle of algebraic subtractioD, we get — 2 fur remainder, 
implying that 2 still remains to be subtracted from some other positive 
quantity. In this way the student will notice that — 7 a is greater than 
>- 1 1 a, because if a positive quantity, for example 14 a, be added to 
each : the sum of 14 a and — 7 a is 7 a, but the sum of 14 a and — 11a 
is 3 a ; and the former sum is greater than the latter ; therefore — 7 a is 
greater than — 1 1 a. lu a similar manner it can be shown that is 
greater than any negative quantity. For if we subtract successively 
1, 3, 5, 8, 10 from 5, we get the remainders 4, 2, 0« ~ 3 and — 5, 
each of which, except the first, is evidently less than the one preceding 
it, so that — 3 is less than nothing, and greater than — 5. 

MULTIPLIQATION. 

39. Multiplication is the method of finding the product of two or 
more quantities, and the quantities themselves are termed factors. 

Let it be required to multiply a ~ ft by c. Here the product of a 
and c is ac; but the product of a — ft and c must be a - b 
less than the product of a and c by the product of 
ft and c, that is, by be; hence the product of a •— ft 
and c IS ac — bcj M in the margin. 

Again, if it be required to multiply a —bhy c — rf, 
let c — d be called x; then we have, 

(a — ft) (c — rf) = (a — ft) X = .a X — ft X 

= a(c — d) — b(c ^d)=:ac — ad — (be ^ bet) 
= ac — ad — ftc-l- bd. 



e 






ac- 


-be 




a- 
e - 


-b 
-d 




ac- 


-be 
-ad-¥bd 




ac- 


-bc'-ad^ 


bd 



I 
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Hence we aee that the product of -f ^ itnd +eiB +ae; that of 
a and — d is — ac?; that of ^ b and c is — 6c; aod that of — 6 and 
— rf ia + ft rf. 

The same may be shown in the following manner. The product of 
a — b and cinac — be; but a — 6 is to be multiplied, not by c, but by 
c — cf, a quantity less than ehy d; hence the product of a — b and c, 
that is, a c — be will be too much by the product of a — b and d^ that is, 
by ad — bd. Subtracting this from the former, by changing the signs, 
we get for the correct product of a — 6 and e — d the expression 
ae — be — ad-^bdyBM before. 

Hence, if quantities are multiplied by a positive term, their signs are 
unchanged in the product, but if multiplied by a negative term, their 
signs are changed. In other worda» like signs produce plus in the pro- 
duct, and unlike signs minus. 

Powers of the same quantity are multiplied together by adding their 
indices for the index of the power of that quantity in the product. 

Thus, a* X fl* = fl*"*"* = a' ; for a* = a X « and c^sia x a x a 
X a X a; hence a'x^ = axaxaxaxaxaxasssa'. 

Also, tT X ^ ^ a^"*"" ; X X a:" = x" + *; 2 X 2""* = 2", and 

Terms which have coefficients are multiplied by prefixing the product 
of the coefficients to that of the other quantities. 
Thua the product of 5 x and 3^ is 15 xy, 

EXAMPLEH. 

1. 9ax — 2a!^y — 6x — 4xy Sab 

4x 2xy" — 4a — xy — Zac 



36ax* — 4x»/ 24ax Aafi^ — 15a«6f, 

2. 5a — 3c 3ac— 46 4x — ft + Saft 

2a 3a 2ab 



lOa^— 6ac 9a*c— 12a6 

a + X a 4-x 

a 4- X a — X 



<^ + ax a* -i- ax 

+ ax + x' — ax — x* 



a*+2ax + a^ a • — x 



8a6x — 


2i 


aft* + 6a' 


ft« 




a' + 
a — 


ax + X* 

X 






a- + 


a* 
a* 


X + ax* 
X — a X* - 


-x» 




a» 


« 


• 


-X" 



4. 2x« + xy — 2y« x« — 2x+l 

3x — 3y x« + 2x + 1 



ex'^' 3x«y — 6xy« X* — 2x* + iB* 

— 6x*y — 3xy* + 6y* + 2x" — 4x" + 2x 

6x»-3aJ«y-9xy« + 6/ -f x«-2x+ l 

X* • -2x* * +1 



5. Multiply together 10 a c, 2 a, 3 a c, and 5 c, Ans* 300 a* c*. 

6. Multiply together a* b (^^ a b^ <^y and a^b^e. Ans. a* ft*c*. 

7. Multiply together 3 a'-^ 2 ft, 3 ft, and 4 a. ^n«. 36 a" ft —24 a ft*. 
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8. Multiply 3a + 26 by 3a — 2^. Afu.9a*^4b\ 

9. Multiply a:* — a?y + y* by a: 4- y. Ans. a:* + y*. 

10. Multiply a» + a»6 + a6*H-^bya — 5. Ans, a* — b\ 

11. Multiply a* + a6 -f ft' by a« — a6 + 6*. Ans. a* + a*6« + b\ 

12. Multiply 3 a:" — 2a:y + 5 by a?» + 2xy — 6. 

-4n*. 3a;* + 4a:'y — 4a:"y*— 13ai" + 22a:y — 30. 

13. Multiply a:* — ar*y -f a?*y* — a:*y* + a:*y* — a:y* + y" by a: + y. 

14. Multiply a^ — 2a:"y + 4a:' y* — Sary* + 16y* by x 4- 2y. 

Ans. a:* + 32y*. 

15. Multiply 27 a' - 13 a ft + 5 ft* by 7 a" + *•. 

Ans, 189a*- 91a■ft + 62a•ft•-a3aft•^-5ft^ 

16. Multiply together x + a^ x + b, and a: + c. 

iiiM . a^+ (a4-ft-f-c)a:*4- (aft + ac + ftc)a; + aftc. 

17. Multiply a^-*> ' - ft(f-»p by a* - ft'. 

^n*. a" — a»ft«*-*>' — ft' a^'>» + ft". 

18. Multiply a* + ft* + c*— aft — ac — ftcbya + ft +c. 

-4iM. a' + ft' + c* — 3aftc. 

DIVI8I0K. 

40. Division is the method of fiuding a quantity called the quo- 
tient ; 8uch» that if it be multiplied by the divisor, the product wilt be 
the dividend. 

Thus— 

1 4 a a: 

14 aa;-f-7 a= -= — = 2 a;, aince 2 a; x 7 a = 14 a a:, the dividend; 

7a 

14 a a; 4 2a = — 7x, since - 7 a: x -2a= 14 a a;; 

— 24a:y-T- 3x =— 8y, since — 8y X 3aT=: — 24xy, 
-24xy4-— 3a:= 8 y, since 8y x - 3a: = — 24a:y. 

Wherefore, as in multiplication, like signs produce + and unlike signs 
— , so the same rule must necessarily hold good in the division of one 
quantity by another. For since + a multiplied by — c produces — a c, 
and therefore — ac divided by + a gives — c, and so in the other three 
cases. 

Again, if a' is to be divided by a', the quotient is a'" * = a* ; for since 
a^ = a X ax axaxaxaxa, and a* =z a X a x a-, therefore 



c^ axaxaxaxcLXaxa 



= axaxaxa = a\ 



a* ax ax a 

Hence one power of a quantity is divided by another by subtracting the 
index of the latter from that of the former, and placing the remainder 
as the index of the quantity in the quotient. 

From this we can show that the symbol (f is equal to unity, whatever 
may be the value of a. For since 

a** a** 

=«•"-" =ra» and — - = 1 ; therefore tf®= 1. 
a* a* 

Hence (a + a:)® = 1, a:" = I, and generally (any quantUyY =r 1. 



/ 



DIVISION. 81 

ft 

Examples. 
^ - I « 6^^ « . ... abx a 

8a: ' -3a*a: 

3. --l5ay«-J-3oy = ^^^^--^^= - 5y. 
^ ^ 3 ay ^ 

— 26 V" 2 

41. If the dividend consists of several tenns, and the divisor of only 
one term, each term of the dividend must be separately divided by the 
divisor. 

5. Divide 6a^ — 8aa; + 4 a^y by 2 a. 

6a^— 8aa: + 4a*y %ab Sax , Aa*y ^, ^ . « 

2a 2a 2a 2a " 

6. Divide 10 a* a; — 15 a:* — 25 a; by 5 x. 

TT 10 a« a: -15 a:*- 25 a: « , ^ 

Here =:2a« — 3a: — 5, 

5x 

or, 5 a:)10a«a: — 15 a;« — 25 a: 

2 a* — 3x— 5:= the quotient as before. 

42. If both the dividend and divisor be compound quantities, the 
division is effected as in arithmetic, taking care to arrange the terms of 
both divisor and dividend so that each index may be less, or that eaeh 
may be greater, than the succeeding one. 

7. Divide 12a:*-26ar»y— 8 x«y»+ 10a:y«-8y* by 3a:«— 2a:y+y«. 
3a*-2xy+y*)12a:*-26a*y— 8a:«y«4.10a:y»-8y*(4a:«-6a:y-8y«. 

12a:*- 8a:*y+4a:*y» 

-18a:'y — 12a:*y* + lOxy" 
— 18a;'y+12a«y»— 6a:y* 

-24xV+ 16a:y»-8y* 
-24x«y«+ 16a:y»-8y* 



In the preceding example, if 12 a:* is divided by 3 a;*, the quotient is 
4 a:*, which is the first term of the quotient ; then the product of the 
divisor and 43:* is 12a:* — 8a:'y+4a:*y', which, placed under the first 
three terms of the dividend, and subtracted therefrom, leaves a remainder 
— I8a^y— 12a:"y*, to which the next term + 10 a: y* is added. Then 
if— 18x"y is divided by 3 0:", the quotient is — 6a:y, which is placed 
next in the quotient, and the work proceeds as before. 

8. Divide 48a:»- 96 a a:*- 64 a* a: + 150 a» by 2a:-3a. 
2x — 3a)48a:'-96aa:»-64a*a:-f 150a»(24a:*-12ax-50a». 
48a^~72aa:* 

— 24 a a:*- 64 a* a: 
--24aa:"+36a»x 



-100a*x + 150a» 
-.100a*x+ 150a» 
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9. Divide a* — 3x*hy a + x. 

2x* 
a + x^a^ -—Sx^Cif ^a*x + ao^ — 3^ , 

€^ + €^X 



— C^X ' 




— 3a?» 

+ 03^ 










3af* 



-2a?* 
In this example, the remainder is— 2a^, and to complete the quotient 
it is made the numerator of a fraction whose denominator is the divisor, 
the negative sign being prefixed to the fraction. 

10. Divide :^— (a + p) a^-^-^ap + q}x ^ a q hy x — a. 
x^d)3^ — (a'\-p)v^'\-(ap + q)x — aq (pi^-^px + q. 

a:*— a7^ 

— p 3i*+(ap + q)x 
— pv?-\' apx 

qx — aq 
qx — aq 

11. Divide 1 by 1 - 2x + a*. 

l-2a: + a:«)l (1 + 2x + 3a*+ 4a!»4. 5ap<+ 

l-2a? + ar« 

2a; — «■ 

2g- 4a*+2g' 

3a:«-2a* 
3a;«-6g*+Ba:* 

4a:»-3ar* 
4g*-8a:<-f4a^ 

5ar*— 4aJ^. 

In this example the division does not terminate, and the operation 
may be continued at pleasure to any length. 

12. Divide 2a:»"-6a5«V+6a:"y""-2s^" by a:»-y". 
af*-y)2a*"-6a:»V+6x-y""-2y»"(2a;»"-4aj'y*+2^". 

23:** — 2a:**y" 

-4a:»"y"+ 6 ^Z" 
—4g'*y*+4a:*y*" 

2x"y«"-2y*' 
2a:^y«»-2y"' 

Examples for Practice* 

1. Divide 12 a*b*<^ by 6 abc, Ans. 2 abe. 

2. Divide — 48 €^b* by 8 ab^. Ans, - 6 a*b\ 

3. Divide 36 t^b^cd^hy — 4 a»ftcrf«. Ans. — 9a"6»rf. 

4. Divide - 48 a»ft*c*d«a*by - Sai^cd'x. Ans. 6a*€*dx. 

5. Divide 12ary+>by — 6af->y-~'. -4«#. — 2xy». 
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6. Dividcl5a«&c+25a6»c — 30a6c"bv - babe. 

Afu, — 3a — 5^ + 6<?. 

7. Divide y-+* + 2y" + *-3y- + ' + y'+* by y*. 

Ans. y + 2y« — 3y» + y*- 

8. Divide6a«ar*y'-12a'a:"y"+ 15a*«"y by 3a«x»y, 

Ans. 2 i*y* — 4 a ary + 5 a". 

9. Divide 12 a* (a + x)* — 18 a" (a + x)" + 24 a* (a + x)* by 

6a'(a + x)». -4w. 2a' — 3a{a + a;) + 4(a4-;ir)". 

10. Divide a* + 4aa;+ 4a!:*bya4-2a:. Ans. a + 2 x. 

11. Divide fl^— 3a"x + 3ax*— x'by a— X. Ans. a* — 2ax + x*. 

12. Divide a'+ba^x+Sfla^+a^by a+x. Ans. a'+^ax + x*, 

13. Dividea*-4a"y + 6a*y*-4a^+y*by a« — 2ay+y". 

Ans. a* — 2ay+y".. 

14. Divide a* - 6* by a» + a" 6 + ai« -h 6'. Ans. a - b. 

15. Divide 12 X*- 192 by 3 x— 6. Ans. 4x"+8x"+i6x-f32. 

16. Divide x* ^ 3X*/ + 8x»y* - y" by x» - 8 x*y + 8xy» - y». 

^«*. x* + 3a?y -f 3xy*4-y*. 

17. Divideatf*"4-a:*"y'" + y*"l>y^' + a^y"4-y**. 

^«#. x"* — x*y" + y*". 

18. Divide x*-fax" + &x + cbyx — r, 

A • ^ V ^. . .V f* -^ at* -{• br + c 

Ans. x*+ (r4-a)x4-(r*4-ar + 6)xH . 

X — r 

19. Divide 1 + 2x by 1 -3x. -4n*. l + 5x+15x«+45x»+ etc. 

20. Divide 1 + 2x by 1 -x — x". Ans. l+3x+4x"+7x»+ etc. 

21. Divide a^— ^•4-23c--c'bya — 6 + c. -4;!*. a 4- ^ ^ <?• 

SUFPLEMKNTART PROCESSES. 

43. Tbere are certain products and quotients of algebraic expressions 
vrbicb are of frequent occurrence in all investigations, and if the forms 
of these products and quotients could be recollected by the student, he 
would be enabled to obtain results with increased facility. 

(1). By multiplication, (x + a) (x + ft) = x" + (a + A) x + «^ : 
Hence, 

(x + 6) (x + 7)= x»+(6 + 7)a: + 6.7 = ' x» + 13x + 42, 

(x+8) (x-5)= x»+(8-5)x -8.5= x*+ 3x— 40, 

(X - 4) (X — 7) = x« - (4 + 7) X + 4.7 = x" - 11 x + 28, 

(3x + 6)(3x^5)=5(3x)«+ (6 - 5)3x - 6.5 = 9x» + 3x-30. 

In a similar manner, since 

(x + a) (x + ft) (x + c) = x» +.(a + ft + c) x» + (« ft + ac + ftc) X 

+ abCf 

.'. (X + 2) (x + 3) (X + 5) = x» + (2 + 3 + 5)x»4- (2.3 + 2.5 

+ 3-5) X + 2.3.5 = x' + 10 X + 31 x + 30. 

(2). Since 

(a + ft) (c + rf) = c(a + ft) + <^(o + ft)=r ac+ftc+arf+ftrf; 
.-. (ar + 5) (y + 6) =5= y (x + 5) + 6 (x + 5) = «y +6x+5y+30. 
(2x— 7)(3y + 8) = 2x x3y — 7 X 3y + 2xx 8- 7 X 8 

= 6xy -4- 16x - 2iy - 56. 
(3). Since (a + ft) (a + ^) or (a + ft)' = a" + 2 a ft + ft« ; therefore 
(x + 6)'=:x» + 2.6x + 6* = x' + 12X + 36, 

61* = (60 + 1)« =r 60' + 2.60.1 + 1«=3600 + 120 + 1 = 3721. 

o2 
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Also iince (a — 6) (a — 6) or (a — &)• = a" — 2 a ft + ^ ; therefore 
(x — 9)" = «■ - 2 . 9 .a: + 9« = ac* - 18x + 81 ; 

59« = (60 - l)»= 60«-2. 60. 14- 1*=3600- 120+1=3481. 
(3a:-2y)*=(3a:)« - 2 (3x) (2y) + (2y)* = 9a:* - 12a:y + 4y«. 

(4.) Since by multiplication (x + y) (a? — y) = x' — y" ; therefore 

(x + 8) (Jf- 8) = a:'- 8*=:a:»-64, 

(3« + 7) (3x - 7) = (3x)" - !• = 9a:* - 49, 

(a + ft + €?) (a + 6 - c) = (a 4- ft)* — c* = a* + 2a& + ft« — c«, 

(a + ft - c) (a - ft + c) = {a + (ft - c) } {a — (ft - c) } 

= a* - (ft - c)* = a* - ft* 4- 2ftc - c*. 
(x* + xy 4- yO (a^ - a:y + y") = { (^ + y*) -f ary} { (a:*4-yO-a:y} 
= (a:* + y')"- (a:y)* = x*4- 2x*y* -|-y* - x*y* 

= X* + x*y*4-y*. 
CJonversely, since a:* — y* = (a; 4* y) (a? — y) > therefore 
X* — 81 = X* - 9* = (a: + 9) (x - 9) ; 

4y*- 9a* = (2y)* - (3a)* 5= (2y 4- 3a) (2y - 3a) ; 
a*x» - ft*y* =r (ax)* - (fty)* = (ax 4- fty) (ax - fty) ; 
(« + y)* - 2r* = (x 4.y 4. 2r) (x 4-y - «) ; 
(a4-fty- (c-rf)* = {(a4-ft) + (c-^} { (« + ft) - (^ - cf) } 

= (a4.ft4-c — d)(« + ft — <? + ^. 
(5). By the converse of (1) we have 

35* 4- (a4- ft) J? 4- a ft = (x 4- a) (x 4- ^) i 
.-. X* 4. 8x 4- 15 =a:* 4- (3 4- 5)x 4- 3. 5 = (a; 4- 3) (x 4- 5) ; 

x*4-5x— 14=x*4.(7-2)x — 7.2 = (a? + 7)(«-2); 
aJ— X — 6 = x* — (3-2)x -3.2 = (x-3)(« + 2). 

In this manner, the student may find the simple factors in each of the 
following expressions: 

1. X* — X — 30. 5. 3a*-6aft4-3ft*. 

2. a*x — X*. 6. X*— 2x*— 15x. 

3. 3ft*c-3ftc". 7. a*-ft*4-2ftc — c*. 

4. a:*— 7 05 4- 12. 8. :c*4-3a:*4- 2x. 

(6). The following formulas, which occur very frequently, should 
also be noticed : 



a* — ft' = (a4-ft)(a-ft) 
a* - ft* = (a - ft) (a* 4- aft + ft*) 
a* 4- ft* = (a 4- ft) (a* - a ft + ft*) 
a*-ft* = (a*+ft*)(a*-ft*) 

= (a*4.ft*)(a4-ft)(a-ft) 



(a*-ft*)4-(a-ft)=a4.ft 
(a«-ft«)4-(a4.ft)=a-ft 
(a" - ft*) ^ (a-ft)«: a«4. aft 4. ft. 

(a* 4- ft*) -f- (a+ft)= a«— a ft 4- *■ 
(4x*- 1) 4- (2x- 1) = 2x 4. 1, 



THE GBEATEST COMMON MSAStmE OF TWO OB MOBS 

QUAMTiTJLUB. 

44. A measure of a quantity is one which divides it without re- 
mainder : thus 4 a is a measure of 8 a x, and 2, 4| 8, 2 a, 2 a;, 4 a, 4 x, 
2 ax, etc., are all measures of 8 a x. 

45. A common measure of two or more quantities is one which divides 
each of them without remainder: thus 2a, 4a;, 2 ax, etc., are all com- 
mon measures of 8 ax and 12a*x. 

46. The greatest common measure of two or more quantities is the 
greatest of all these quantities which divides each of them without 
remainder. Thus 4 ax is the greatest common measure of 8 a x and 
12 a* X. 
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47. The greatest common measure of quantities which have a mono- 
mial form is readily found by inspection, as in the following examples : 

Thus the greatest common measure of 8a*a^ and \2a*x^ is 4a'x% 
since 8^:r* = 4a*a:* x 2, and 12a*x* = 4a*a!:" x 3a* a:", and the fac- 
tors 2 and 3 a* 3^ have no common measure. 

The greatest common measure of 5 a; y (a: — y)* and I53^yz(x — y) 
is 5a;y(a;— *y), since the factors a; — y and 3xz have no common 
measure. 

The greatest common measure of da^oi^t^j ISa'xy*, 2laa^y and 
Sasfy^hSaxj/y since the quotients, 2 a xy, 5 a'y*, 7 x", and a^y* have 
no common measure. 

48. In order to investigate a method for determining the greatest 
common measure of two or more multinomial quantities, it will be, 
necessary to show that 

If a quantity c is a common measure of two other quantities a and 
by it toill measure botJi the sum and difference of any multiples of a 
and by as ma -^-nb and ma — nb. 

Let c be contained h times in a, and k times in b; then will a=ihcy 
b =ikcy m a^m hcynb =nkc, and therefore ma-^- nb=m h c4-» k c 
=i (m h '\' n k) Cy and ma — nbz=(mh — nk)c; hence c is contained 
mh-^-nh times in ma -^-nby and mh — nk times in ma^nb; and 
therefore c measures both ma + nb and ma — nb. 

Thus, 5 measures 10 and 15 ; and 5 will measure both 10m -)- 15 n 
and 10 m — 15 n, or 15 n — 10 m, as is apparent. 

Let a and 6 be any two given polynomial expressions, and suppose 
that a divided by b gives h for quotient, and c for remainder ; that b 
divided by c gives k for quotient, and d for remainder, and that c 
divided by d gives / for quotient, without remainder : then will the last 
divisor d be the greatest common measure of a and b, , 

For all the common measures of a and b are b) fi (A 
measures of a — A 6 or c; therefore all the h b 
common measures of a and b are also common a) b ( h 

measures of b and c, and conversely, aU the ^^ 

common measures of b and c are measures of , ^ . . 

A 6 ~f- ^ or a, and are consequently common mea- ^ 5, ^ 

sures of a and b. Hence it is obvious that the 

greatest common measure of a and b is also the greatest common 
measure of b and c. In a similar manner it is proved that the greatest 
common measure of b and c is the same as that of c and d. Now d 
divides e, without remainder: therefore d is the greatest common 
measure of c and dy and consequently d is the greatest common measure 
of a and b. 

49. In finding the greatest common measure of numerical quantities, i 
the quotient should be that which, when multiplied by the divisor, gives / 
a pro<)uct nearer to the dividend than any other, whether that product ! 
be in excess or defect with respect to the dividend, because it is the 
difference to which the above reasoning applies, whether it be a — hb 
or hb '- a. Thus in the annexed example, 2433 ) 13787 T 6 

where the greatest common measure of 14598 

2433 and 13787 is required, we take 6 — — - 

for a quotient, because 6 times the divisor 811 ) 2433 ( 3 

(2433) is nearer to 13787 than 5 times the ^^^^ 

divisor, and the operation is completed at two divisions, instead of 
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three, if the quotient figure had been taken 5. In this manner a divi- 
sion is avoided each time that the nearest quotient figure is in excess^ , 
and the general rule is to take that figure for quotient which will give I 
the remainder less than the half of the divisor. 

50. If each of the terms of either of the quantities contains a factor 
which is not contained in each term of the other quantity, such factor 
forms no part of the common measure^ and ought to be suppressed. 
This principle should be rexiollected at every step of the operation ; but 
if the given quantities have a factor common to both^ and that factor be 
suppressed in the operation, it must not be neglected altogether, because 
it forms a part of the common measure, and it must necessarily be intro* 
duced finally as a factor of the greatest common measure. 

51. Also if the first term of any dividend is not exactly divisible by 
the first term of the divisor, it may be made so by multiplying the 
dividend by the least factor which will avoid firactional quotients. This 
multiplication will not affect the greatest common measure of the two 
quantities, because the fiictor thus introduced into the dividend is not 
found as a factor in the divisor, which has no simple factor, or if it had 
a simple factor, it has been divested of it. 

Examples. 

1. Find the greatest common measure of a? ^ \9 x + 30 and 
a* -2a:*- 7*4- 14. 

Since the highest power of x is the same in both quantities we may 
take either as a divisor, and the work will be nearly the same in both cases. 
a:»-2a'-1x4-14)a*-19xH-30 (1 

a;*- 2a*— 7 a; + 14 

2a:*— 12ar 4-16, 
or a:*— 6a:4-8)a:*-2a:*-'7x4.14(a: + 4 

x" — fix* -f 8a: 

4a:*- 15a: 4- 14 
4 a:* - 24 a: + 32 

9x- 18, 
or x-2)a:* — 6a:-f8(a:-4 
x* — 2a: 

— 4x + 8 

— 4x + 8 

Here in the first remainder, the simple factor common to all the terms 
is 2 which is suppressed as no part of the common measure of 2 a:* 
— 12 a: + 16 and a* — 2 x* — 7 a: 4- 14. In like manner, the simple 
factor 9 is rejected as no part of the common measure of x' — 6x4-8 
and 9x - 18. The last divisor, x — 2, is therefore the greatest 
common measure. 

2. Find the greatest common measure of 3x*~2xy~v and 
2x*- 2x*y4-7xy*-7y*. 

3x*-2xy-y*)2x*- 2x*y 4-7xy* - 7y" 

3^ 

6x*-6x*y4.21xy« — 2iy(2x 
6x" — 4x*y- 2xy* 

- 2x*y 4.23x^- 21 y» 
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Multiplying by 3, 

3a:*-2a:y-5^ - 6a»y + 69a:y" - 63y*( - 2y 

65xy«-65y» = 65y*(x-y). 

Rejecting the factor 65^ as no part of the common measure, and 
dividing by x — y, 

X -y)3a:" — 2xy -y*(3x+y 
3a:" — 3xy 

Hence x — y is the greatest common measure of the two proposed 
quantities. 

3. Required the greatest common measure of the two polynomials 

6x»— 6x»y + 2xy*-2y"and 12x* - 15xy + 3y*. 
Suppressing the factor 3 in the latter of these, and intioducing the 
factor 2 in the former, to avoid fractions, we have 

4x»^ 5xy + y0l2x» — 12x*y + 4xy»- 4y»(3x 

12x»--« 15x*y4 > 3xy» 

3x«y-f ^- 4y" 
4 



12x«y+ 4xy«- I6y»(3y 
12x'y- 15xy»+ Sy* 

19a:y*- 19y» = I9y*(a?-y). 

Rejecting the factor 19 y* as no part of the common measure, we have 

a: — y)4x' — 6xy -f.y"(4x— y 
4x* — 4xy 

^^ + y" . 

Hence x — y is the greatest common measure. 

4. Find the greatest common measure of the polynomials 

«• — 2c? X +aaf4-ox* — X* and a' + ax* — ax" + x*. 

Arranging the terms according to the ascending powers of x, we have 

a" — 2a«x + ax» + ax"— a?*)a'4.0 — ax* + ax»4.x*(l 

a*— 2a"x -|-«^ 4- flsc*— a^ O 

2x)2a'x - 2ax" + 2x* 
a* — ax \-Q^ 

a' — ax + 7?)c? — 2a"x-f-ax*-|-ax' — x*(a — x 

a' — o"x 4" ax* 

— a*x + ax" — X* 

— fl^x -j-fla:* — ** 

Hence a* — ax + ^ i* the greatest common measure required. 

5. Find the greatest common measure of a^^a* oi^ and a' -|- o'x ->^ 
tf*x»-a*x». 

Here a^ is a simple factor of the former quantity, and a° is a simple 
factor of the other, and the greatest common measure of a' and c? is 



88 ALGEBRA. 

obviously £^, which must be reserved as a simple factor of the greatest 
common measure. We have then the following operation : 

a»+a«x-aa:*—a;») a* 4-0 +0 +0 — a^(a — a: 

a* + a*x — a*3i^ — aa^ 



-^C^X — C^T^ 4- 


asc* — a?* 








2a^ 


-^( 








-x' 
-a:» 



Hence «• x (a" — «■) or o* — «*«• is the greatest common measure. 

52. Let a, 6, e denote three algebraic quantities, and let d be the 
greatest common measure of a and b, and m the greatest common mea- 
sure of c and d ; then because cf is a common measure of a and 6, every 
measure of d is also a common measure of a and b ; therefore every 
common measure of c and d is also a common measure of a, by c; and 
therefore the grecUest common measure of c and d, that is, in, is also the 
greatest common measure of a^ b^c. In a similar manner the greatest 
common measure of four or more quantities may be found. 

Examples for Practicb. 

1. Find the greatest common measure of 32:*^ and 122;^*; of 6a*x* 
and 9aar*; of 123c"y*;8*and 8a:*y'«". Ans. 3a;y, 3aa:*,and 4a^t^^. 

2. Find the greatest common measure of 2a'x'y 4x*^, and Sa^y; 
and also of 3a"ar— *y"+*, 6a*'x*+»y— », and 21 a^'^x^y^. 

Ans. 2 a:", and 3 a— *a:*-'y— *. 
Find the greatest common measure 

3. Of a:" + a: - 12 and a:" - 5 «•+ 7 a: - 3. Ans. a? - 3. 

4. Of a* — 4 and a* -|- 4 o + 4. Ans. a -t 2. 

5. Ofa' — a6«anda' + 2a^ + 6". Ans. a + b. 
6- Of cr* — a»6« and a* — b\ Ans. a* - b\ 

7. Of a"x + 2 a* 3^ -f 2 aa:" + a;* and 5 a* + 10a*x + 5 o'^e". 

Ans. a-^ X. 

8. OfSar*- 10a:»+ 15a:— Sanda:*- 2a:" + 1. 

Ans. a:* — 2a:+ 1. 

9. Of 2a:*- xy— 6y*and 3a:"- 8xy 4-4y". Ans. x — 2y. 

10. Of 7a:"- 23a:"y + 6a:y" and 5a*- 18a:"y + llxy"-6y. 

-4«*. a: — 3y. 

11. Ofa" + ft« + c>4.2a5 + 2ac4-2 6canda«— 6" — c*- 2 6c. 

^/i^. a -{-b -{• c, 

12. Of a:" + 2x + l anda:" + Aa:"4. Aar+ 1. 

13. Of y* + sy -f 6 and 3y* + 120y + 117. Ans. y + 1. 

14. Of a:* — a*- 3 a:" -f 5 x — 2 and ar* — 2 a;* — a:'+5 a:" - 4x+l. 

Ans. x"- 3x"+ 3x— 1. 

15. Of a:» + 5 x" + 7 X + 3, x»+ 3 x* - x — 3, and x" -f x" - 5 x + 3. 

Ans. x + 3. 
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THS LEAST OOMMON BCULTIPLE OF TWO OB MOBJB QUANTITIES. 

53. A mtUHple of a quantity is one which can be divided by it 
without remainder; thus Sax is a multiple of 2a, and 16 o?*^ is a 
multiple of 4 a: y*, or of 2 a; y". 

54. A common mtdUple of two or more quantities is one which can 
be divided by each of them without remainder. Thus 36 a x is a com- 
mon multiple of 2 a and 9 x, 

55. The least common multiple of two or more quantities is the 
least quantity which can be divided by each of them without remainder. 
Thus the least common multiple of 8 a* a:* and 12a*jc^ is 24 a* x^; and 
the least common multiple of 6a*3i^f^f Ibtfxt^^ and 21aa:*y, is 
210a»a:»y». 

56. Let a and b be two quantities, m their greatest common mea- 
sure, and / their least common multiple ; then we have, 

a = A m and 6 = A m, 
where h and k have no common measure, since m is the greatest com- 
mon measure of a and b ; hence A A is the least common multiple of 
A and k ; therefore the least common multiple of A m and A m is A A m ; 
consequently the least common multiple of a and b is 

, ,, hkm* hm X hm a X b 

Isihkm^z = = . 

m m m 

Hence the least common multiple of two quantities a and b is found 

by dividing their product ab oy their greatest common measure; or, 

which amounts to the same thing, divide either of the quantities by 

their greatest common measure^ and multiply the quotient by the other 

quantity. 

This IS evident, since = — x^ = — Xa. 

mm m 

57. Let a, 6, c be three quantities, and / the least common mul- 
tiple of a and b ; then the least common multiple of / and c is the least 
common multiple of a. A, and c. For any common multiple of a and b 
contains U their lea^t common multiple, and therefore every multiple of 
/ is a common multiple of a and A, and every common multiple of / aud 
c is a common multiple of a, A, and c ; consequently the least common 
multiple of / and c is the least common multiple of a, A, and c. 

To find the least common multiple of three quantities : find the least 
common multiple of two of them, and then the least common multiple 
of this last multiple and the third quantity will be the least common 
multiple of all three, and so on, if there are four or more quantities. 

Examples. 
1. Find the least common multiple of 15a;'^, ^^y^ and 12a;^. 
The greatest common measure of 15 a* y* and 6a'y is (47) Soc^y; 

.'. g^ X 6a:*y = 5y X 6a:*y = 30a:»y" = the least common mul- 
tiple of 15 a" y* and 6«"y. Again, the greatest common measure of 
dOx^y'and 12xy'is6xy'; hence the least common multiple of all 

30x»v" 
three is = J, x 12a:y* = 5a:»x 12a:y» = 60x»y». 
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Sxy 


Otherwise, 
15a:"y», da^y, 12xy* 


2 


bxy , 2x* , 4y* 


X 


Sxy , X* , 2/ 


y 


5y J ^ , 2y« 



5 , X , 2y 
/. 3xyx2xxxyx5xxx2y= 60x*y», as before. 

This last method is similar to that employed in arithmetic for finding 
the least common multiple of any number of quantities. 

2. Find the least common multiple of 8x" (x — y) , 15x* (x - y)* 
andl2j'(x*— y«). 

x» (x - y) 
3x 
4 

2 . > 5a?'(^ — y) , (a?4-y) 

/. x" (x — y) X 3x X 4 X 2 X 5x" (x — y) x (« + y) 
sss 120 x*(a^ — y*) (x — y), the least common multiple. 

3. Find the least common multiple of 3 x* — 2 x' — x and 6 ac" — x - 1. 
Suppressing the simple factor x in the former quantity, we have 



83e»(x- 
8 


-y) , I5^(x-yy 
, n^ix-y) 


, 12a:»(a^-y«) 
, 12* (x + y) 


8 


, 5a*(x-y) 


, 4(*+y) 



X 


3x"-2x--l 

3x«+ X 

-3x- 1 
— 3x- 1 


6 x* — X — 1 
6x*-4x-2 


-1 


3x4-1 



Hence 3 x ~f- 1 is the greatest common measure, and therefore 

8x'-2x»- x^ (6x«-x - l)=rx(x-l)(6x»-x-l) 
3x + 1 

* =»6x* — 7x"+x= least common multiple. 
Find the least common multiple 

4. Of 8x*, 10x»y, and 12 xV- -4«*. 120 xV- 

5. Of 10 (x* + xy), 8Cxy - y«), and 5(x*-y*). 

Ans^ 40 xy (p^ - y"). 

6. Of 2a"(a +x), 4ax(a — x), and Gx'Ca'- x*). 

Ans. 12 a* x" (a* — x"). 

7. Of x* - 1 and x" -|- x - 2. Ans. x* + 2 x" — x — 2. 

8. Of 6x" — X — 1 and 2x'4- 3x-2. -4n^. 6x*-f llx»— 3x-2. 

9. Of a — X, a* — x", and a' — x*. -4?w. a* + a*x — aa^ — x*. 

10. Of x" — 1, x" + 2 X -3 , and x» - 7 X* -f 6 X. 

-4«*. X*- 3x* — 19x» + 3x"-h 18x. 

11. Of X* — x*y — xy" 4- y", x" — x*y + xi^ -—i^, and x* — y*. 

Ans. X* — x*y — xy* -|- y*. 

12. Of a" — 2a*x + ax* 4- ax* - x* and a*4- ax* — ax»4 x*. 

Ans. a* -^ a'x '^ a*s^ + (a^ + d)7* — 7^. 
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TBAOTIONa 

58. The principles of algebraic fractions are precisely similar to 
those of arithmetical ones, and the management of fractions consists 
either in certain transformations of them to others of the same value, or 
in the usual processes of addition, subtraction, multiplication, and 
division. 

59. If r denote an algebraic fraction, then b denotes the number of 

b 

equal parts into which the unit is supposed to be divided, and a the 
number of such parts to be taken ; or we may conceive the quantity 
represented by a to be divided into b equal parts, and one of them to be 

represented by ^. 

Hence, if the numerator of a fraction be increased any number of 
times, the fraction itself is increased as many times ; therefore 

ac a 

Again, if the denominator be diminished any number of times, the 
magnitude of the equal divisions of the unit will be increased as many 
times, and consequently the same number of the increased divisions 
being taken, the fraction will still be increased as many times ; hence 

a a 

b'T-c b 

We have therefore this principle : a fraction is multiplied by a quaniiiy, 
either when its numerator is multiplied^ or its denominator is divided 
by that quantity. 

Again, if the numerator of a fraction be diminished any number of 
times, the fraction itself is diminished as many times ; therefore 

a-f-c _ a 

~b^^b'^''' 
Or, if the denominator of a fraction be increased any number of times, 
the number of divisions of the unit will be increased as many times, 
and the magnitude of the equal divisions will be diminished as many 
times, and consequently the same number of the diminished divisions 
being taken, the fraction will still be diminished as many times ; hence 

a ^ , ' 
b^'^b'^''' 

We have therefore another principle : a fraction is divided by a 
quantity^ either when its numerator is divided or its denominator is 
multiplied by that quantify. 

Lastly, if the numerator of a fraction be increased any number of 
times, the fraction will be increased as many times, and if the denomi- 
nator be increased as many times, the fraction will be diminished the 
same number of times as it was before increased ; hence its value will not 
be altered. In a similar manner, it may be shown that if the terms of a 
fraction are both divided by the same quantity, its value is not altered. 

__ a ma a a-'^m 
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We have then a third principle : a fraction is neither multiplied nor 
divided by a quantity^ if both its terms ate either multiplied or divided 
by thai quantity; that is, the fraction remains unaltered in value, 
though the forms of its terms are changed by equal multiplication or 
division. 

Any algebraical symbol a may be represented in a fractional form by 
writing it as the numerator of a fraction whose denominator is 1 ; thus 

a = -, 2x = — , and 3ar (a + x) rr ^- -, 

BEDUOnON OB TBAN8F0BHATI0N OF FBA0TZ0K8. 

60. To reduce a fraction to its lowest termSy or its simplest form. 

The value of a fraction is not altered, if both its terms are divided by 
the same quantity (59) ; hence it is evident that to reduce any 
fraction to its lowest terms, is to divide its terms by their greatest com- 
mon measure. If the terms of the fraction have no common measure 
other than unity, the fraction is already in its simplest form. Thus 

— = = Y'y ^y dividing both terms by m, their greatest common measure. 
mb b 

Examples. 

_ , ba* xy ^ a* ^ 7? . . . , , 

1 . Reduce — r— s^ and ^ ■ ■ ^, to their simplest forms. 

a"y" (a - xf 

Here — r— i^ = — f- = — , by dividmg both terms by their 

a*y* (^yxy y ^ ° ^ 

greatest common measure c^y. 

«■ — ^ (a — x) X (a + a?) a+x ^ ^. .^. 

Also r. = 7 7 — 7 "x = > ^y dividing by a — at. 

^ " (a — x)" (a — X) X (« - x) « — x' -^ ^ ^ 

I2x* — 15xt/+3w« . , 

2. Reduce ^-3 — 7-% — r o T — 777^ ^^ ^^ *^^^* ^™*' 

6x* — 6ary -|-2xy' — 2^ 

Here 12x'- 15xy + 3y*= 12 x*- 12 xy — (3 xy — 3y») 

= 12x(x — y) - 3y(x -y) = (x-y) x (12x~8y); 
and 6x*-6x*y+ 2xy«- 2y*=6x"(x -y) + 2y*(x — y) 

= (a:-y)X (6x» + 2y^); 
12x'-15x y + 3y' _ (x - y) x (12x-3y) 
therefore 5^ _ g^y + 2x1/" - 2y» " (x - y) x ( 6x» ^- 2y») 

_ 3 (4x - y) 
'"2(3a^^-y«y 

In this example we have found the greatest common measure, x — y, 
of the terms of the fraction, without having recourse to the usual method, 
which is seldom required in practice, and is frequently a very tedious 

operation. 

Reduce each of the following fractions to its lowest terms :— « 

16o6x* I2a*b*cd . ab + b* . 2x 3a6 , b 

3. m .> > -m — , . ^ » and — = — \ — =. Ans. - — =, •- — -^ and — r. 

24a"6*x' 16a6c*rf* a<*'^b<^ Sab" 4ccd c* 
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and 



a* + 2ab+b* fl»6 + 3a"6*H- 3ab*+b*' 

An,. ^Sl^p. and 3£_. 
a-^-b b{a + b) 

c^—2ab + }^ a*~a»-3a'-f 5a- 2 

-^«*. — 7-7 and ^ . 
a+6 a+4 

g*~ 1 g' + g' , a»+2a;-8 
* a:" — 1' (a + a:)» *° a:* + 5 j? -f 6' 

^«*- ?-n?+-l» a- + 2aa: + :c»' """^ ^Tf^* 
8a^j-27y^ 16y* - 53y' + 45y +6 

''4a:"-9y* 8y*- 30y»4- 3ly« - 12' 

2a: + 3y *"" 2y«^3y-2" 

ac*' + a:*'- 2 a*4- y — <?* — 2a6 

•a* + a:»-.2 a»-.6*-c«-26c 

^«,. ^+^^"-^2 and ^-^ + ^ 

9, 3a:'y + 3gy* ^^ xy + ab '\'bx + ay 
' 3ac"4-6a;y + 3y* mx + 2an-f2nx + ai»' 

^„,. _£y.and y+* 



61. To reduce a fraction to the form of a mixed quantity ^ when the 

reduction can be effected. 

If the nnmerator of the fraction - can be divided by the denominator 

c, and leave a remainder &, then the form of the numerator will be 
ac -{• b; hence 

ac + b ac b b 

— - — =— + - = « + -, a mixed quantity. 

., ac — ^ ac b b , , 

Aiao — — — = =a , a mixed quantity. 

rn. 16 15 1 ^ 1 16 20 4 4 

Thus -— = l--=3-«or — := — — - = 4_Z. 

5 5^5 5' 5 5 6*5' 

^^ o^ , «' 9a» ^ . 3a* 

--. = 2a"+ -, or -— =3a* —. 

4 4 4 4 

This transformation or reduction is nothing else than dividing the 
numerator by the denominator, as in common division. 

Examples. 

o' + x" 

1. Reduce — -- — to a mixed quantity; that is, divide a" +ar" by 

a "J" X ' 

a + x. 
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a '\' x)(^ + a^ (a — X •{ = the mixed quantity. 

— ax -f-2^ 

— ax — a:" 



2a* 

2. Reduce — r — -— ^ — ;; ; to a mixed quantity : that is, divide 

the numerator by the denominator. 

15x»4- 10x«-10a:-20 dar+-^ar-ja:-4 

- 5a:«+10x-f-20 

« ,. , «* ^ 10a"- 4a 4- 6 . , 

3. Reduce and to mixed quantities. 

a — X 5a 

a* , ^ 2 (2a— 3) 

Ans. a + X'{ and 2 a . 

a — X 5a 

. ry . Sax + 43* . 2y* + 19y" + 35 ^ . , 

4. Reduce and -^ ^ ^ , . ^ rr to mixed quantities. 

x" 23 

Ant. 3x H , and 2w + 6 H -. 

a+x y — 3 

. T, o a»4-a^ ^ 30-llx-38x« + 40x» ^ . ^ 

5. Reduce -; — ; — 5 and ,, . ,^ 7-;:^ to mixed 

a* + 2ax + x* 15-f-17x— 4x* 

quantities. 

3x" 7x* 

Ans. a — 2 X -1 and 2 — 3 x + . 

a + x o — X 

62. To reduce a mixed quantity to a fractional form, 

c c 

Let a + =- and a ~ 7- be mixed quantities, then since (59> p. 23) 
o o 

a ab ^ ,e a . c ab , c ab + c 

a = - = -r-, we have ai^ ==TiT=^*r" + 7=^ r* » 
1^ b \ b "- b b 

This is nothing else than a particular case of the addition or subtraction 
of algebraic fractions^ in which the denominator of one quantity is uoitj, 
and the common denominator is that of the fractional quantity. 

Examples. 
1. Reduce 1 + — , 12 H , and a? + y + ^ to en- 

X 9 X * -" y 

tire fractions. 

-, , 3a 1 3a x,3a x + 3a 
Here 1 + — =7H = -H = ; 

X 1 X X X X 

4x- 18 _ 12 4x-18 _60x 4x-18 _ 64x— 18 
^ "^ 5x ""T"' 5x ^Tx "*■ 5x " 5x ' 

, • , x' + y' a? + y , ^ + f _ s*-y' . g' + y^ , 2x' 

X + 1/ + = — ; + ■ — -f- — — ^ • 

^ X — y 1 x — y a; - y ar - y x — y 
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2x» - 8a a» + fc*— a:* 

2. Reduce 4 + 2x — — and a — — -r to entire 

5a 2b 

fractions. 

Writing 1 for a denominator, and multiplying by 5 a, we get 
5 a (4 H- 2 ar) 2a:*-3a _ 20aH -10g g-2a:*4>8a 

5a 5a 5a 

_23a4jJ0aar — 2.r"* 

5^ • 

a a* + y - g* _ 2a ft - g* >- y + a^ _ a:*- (a* - 2afe 4- ^0 

^'•^l 2b " 2b 26 

a:* - (a — ft) « _ {x + a - ft} {g - a + ft} 

■* 2ft "" 2ft * 

a a; aft-f*^^H~ft<7 

3. Reduce a H and r c to entire fractions. 

a^ X a + ft + c? 

. a* . ab — i? 

Am* and — . . . — . 

a — a: a -^^ b -^ c 

4. Reduce -7; — ; — h 1 and -;; — ; 1 to entire fractions. 

2aft 2aft 

. (a + ft)' , f«-ft)' 
-4iM. — r — 7— and — - — r—. 
2 a ft 2a ft 

a"4-ft«-c' a* + ft«-c» 

5. Reduce 1 + ■ ■ ■ — : — and 1 r — ; — to entire fractions. 

2aft 2aft 

Ans. (£ + ^ll^ and t^^J^L, 
2ab 2ab 

(a + ft + c) (a + ft - c) , (c + a — ft) (c - a + ft) 
2aft 2ab 

a»-2aft4-ft« a«— ft* . ^ . 

6. Reduce 1 rr-ii an«l 1 4- - , . .. to entire fractions, 

a" 4- ft" a" + ft" 

. 2aft ^ 2a" 

a" 4- ft" a" + ft" 

^^, , , aftc — c*!;? — 2cd" _ , 

7. Reduce a ft 4- a -| rr-^ and x y ^ a b -^ 

c 4- 2a 

2jry" — 2afty . ^ . 
^ to entire fractions. 

Jns.'^''^^'^/^ and ^^y-'**^ <^-y>. 
c4- 2a JP +y 

63. 7b reduce fractions having different denominators to eqtdvaleni 

fractions having a common denominator. 

The principle employed in this transformation or reduction of frac- 
tions is, that if the terms of a fraction be both multiplied by any 
quantity, the Talue of the fraction "will not be altered (59). Thus if it 

a c e 

be required to reduce -r^ -, and --z to equivalent fractions having a com- 
mon denominator, we have 
a ^a X df adf c ^c x bf ft cf e ^ e x bd ^bde 

b^blTdf^bTf d^ TxTf'^Ttf J ^ flTbd'^ bTf 
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where the terms of each fraction are multiplied by the product of the 
denominators of the other two fractions. 

Again, let it be required to reduce — , r— , and — to equivalent 

fractions, haying a common denominator. 

The least common multiples of the denominators a x» 6 x, and c x^ is 
evidently a 6 c J7, which is the least common denominator; hence we 
have only to multiply the terms of any one of the fractions by thst 
factor which renders its denominator equivalent to the least common 

denominator. Thus the terms of the fraction — must be multiplied 

ax 

by h c, because the denominator a x, multiplied by b c^ produces abcx^ 

the common denominator: therefore 

m . m X be mbc n n x ac nac 

ax ax X be abex' b x b x X ae abex* 

p ^ p X ab ^ pab 

ex ex X ab abex' 

Examples. 

3 jf 2y z 

1. Reduce -— ;, •;r^, and ^r— to equivalent fractions having a com- 

4 a 3 a 2 a 

mon denominator. 

The least common multiple of the denominators is 12 a'; hence 
3 J X 3 _ 9j 2y x 4g ^ Say g X 6a ^ 6az 

4a«x3~12a"' 3a x 4a^ 12a*' 2a xTa "" 12a*' 

5 a 3a 3a 

2. Reduce -^, -^ , and 2b + — to equivalent fractions having a 

common denominator. 

- 3a 2b 3a 26* + 3a 
Here 2o+-t-= "t""^"!" ^ 35 » consequently the least 

common denominator is 12 b, and therefore 

5ax 2b _ lOab SaxSb _ 9ab (2b* + 3d) x 12 

6 X 2* " 126 • 4x86"" 126' 6 x 12 

246"-h86a ,, - ,. . , 

= ■ , are the fractions required. 

3. Reduce — ^^ — , and 7- to equivalent fractions, having a common 

denominator. 

Here a 6 is the least common denominator, and therefore 

X ex y _. ^y A ^ ^ ^^ 

a6 abe ae abc be abe 

Reduce the following sets of fractions to equivalent sets, having com- 
mon denominators. 

a b e 

4. r-r-, r — , and 



2 6x' 3 ex' 4abxy 



. 6a*ey 4al^y , 3^* 

Ans. -r- — r— ^— • ,^ , — . and 



12a6cxy' 12a6exy* 12a6rx^* 
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^ a b a^x ,a — a: . a* 6* o"4-aa? ^ab — bx 

5. jy -, , , and — -— . Ans. — , -^, — — ^ — , and -r — . 

b a a ab ab ab ab 

a ab a b 

*(g«-yy 6(g«-yy 6(g«-6«y "*^ ft(g«-^- 
'• . _w, . _. » TTTTI -T» and 



4g'» (g + X)' 4flr' (g — X)' 2 g*(g" - o^)' 

. ifig — mx na-\-nx , 2g» 



a 2b ^e Ad he 7/' 

®- 6' \h' y 3i' STa:' **''* 54^' 

. 3i5gg 252 6 g 1 134cx 2520 <f 450 g 245/ 

*"* 1890a:' 1890a;' 1890«' 1890x' 1890x' 1890x 

^ X ^ , «• 

9. T 1 -n r^* and 



l-x'(l-x)"' (1-x)** 

. x(l -«)• x»(l-x) ^ a* 

ADDITION or FBAOnOKEL 

64. If the fractions have a common denominator^ it is very obvious 

that the sum of the numerators will be the numerator of the sum, and 

the common denominator will be its denominator. 

„^ 5x 7x 9x 5x + 7x+9x 21x 

Thus 1 ^ = = = sum : 

g g g a a 

■1* a ,a + x,,.,« 

*°d ITIT + -"IT + ^ = -^r- +1=14-1 = 2. 
g + x g + x g + x 

But if the fractions have different denominators, they must be reduced to 
equivalent ones, having a common denominator, and then their sum may 
be found as before. One fraction cannot be added to another unless the 
denominators of both are the same, for it is only then that the unit is 
divided into the same number of equal parts indicated by the common 
denominator, and therefore the quantities which are to be added are like 
or similar quantities. 

_, 5x . 7x 9x 5xx6^ , 7xxg<7 , 9x x a& 

Thus h -7- + — = r— + "T + T" 

g b c a X be b x oc c x db 

hbcx *Jacx 9abx Sbcx + 7 acx-^^abx 
abc abc abc abc 

— (5 ^^+ 7ag + 9a&) x 
abc 

Examples. 

«v^<«t *.^ »^ 5i.*** -2x 

1. Fmd the sum of r and -, and of r— and --7. 

3 4 3g 5 6 

„ g g 4g 3 g 4g4-3g _ 7_g 

Here _+ - = —4. _ = j- ^^; 

YOU I. H 
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4a? 2x ^20bx 6ax _ 20bx + 6ax 
3a "*■ 5 * " Ibab ISal "" TSab ' 

^'TKii 4.^ — b c —' a ^ b '-' c 

2. Find the sum of — r-> 1 »nd — r — . 

ab ac be 

a^b c -^a b ^ c a b c a b c 

Here — -r- + h-T — = -r 7+ + r t- 

ao ac be ab ab ac ac be be 

= 1 _l4.i_i + i-i = 
6 a a c c 6 

"4** X ' a ^^ X 

8. Find the sum of — s r and 



a'-f-aaj + ac" «• — aa: + a:** 

As the denominators have no common factor, we roast. multiply the 
terms of the first fraction by a* — a a; + af*, and those of the second 
fraction by a« + a x + x* : 

rru 1. a-^x o-a: 

Thus we have -z -j + 



a* + ax + 01? a* -^ ax + s? 
— . (g + x) (fl* - qa; + a^) 4 - (a — a;) («• + a a: 4- «•) 

"" (a* 4- ax 4- ac*) (a* — aa: 4- x*) 

= a^ + a^^^a?* = '^^ '""^ '^''^"^• 

..,,11,1 ^ 2a6 + 3a<?-h6*<? 

4. Add -, —7, and — -. Ans. — r . 

a 26' 3c 6abe 

r; A^^ 2 3 , 4 . 2a4364-4 

^ .,, 2a a4.2x , a . 6x*+5ax + 8a 
^- ^^^ 3^' -4^' ^"^^ 6^- ^- 12^? • 

7. Add ^^4-^ and ^ 7 ^ > -4iw. x. 

2 2 

r» Ajj2x 3x j5x ^ 208x .103 

®- ^^^ T' y * *^^ T- ^"'- loT ^""^ + loE'^- 

9. Add :; 5 and : . Ans, . 

1— x*x + l 1— X 

,^ .,, a . 6 . a* 4- 6* 

10. Add — —T and r. Ans, "z — r,- 

a + b a-' b or — or 

n A^^ ^ 2_ ^ 3 . e^ + lOx + 2 

^^- ^^^ i' ^T+T' *^<1 ^^12- ^^- x> + 3x'42x ' 

12. Add t±^±^ and -?L. ^^. igLt p. 

la AJJ 2 8 ^ 4 . 4«'-5» + S 

13. Add^^-^,^j-^^and^^— J. Ans. ^^_^^, . 

16. AddS^^±^andS±^±l^. ^„,.Hf;g4^. 
«'4«y + y* «'-xy + y« x*4«'y'4y* 
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16. Add ^, . r and 



(l + a)(a + aj) (l-a5)(a+a:)* 



(l+a)(l-.x)- 



17. Add - — ^, -7; -, and --— r. ^^^^ 



4(1 + ay 4(1 - ay """ 2(1 - o*)' ' 1 — a«' 

ifi A^^ ^ 2g'- l ,ll«_--9 . Sa^'-S 
18. Add 3 -, — -•, and r- -v. Ans* 



a:« — « — 2* a (2 - a) • 6 (« - 2)" 6 x (ar + O' 
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65. If tbe fractions have a common denominator, it is obvious that 

the one numerator must be subtracted from the other, and this remainder 

placed over the common denominator will be the difference required* 

^, Sx Sx 8x — So: bx 

Thus sss = — ss the difference, 

a a a a 

, X a X -^ a ^ 

and =: = 1. 

X — a X — a a? — a 

But if the fractions have different denominators, they must be reduced 

to equivalent fractions haying a common denominator, and then proceed 

with the results as in the former case. 

-_-- a e ad be ad-~bc , 

1 1 _ a + b a " b_ a + b-(a-b) 2b 

a^b a + b^ €fi^b^ a" — 6«^ «r« — 6» ^ tf« — 6^* 

ElCAMPLBS. 

, _ 4a + 8 ^ - 2a + 6 

1. From — - — take 



Here 



5 9 

4a+8 2g-h6 _ 9 (4 g + 8) - 5 (2 q + 6) 

5 "" 9 ■" 45 

_ 86q+72— lOa-30 _ 26 a 4-42 

■" 45 "" 45 ■ 



a4-2x a — 2x 

2. From ;r- subtract — ---- . 

a — 2x a + 2a; 

a4-2 ar a- 2ar _ (a + 2g) (a+2ar) — (a— 2a) (q— 2a r) 

* a'^2x a + 2x^ (a - 2ar) (a + 2a:) 

_ a«-f-4aa + 4g' — g*-f-4ox»— 4g» _ 8aa? 

"~ a* — Ax* fl^ — 4a^ 

a — 36 2a 

3. Subtract 2a — from 4a H . 

c e 

„ 2a ( a — 361 ^ . 2a ^ , a-36 

Here 4a + — — i2a [ =4a+ 2a + 

c \ c ) c c 

2a^ a-36 ^ ^ . 3 (a - 6) 
=B2aH «2a + — . 

c c c 

h2 
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3a ^ 2la ^ , « 

4. From 6 a subtract — r-. -^»». -j- or 5 a + -. 

4 4 4 

5. From ^ — ^ take — — ^. -4iw. ^q * 

6. From ^4-^ **^« ^-i"^- iliw.y. 

X ^ a a' + x* 

7. Subtract — : — from . Ans. -3 ^i- 

a +x a —- X cr ^ TT 

o 2a*— 2ax + a:* . a-x 

8. Subtract from 1 • 'Ans. — -— . 

a — X a* ^ ax « 

l^ a* . a*z—b^x 

9. Subtract — from — . Ans, — --— — . 

yz xy xyz 

X —— V X "4" V 4 X y 

10. Subtract -— -^ from — ^-^. Ans. - — -- • 

x-f-y X — y ^—tr 

• x« — V* ^ 2y* 

11. Subtract , . ^, from 1. -4»*. ■ 

a?* + y" X* + y" 

ax ^ ax ^ 2a ex 

12. Subtracts— -— from 7 • ^^H — 7*' 

a + x^ a-x 2q* 4-2x* 

13. Subtract a - ^— ^ from a + ^-j-^. ^iw. -^3^ 

14. Subtract -7 r from a + - . ■ . . Ans. a — -; — ;j. 

a(a — x) a(a + x) a'^jr 

h ^ a 

15. Subtracts tt-; — t-Tn "om 



(a-i)(x + ft) (a — ^)(x + a)" 

X 

Ans, 



(X + a) (X + 6)' 

llx— 10 , ^ 3x— 5 . 13lx+5 
16. From 3 xH — subtract 2 x H — . Ans. — — — . 

MULTXPZJOATION OF FSA0TI0K8. 

66. Suppose it be required to multiply a fractional quantity by a 
whole number, as ^ by c; then it is obvious that 7 must be taken 

a a a 
c times, and the product ^* = T+r+T+ ....toe terms 

a4-a+<<+ ....toe terms a c 

= 4— -T* 

a . c ^ , a ac 



But if it be required to multiply j by ^, then since - x « = -r- by 

a c 
the preceding case, the product -r- must be d times yT^eofer than the pro- 

a c a , 

duct of T &ncl -. ; because in the former case ■=- is multiplied by c, and 
ha o " 



a . 



in the latter 7 is to be multiplied by the d^ part of c ; consequently the 



h 
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a c 
product -r-i^d times too great, and hence (59) the denominator must 



a e ac 



be increased d times ; therefore -j- x j ^ •--*• 

o a bd 

Hence, to multiply a fraction by an integer or an integer by a fraction* 
multiply the numerator of the fraction by the integer^ cmd divide by the 
denominator; and to multiply one fraction by another, multiply the 
numerators together for the numerator of their product^ and the de» 
nominators for the denominator of their product. 

Hence also, the product of any number effractions is equal to the 
product of their numerators divided by the prodju/ct of their denomi-- 
nators. 

In multiplying fractions it is frequently advantageous to indicate the 
operation, and to simplify the terms of the fractional product, before the 
final multiplication is effected. 

Examples. 

« ** 1 . 1 3^ Sac , 4ab , 

1. Multiply -^, -TT— » and — — together. 

,, 3a Sac 4ab' 3a x Sac x ^ab ax8ax4a 

Here -r- X — r- X -z — = r r = r 

b b 3c bxb x3c b 

_ 32a* 

" b ' 

a^ — w* 15 a* 

2. Find the product of — z — ^ and . 

'^ Sax 4-y 

^a* — «■ 15 a* 15a*fx4- v) far - v) 

3. Fmd the product of , . ^ — —- and , . ^ — ——i . 

^ a:*-f-2a:4- 1 a:* + 7x+12 

Je*+3a:+2 a:*4-5g+4 _ (a?+l) (a;+2) (a?4-i) ( a?+4) _ x+2 
a:*+2a:+l ^ a:*+1a:+12 ^ (x+ I) (x+l) (a:+3) (x+4) ""x+S' 

4. Multiply 1 - ^-^ by 2 + ^^ 



ar + y ^ " y 

Here i - ^J^ = i±yzi^-JL = ^Z-, 

aJ + y aJ + y x+y 

« . 2w 2a: — 2y4-2y 2a: ,. ^ ^ 

and 2 H ^— = =^— ^^ — - = ; therefore 

a: — y x— y a:-y 

I 5c+y) I a:-yf a:4-y x-y (a:+y)(a:-y) a:* - y"* 

2x3a5 5ac 

5. Multiply — , -, and — -r- together. -4n*. 15aar. 

2x — 2 5 V ^ 5 V 

6. Find the product of — -• — and ~ — ^— . ,Ans. -^. 

d HtX ^ 'X O 

a* — x* 2a ^ a-f-x 

7. Find the product of -— and . Ans* . 

'^ 2ay a — X y 

X (a -' x) a(a-4-x) . ax 

8. Find the product of Tm r-ja»«l "V^t: — TTi- -^^* "T — n* 

^ a*-|-2ax+a:* a*-2ax+a:* a*— a:* 
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^^ ^ , , -a"-a:* a*— 6* , . ax . a^a-^b) 
9. Rnd the product of r, — ^ — • — r and aH .Am. 

10. Multiply ar - ?^ by - + ?^. -4w. ^ ^ - 

11. Multiply , . . by ^ f,. Ans. -5 — — ^ — , ^ , — ^. 

2afV 2ap« 

12. Find the product of ar H ^ and x -^-. ^iw. ar. 

13. Find the product of -T — -5 — a:(a* + af) and . . .Am. • 

tr — XT TT a — X 

c^ "^ a^ €1* "~ flj' o ■■" X 

14. Find the continued product of -r— : — ^z, , . ^^ — : — » »nd 

flr + ar a+ar a + x 

g* — ggg + g' J g* ->3g*ar+ Saa^-^a^ 

t^ -4- g« + ac** ' g* + g'« + ga^ + a^ 

DZVXSIOW OF FBAOnOK& 
67. Let it be required to divide 7 by c, then by (59) we have 

Y -h c = T— » <^^^ ^^ T is to be divided by - , then since 7 -?- ^ 
6 0<r 6 go 

s=s ?-, it is evident that the quotient r~ m <^ times le$s than the quotient 

of T -r -%; because in the former case 7 >> divided by e, and in the 
a 

latter ? is to be divided by the d^ part of c ; consequently the quotient 

g g c g if 

-r— must be increased d times; and therefore (59) 7--^ -j =s -y- 

a a 

b c 
Hence to divide one fraction by another, we have only to intert the 
dwUor and proceed as in the Muhiplication of Fractions, 

The rules of Multiplication and Division of Fractions are sometimes 

proved in the following manner : 

g c 

Let -T- == xand -7 s= y ; then we have ai^ bx and c^dy\ hence a e 

a c 
^=.bdxyy and dividing each of these equals by bd^yrt get r-r = a;y ; 

g <^.vi>^ ^ ^^ product of numerators 

but «y = r X j» therefore Y X j = rj =-^— ^ 7^ : • 

o a o a oa product of denominators 

Again, since a zs b x and c ss d y; therefore a d = b d x and 

, - , , ad bdx X . X a e 

6 c «= dy; hence t- = t-t- =-; but-=a:-s-y=:r--f--3; 
^ 6c ogy y y ^ b d 

a c ad a d 

therefore T"5"3=-r- =t X-- 

o a DC b c 
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Examples. 



a So 3a 5c 

1. Divide - by -—, and -— =■ by -r— =< 

„ a Sa a S 8 

Here --^ —- = - x r— = 



4*8 43o 4x3 3* 

*° 2b'* 4d^ 2b^ bc^ bxbc^bbe 

3 a* a (a + b)* a + b 
2. Divide -= r; by — —7, and r- by rrz. 

3a* a 30* a-k-b 3a 

Here -= =-. -r- —r-r = -i 7^ X ^ 



= a« - y . 

3. Dmde ^ by -^fy^> and pr^^^^^ by _^. 

Here^^ . ^-^yW ^ (a;4-y) (g'-xy+y') ^ « -y ^ J 

a:*-y» ' a?-y («4-y) (x-y) a^'-ary+y" * 

a?*--6* , 3*J^bx _ (g'4-6«)(x + &)(a?-^ ) a? — & 
*° X* - 2 Aar + ^ • a; - 6 (x^ 6) (x - 6) ^ a: (x+6) 

6 tC* 4x 3a 2x 46x 

4. Divide by 3 x, and -7- by —r. Aru. —- and — — . 

5 "^ 5 "^ 5* 5 3a 

6. Divide -z — i^ by — ;. Ans. -r = . ,^ 

a'^ ^ •^a + 3 (f^ab-k-b^ 

-^ ,, 2ax4-a^ x - 2a^-x 

6. Divide — = V- by . Ans. -r-- ■ — ;. 

tr ^ sr ^ c — X <r-f-cg-f-ar 

aj* 1/* X 

7. Dividex 4-y-j — by y + a; 4- ^. Atu. -. 

y a: y 

8. Divide ^ "^7^. , by^^ and 1 by - + \+ -. 

a«^.4a:-f-4'^x-f-2 ''a^ft c 

. X— 3 , aftc? 

Afu, —T—^ and — r- tt-* 

X + 2 ao + ac + 6c 

„-,.., x*-9x + 20, x»-12x + 35 . x«-5x4-4 
9.Divide ^_^^^^ -by ^^ 7x+ 6 ' ^'^^ i^TTg^Tu' 

10. Divide ^y + y- 4. -^ by ^. ^.,. ^, 

11. Divide a* ^ by a . Ans. (f •\- a-^ [- -*• 

<r ^ a a cr 

^, ,^ a -\~ X a — X a + x a — x - 2ax 

12. Divide — ^ - - — ^ by — ^ H -. -4fM. 



a — X a-f-x'^a — X a + x a* + x* 

13. Divide ^-^'y+^-y'byg^-^V ^^±^. ^«*. |^. 

x* — v* ^ 3 X— V 2y 
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laSOELLANEOna EXAMPLES ZK 7BA0TZ0N8. 

68. Though the treatment of algebraic fractions is only the adapta- 
tion of the arithmetical rules to general symbols, still it is necessary that 
the student should work a variety of examples in order to obtain that 
facility in their management which is so essential to his future progress 
in the higher branches of analysis. For exercise in all the operations on 
fractions, we shall give a few additional examples. 

Simplify as much as possible the subjoined examples : 

1. — + —-i-— . Ans. a" + y. 

X . 2aa[; + a* . 1 

2. . + — = r-. Ans, 



3. ; — "3 7 + ;. AfiS. 



4. -g- + -3- + — g-. Am. y. 

12 1 4 . a* — 4a + 3 

6. —-: — rm— rr-7 rr — =-7 rr*- Ans. 



5(a + 3) 15 (a -2) 3(«+l)' ' a»+2a« - 5 a-6' 

n 2^ j_ 1 1 . 2 

7. -= \ + '. — \ • Ans. 



«* — y" a-f-y «— y' *« + y' 

y a?-y «»y-y» «--y 

I 1+ary) I l+«yf 

1 1 . -1 

(a - 6) (a: + a) "*" (6 - a) (x + 6)' **** (x +a) (a? + hy 

,, __3 2y+15 2 ,4^ lL(?y_+il) 

* 2y-3 4y" + 9 2y + 3' * I6y* - 81 * 

'12 —J I L— + — i . 

* x(a — x) y(a--y) x(a+x) y(a + y) 



(a* - xO (a* - y*)- 

3? 3r flj 3^ 

1 2 1 . I 

4a» (a + x) 40* (a - *) "^ 2«^ (a* + a*)* «♦-**' 

,^ 1 1 . 1 



(x+1) («+2) (x+l) (x+2) (a:+3) (* + !)(« + 3)* 
1 3 

"•(« + l)(a+2) (x + l)(a: + 2)(x + 3)* 
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^' (a - 6) (a; - a) ■" (a - 6) (x - b)' (x - a) (x - bY 

II 1 1 I ^- * A a^ + x + l 

^^' 7^'^a^ X (x» + l)«"*"aJ» + l- ^"*' ai* («• + 1/ 

19. _L{a«. ^' .^(26-a) +6.^ -^[. ^«*. « ^. 
b+ai a+b ^ a — b a + ftj 

a a«-y ^ a{a*^b^)si* . a±bx 

20. -r- £¥— « + ,« ^. . r- -««*• ? • 

21. ^-±21 + £l ^ jl±2l! _ « I ^„. 1. 

?^±*!^^26^ ll-?rx4-2) 

?+?:_ 2a^ —(x + l) «^ 9(x+l) 

26» a« + 6« 10^ ^ ^ 

23.1 1 . i 11^1- Afu.^^^:^^. 

a:x4-l«-f-2 ax— Ix — 2 

x«-9x + 20 . a^-5x (x-4)(x-7) 
^' ai«-6x "x--13x + 42* ^'"' x^ ' 

^^- 5^37 - S^+l + STTi ~ 5^1 ^«'- ^ + ^ 

26. 

(a - ft ) (a - c) (x + a) ^ (6 - a) (ft - c) (x + 6) 

. 1 ^^ 1 

"^(c - a) (c - ft) (x + c)' • (X + a)(x + ft) (x + c)' 

ZNyOLUTZON- 

69. Involution is the process of finding the powers of any quantity, 
and the operation is nothing else than multiplication, where the factors 
are all the iame as the quantity itself. 

Since the »*** power of x", or (x")' = a^ X x* x x^ . . . . to « factor^^ 

and the m*^ power of x*, or (x*)* =:x*xx*xx* ....torn factors. 

— ' X" '^'*'^ >•+•••« t*m terms. 

therefore the «'** power of x" is the same as the m*** power of. x", or 

//pn»\« ^ (af)^ =r x"* *. 

Hence (x*)« = (x*)" = x» ; (x»)* = (x*)« = x«, 

and also { (x 4- a)" }* = {(« + a)* }' = (x 4- «)'. 

Thus any power of a power of a quantity is found hy multiplying the 
indices of the two powers, for the index of the power required. 

Also (Sa^y-y = 20-/ X 2x'y» = 4*'y«; ^gj= 1^ x|| 

Qx* 
= — ; ( — 8a"x)* = — 3a"xx^3a"a:=9d* x*;'and 

(-2x")»= ( -2)»x«x«=:-8x», 
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The Buccessive powers of a binomial quantity, a + bf may be found 
as follow : 



a + b 
a + b 






s* 


a* + ab 
+ ab 


+ ^ 






c^ + 2a 
a + b 


b +1^1 


= («fft)' 




a* + 2a*b+ c 
+ (fb + 2o 


lb" +ft" 




i^ + Si^ 
a + b 


b + Sa 


b" +ft«s=(a 


+ *)• 



a* + 3a'6 + 3a"6'+ ab* 
+ (fb + 3a*b* + 3ab^ + b* 



d* + 4(^b -h 6fl^** + 4aiF + b^=:(a + b)\ 
If this last product be multiplied hy a + b, we shall have 
(a + byz=(^+ba*b+ I0c^b*+ 10a«6* + 5o&* + A»; 
and multiplying this result by a + ^9 we get 
(a + by = a* -h 6a»* 4- 15 «**" + 20 a»6' + 15a«i* + 6fl6* + b\ 
In this manner any power of the binomial quantity a + b can be 
found; but by cousidering attentively the several terms of any of the 
preceding powers of a + ^9 we may deduce the law of the formation of 
the successive terms, and thence obtain the result of any power without 
the operation of multiplication. Thus the index of the leading quan- 
tity, a, in the first term, is always the index of the given power, and 
it decreases by unity from term to term to the last, where it is 0, and 
a^ being equivalent to 1 (40) is understood ; hence 

a", «•-', a*-*, a--', a% a\ a\ a*, («) 

are the n + \ factors involving the leading quantity, a. In like manner, 
since a and b are symmetrically involved in the quantity a+ b^ it is 
obvious that the powers of b will be the same as those of a, but in 
reverse order ; hence 

b\b\l^,b\ .i--*,6«-«,ft--',^, ifi) 

are the n 4- 1 factors containing the second term, 6, of the binomial 
a + b. Hence, recollecting that o^ = 1 and &^ = I, the terms of 
(a + 6)", without their coefficients, are the products of the corresponding 
terms of (a) and (fi\ viz. : 

a%a*'^b,a*-^b\a*'^U', .... a*b*-\a*b*'\ ab*'\b^ (y). 

With reference to the coefficients of the several terms, we observe that 
the coefficients of the first and last terms are each unity, the coefficients 
of the second term and the last but one are each the same as the index 
of the given power, and the coefficient of any term is found by multiply- 
ing the coefficient of the preceding term by the index of the power of 
the leading quantity in it, and dividing the product either by the number 
of terms to that place, or by the index of the power of the second 
quantity in it increased by unity ; thus in the expansion of (a + b)* 
given above, we have 

» X 6 ^g^ 6xi ^ j5^ ii^^-* = 20. 20XJ= 15, i^.^-H =6. 



1 

6X 1 
6 



= 1 ; hence, generally, the coefficients of (a 4- by are 
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* ^ »(^~ »(«— 1) n — 2 n(n— 1)(«— 2) n — 3 

^' *•' 2~* 2""' ""X"' 2T3 • "4~' ^^^' ' 

conBequently the complete expression for (a -f 6)" is 

(a + ftr = a« + na— » ft + ^i!Lli?o— •*• 

And if b is negative, then we have 

(o — ft)- = a- — wrf'-^ft + ^i^^-Ill^rf-'ft' 

where the last term is + ft" when n is even, and — ft* when » is odd. 

This is the binomial theorem of Newton, which, as is shown in 
Art. 136, holds true whether » be a whole number or a fraction, and 
either positive or negative. 

The general term of the expansion of (a 4- ft)* may be found by 
observing the law of formation of the several terms ; thus the coefficient 

of the/otfrM term of (1) is ^— ; therefore the coefficient 

•h Ml 1 « (« — 1) (» — 2)... .<«— (p — 2)} , , 

of the p^ term will be — ^^ ^ \ , -^ 7 ^ ^S and the 

L 1 . 2 • 3. . . • yp — 1) 

I ,- term = »»(«- (" - 2)-. .. (n - (p- 2))^. ^. ., j,.. ^3^ 

1 X »^ m3 m • • • \P "" t) 

The whole number of terms is obviously one more than the index of 
the given power, and when the signs of both terms of the binomial are + > 
the signs of all the terms are + ; but if the sign of the second term 
of the binomial is — « the signs of the odd terms are + , and the signs of 
the even terms — , or the signs of the terms are + and — alternately. 
Also the coefficients equidistant from the extremes are equal, and the 
sum of the indices in any term is equal to the iudex of the power. 

Examples. 

1. Find the square of a -f ft, and also the square of a ~ ft. 

a + ft a — ft 

a+ ft g — ft 

fl^+aft a*^ ab 

+ aft + ft' - flft + ft^ 

(a + ft)« = a«+2aft + ft' (a - ft)' = g* - 2aft + ft* 

These two forms are of frequent occurrence, and ought to be re- 
collected by the student, as by means of them we can at once write down 
the squares of other binomial quantities ; thus, if it be required to find 
the square of 2 a + 3 x, we have 

(2g + 3a:)* = (2g)' + 2(2g) (3 ar) + (3 x)» s= 4 g* + 12gar + 9a»; 
and (3ar-1yys=(3a:)'-2(3x)(7y) + (7y)* = 9a!»-42xy+49y«. 



\ 



loa 
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From these resolte wc may also infer that in any trinomial which it a 
complete square^ four times the product of the extreme terms is equal to 
the square of the middle term ; since 

4xa"x fi" = 4a'A^= i±2aby. 
2. Find the square of 1 + a? and the cube of 2x — 1. 



1 +a:-i 

X 


•1 

•1 + 


1 




2ar - 1 
2j - 1 

4a:»- 2x 

- 2a; +1 


4-a;-h«*- 
1 

X 


4a*- 4a; +1 
2x - 1 

8a:»- 8a* + 2a; 
- 4a* + 4a;- 1 

8a*- 12«* + 6x— 1 


2x + «*- 


2 

X 


1 + 


1 





3. Find the fifth term of (2 a; + 5^)'. 

Comparing this with the binomial (a -+- 6)*, we have a = 2 a?, & = 5 y, 
and n = 6 ; and as the fifth term is required, we must take p = 5, and 
by formula (3) we get the fifth term 

= i^-l2<l2L?(2x)« (5y)*= 15 X 2« X 5* X :c»y* = 37500 :r»y*. 

4. Find the square of 3 a*, and the cube or third power of — 40*^. 

Ans. 9a* and — 64a* ft*. 

5. Find the fifth powers of — 2 aa^'y and a* ary". 

Ans. - 32 a» x»' y» and a'^af'y'^. 

a*x 

6. Find the fourth power of — —7; and the m^ power of ax* t^ 2^. 

Ans. -g and a" a;*" y^ a^. 

^ «. , , , i- 4 €^x* . . _ 3 (a — a;) 

7. Fmd the cube of — -— -^ — and the square of t-; r- 

5y"2r ^ 4(a + a;) 

64flt'a;" ., Qo*- 18aa;+ 9a* 
^'''- 125 y- z- *'''** 16a« + 32ax-hl6a«* 

8. Find the fourjib power of mx + ny, 

Ans. m* X* + 4 m*na^y + 6 m*»* a* y" + 4 m «"a:y* 4- ii*y*. 

9. Find the sixth term of (ay +c jk";* and the fourth term of (a— 2a:)*. 

^iw. 56a'c*y"2:*\ and — 32aa*. 

10. Find the fourth power of a — 2 a; and the cube of 1 — 2 x 4- 3 ac*. 

Ans. a* — 8a«a; + 24a"x*- 32aa*+ 16a;*, 

and 1 -6x + 21 a* - 44 a* -h 63 x* — 54 a;* + 27 a*. 

11. Find the fourth power of 2 a x — x*, and the cube of 6 a* — 5 a a^ 

-4«#. 16a*a^-32a»a*-f 24a"a*-8ax' + a*, , 
and 216a* — 540 a»x + 450a* x* - 125 o* a*. 

12. Find the squares of a + b + c^ and a^ - a + i. 

Ans. a" + i* + c* + 2 (aft + ac +6c), 

and a* - 2a" + ia» - ia + tV- 
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13. Find the square of the polynomial quantity, a'\'b + c + d. 
Ana, (^ + b^ + c' + <P-{-2{ab + ac + ad + be + bd + cd). 

ETOLUnOK. 

70. Evolution, or the extraction of roots^ is the process of finding the 
quantity which, when raised to a proposed power, will produce a given 
quantity. 

Since (69) any power of a power of a quantity is found by mul- 
tiplying together the indices of the two powers, therefore, conversely, 
the root of any power of a quantity will be found by dividing the index 
of the power by the index of the root which is to be extracted. Thus, 
eince the «*** power of af, or (ac*)" = af ^" = a^% therefore, con- 

▼ersely, the n^ root of af" * is a? * = a^. In a similar manner the 

• 1 

square root of x* is a^s a^, the cube root of a* is <^ =: fl^, the fourth 

root of ( a — ap )■ is ( a — a;)* = (a — a: )", etc. 

S 6 9 m 

Also the cube root of 27 c^afi^'* is = -^27 X a*"x «* X y • 
= 3aai»|r, for (3aa!*|r )"= Saa^y'' x Saa^t/^ x 8aa:»y* 
= 3' X «■ X a^^* X y*^' = 27 (fa?y*^^ and the fourth root of 

4 

81 a^" 1 Ti'^°'V3a:y^3a:^3a:^3x^8x 

y 81 X a?- 

2* X a* 16 a* 

^ 3* X a?*"" 81a?* 

Hence to extract any root of a simple quantity, divide the index of the 
power by the index of the rooty prefixing the root of the numerical 
coefficient. If the simple quantity is composed of several factors, the 
root will be the product of the roots of the several factors ; and if the 
simple quantity is a fraction, the root will be the root of the numerator 
divided by the root of the denominator. 

Any even root of a positive quantity will have the double sign ± , 
thus the square root of 4- a* « either -{- a ox — a ; because ( -j- o )■ 
= +ax(4-a)=4-a*, and— ax(-a) = +a". But any odd 
root of a quantity will have the same sign as the quantity itself; thus 
the cube root of 

— aj*is - x, for —a: X (—a:) x ( — «) = 4-a:* X ( — a;) = — a:*. 
Hence there can be no even root of a negative quantity, for no quantity 
multiplied by itself can ever produce a negative quantity. 

Examples. 

1. Find the square root of 9a"6*x*, the cube root of — Sa^jf^ and 

16a^w" 
the fourth root of -- — r^-* 

^9a*b*3i^z=:j9xa^X 6^ X a:« = ± 3ab*x, 
i^-8aV= --^8 X a^X y'^s - 2 X o*Xy = - 2a«y, 



1 10 ALGEBRA. 

V 81^^« "^ySl Xa*X^" ■" 3xa'x*' ^ 3a^^' 

a^jfiQ^ 25a5*v* 

2. Find the square roots of 49 a*;x^f^, — r^— » and ^, ^^ ■ 

^«*. 1 aa:-y», — |— , and ^^. 

c^h^f^ 8 a* 2*"* 

3. Find the cube roots of 27 a* a^y*, =-r-;i» a°d — ^^ . . * 

^ o4a5^* 27ary* 

^«.3aa:-y,-^^,and--^^. 

a* (« X — a* ) • 

4. Find the fourth root of -tt-; : — rrr-, and the m^ root of 

&• (a X + a:* ) * 

2"'a«-a:»*y«"\ -4im. ?//^~ A and 2a"a:^y**. 

5. Find the square root of a" *«* " and the n** root of o* " o^'**. 

Ant, a*aj*" and a^af +'. 



71. If the quantity whose root is to be extracted is a compound 
quantity, we may discover a process for the extraction of any root what- 
ever, by a httle consideration of the form of the several powers of a 
binomial or trinomial quantity. Thus since the square of a + 6, or 
(a + 6)' = a* + 2 a 6 + ^ = «" + (2 a + 6) 6, and the square of 
a + ft + c, or(a + 64-c)*=a" + 2a64-6'4-2ac+ 2hc +<^ 
=: a" + (2 a + ^) 6 + (2 a + 2 6 + c) c, we can readily derive the fol- 
lowing process for extracting the square root of a compound quantity : 

a*+2a6 + 6*+2ac + 2ftc + c'(a + * + €? 
a« 



' 2a64-y 



b 



2a-|-26 + c 2atf+26c + c* 

2ai?+ 2bc + €^ 



Here the square root of the first term a' is a, which is placed in the 
first term of the root on the right, and its square a' is written below a* 
and subtracted from the given quantity. The first term 2 a 6 of the 
remainder is divided by 2 a, which is written on the left, and the quo- 
tient b is placed both in the root and added to 2 a on the lef^ ; then the 
sum 2 a 4- ^ is multiplied by 6, and the product 2 a 6 + 6' is sub- 
tracted from the preceding remainder, leaving 2 a dor the first term of 
the second remainder. On the left, write twice the root thus obtained, 
viz., 2 a + 2 6, or, which is the same thing, add b to the former divisor 
2 a + 6 ; then 2a c divided by 2 a gives c, the next term of the root. 
Add <7 to 2 a + 2 6 on the left, and multiply the sum by e, and write 
the product below the second remainder. Subtract and repeat the pro- 
cess until nothing remains, or the root be obtained to the required 
accuracy. 
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Examples. 

!• Find the square root of 4ai?* - 4a5* + ISx^ — 6« + 9. 
4a?*- 4«»+ 13a!*-6a?+9(2a:»-« + 3 
4V 

4a» — a;)-4a:'+13a:" 
-4ac»+ a:* 



4«»-2x + 3 )12a» — 6«+9 

12a!*-6a; + 9 



2. Extract the square root of — -p +-rT*' 5i""^l^"*"5>"";?/ 
Arrauging tlie terms in order^ we haye 



2aa! y\ „ , ^ 

as* 

-2a+5 






J^\ 2a ^ 2 J^ 
«y/ y' ""«»"*" a:* y" 



2ag 2y 

2a 2 , 1 



y* x* ' a:'y' 

Find tbe square root of each of the following expressions : 

3. 16a:* — 56xy + 49y'. Ans. 4a; — 7y. 

4. a*6« + a6 + T- -^*"- ^* + 5- 

6- 9a^+12x» + 28a:*+16x + l6. ^iw. 3a*+2a; + 4. 

^'4 +9+i6 + "3 "T'^T' "*"*• 2 + 3^4- 

a* 4y« 9«* 4a;y xz 3yz . x 2y 3z 

®'9+ 25 +T6'^"ir""T"'"5"- "^- 3 + T"T' 

10. Qi^ + 2ptjf + {p^''2q)Q^^2pqx + f. Am. af+px- q. 

11. a^^V'-^a^-y'-rf' + a'-. ^im. afy«»-a". 

. a + X 

12. 1^ + a:« and ^-^ . 

a — x 

A j^— ^ Sx* 3.5a* 

*"• ''+2a"2:47«+2.4.6a»"2.4.6.8a'+^*''- 

, • . 35 a^ . X* 3a;* 

a 2a* 2a" 2.4a*^ 
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72. To extract the cube root of a compound quantity. 
Since {a+bf = iJ^+Sa*b + Saft* + 6" = a"+ (3a» + 3a6 + ^•) *f 

and (a4- ft+ <?)■ = a* -J- (3a" + 3fl6 -f *') * 

+ {So" 4- 6a A + 3** + 3 (a + &)c + c^} c, 

we may extract the cube root in the following manner : 

a» + 3a» A + 3aft« + A' (a + ^ 
8a« a" 

3ab + b*] 



3a + b 



da* + Sa6 + 



^1 



3a«6 + 3aft*+6» 
Stj^b + Sab^ + i^ 



3 a^+6 a b+Sb^ = second trial divisor. 



Here the cube root of a" is a, which is the first term of the root. Sub- 
tract a*, which is the cube of a, from the quantity, and bring down the 
remainder; write three times the square of a on the left, and three 
times a still- farther towards the left, and one line lower than 30*. 
Divide the first term of the reroaiDder, 30*^, by Sc^, and the quotient 
will give bj the second term of the root ; then adding 5 to 3 a, and mul- 
tiplying the sum, 3a + 6, by &, gives 3 a&4- 6", which place under 
3 a*. Adding Sab + i^to 3a', and multiplying the sum So* + 3a 6 
-f b* by &, gives 3a*64-3a^ + 6* to be placed under the first re- 
mainder. Subtract and bring down another part of the quantity ; pro- 
ceed in a similar manner to obtain the next term of the root, and so on 
until the process terminate, or be carried to a sufficient degree of 
approximation. 

Examples. 

1. Extract the cube root of a^ + 6 «* — 40 ac* + 96a - 64. 

»:•+ 6aJ*- 40«^+96a:— 64 (a:»+ 2x-4 
3a:* x!" 

aa^+ 2x ___6^[+J[^ 

3a:*+ 6a*-|- 4a* 



6a^-40a:' 

6a* + l2x*+Bs* 



3**+12a:*+12a:* 
3a;"+6a;— 4 --12a»-24a;-f 16 



- 12** -48«»4-96a:— 64 
- 12a:*-48ac"+96a:— 64. 



3ar*+12a:'+ — 24a;+16 

In the above it will be seen that the square of 2 a;, viz., iaf^ is written 
in the second column, and the three lines which are braced are added 
together to give three times the square of a:* + 2 a;, agreeably to the first 
step for finding the second term of the root, and 3a^ + 6x is three times 
the roo't a^ + 2 x, which is also in accordance with the former process 
for finding the second term. 

2. Extract the cube root of x* - 6a:*+15a?* - 20a:*+15a!*— 6x + 1. 

Afu. ai* — 2 a; + 1. 

3. Extract the cube root of 64 a* - 288 a^ + 1080 a* - 1458 a ~ 729. 

Ans. 4 «• — 6 a — 9. 
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73. In a Bimllar manner may any root be extracted, but the process 
is generally laborious, and may often be dispensed with, since, in many 
instances, the required root is easily found by inspection. Thus the 
fifth root of 32 a* -80 a* + SOo* — 40a*+ 10a- 1 is 2a— 1 ; be- 
cause the fifth root of the first term is 2 a, and the fifth root of the last 
term is — 1 ; hence 2 a — 1 is probably the fifth root of the proposed 
expression ; and if 2 a — 1 be raised to the fifih power, the proposed 
expression will be produced. The fourth root may also be found by first 
extracting the square root, and then the square root of the first square 
root ; and the sixth root is found by first extracting the square root, and 
then the cube root. 



THS0B7 OF INDICES, AN D IBB ATIONAL OB 8X7BD 

QUANTITIES. 

74. We have seen (39) that powers of the same quantity are multi- 
plied together by adding their indices for the index of the power of that 
quantity in the product ; thus a* x a* srV"*"' = a*.. We may now 
prove the truth of this principle in a general manner : 

Since a:^=2ax<^XoXax ...torn factors, 

and c^ = a^ ax a X a X ...ton factors ; 

/. a* X «" = a X a X a X a X ... to (m + n) factors ?= a"'"*'^ . . (1). 

Consequently a" x c^^^a^^*^ when m and n are any positive integers. 
And it has been shown (69) that 

(a*)" = (a-)" = a""* (2) ; 

hence the «** power of the m*^ power of a is equal to the wi'* power of 
the n*^ power of a ; and either of them is that power of a whose index 
is the product of the two indices. 
Also, if V a* = x" ; then raising both sides to the «*** power, we get 

a* = (x-)" = X*" = (x*)"; 

hence we have a = x", and .'. V a = x ; 

consequently (^ a)" = x* ; but by hypothesis, j^ a" = x" ; 

therefore y a* = (V a)* (3) ; 

and hence the n* root of the wi** power of a is etqual to the m** power 
of the «** root of a. 

75. When any root of a quantity cannot be exactly obtained it is 
expressed by using the sign of evolution, and is called an irrational or 
surd quantity. Thus ^ 5 is an irrational or surd quantity, but ^ 4 is 
not a surd quantity, for though it is in the form of a surd, yet when the 
root is extracted it is rational, being = 2. 

When the index of a power of a quantity is a multiple of the index of 
the root to be extracted, the root is found by dividing the former index 
by the latter. 

Thus the square root of c^ is cr or a", and if m is divisible by n^ then 

the fi^ root of a*" is a*' But if m is not divisible by n, then the index, 
instead of being integer, will be fractional ; and if quantities with frac- 
tional indices are to be treated in the same way as quantities with posi* 
tive integer indices, we must ascertain what is the meaning of the symbol 

m 

<i» in this case. 

VOL. I. I 
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Since (a*) " = rf"\ in the case of positive integers, then on this sup- 
position we should have 

\a^ ) :=^ a* ^ a ; 

f, 

hence it appears that the symbol a' denotes that quantity which when 
Taised to the ^ power, becomes equal to a^ But that quantity whose 
^^ power is equal to a', is the ^** root ofc?^ or \J<f\ hence 

and, therefore, in the case of a fractional index, the numerator detwtes 
the power to which the quantity is to be raised, and the denominator 

the root to he taken or extracted. Thus tr means the second root of 

the first power of a,attja\ a""" = ^^a, a*" = ya. Also, 

ct' denotes the cube root of the square of a, viz. (ffy ; 

or a^ denotes the square of the cube root of a, viz. ya') 
In the same manner we see that 



rm 



a^ =z a^ =ia^ =z etc., and a* r= a'** 

In the division of one power of a quantity by another power of the 
same quantity, the* index of the latter is subtracted from that of the 

a* 
former ; thus a* 4- a" or — = o* ~ *, where m is greater than «. But 

if n be greater than m, then m - n will be a negative quantity, as 

"P; and if quantities with negative exponents are to be treated in the 

same way as quantities with positive integers, we must attach a meaning 

to the symbol a''. 

Since a'^ x a*:= a*"+", where m and n are positive integers; there- 

I o" 
fore, we should have rf" x a'^^ia'^'' ; but a* x — = — = a*~' ; 

a' a' 

1 1 

.*. a" ' = ---, or o^ == • 

a' a""' 

Hence a quantity with a negative index denotes the reciprocal of the 
same quantity with the same positive index. By this principle we can 
remove any power from the numerator of a quantity into the denomi- 
nator, and vice versd, by changing the sign of its index. 

Thus a» ft-« = =- = _ ; - — - — — = a + a:)""*; a" * = — , etc. 

Lastly, if we take the symbol a", and subject it to the same treatment 
as if the index were an actual number, what would be the meaning of 
such a symbol ? 

Since a"* x a" = a*"*"" with integral positive indices; 

.-. <r X a* = a'" + *=a"'; but a" x I=:a-; hence «•= 1. 

It follows from these results that 

o* X a* = a*'^*=a^=a*"*"^ = a x a^'^ ; 
\ja^J'^ =1 a' ^ = a""", and so on, as in whole numbers. 
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IrrationaiI Quantities or Soros. 

76. An irrational or surd quantity is one whose root cannot be 
exactly obtained, and the various transformations and operations con- 
nected with this class of quantities will be easily understood from the 
preceding results. 

Similar surds are such as have the same radical sign, or index, and 

the same quantity under it ; thus iJ2x and 4 ^ 2 x, or (2 a;) and 

4 (2 x) are similar surds, but 4 a^ and 6 a are dissimilar surds. 

A surd is reduced to its simplest form, when the quantity under the 
radical sign is of an integral form, and contains no factor whose root 

can be extracted ; thus ^12a* = 2a^3a. 

77. To reduce surds of different denominations to equivalent ones 

having either a common or a given index. 

This will be effected by reducing the fractional indices either to a 
common or a given denominator ; thus we have 

a:*" and x* = x*" and a?» • = (sc*)'" • and (a:*)* ■' 

Examples. ^ 

A. 1 

1. Reduce 2, 3 , and cl" to equivalent surds having a common index, 
and also to others having the index \* 

Here the indices are 1, i, and \^ which, reduced to a common deno- 

6 3 J 2 , 
mmator, are ^, ^, and — ; hence we get 
o o 

2, 3* and a^ = 2*^, 3*, and a* = (2^*, (3^^ and (a»)* 

= 64* 27*, and (a»)*. 

Again, 1, i, and + = T"» |^ *^^ f = 5» T •^"^ 5 i ^^"^^ 

2, 3* and a* = 2*, 3*^+, and a* "'^ = (2»)+ (s*)*, and (a*> 

2. Reduce a^, &*, c% and a^ to equivalent surds having a common 
i'^^^^- Ans, (o^^ (ft«)^ (c»)*, and (d*)*- 

3. Express a*, ft*, and (c xy as surds, having the simplest common 

^"^«^- iiiwr. (tfO^, (*0^\ and (c» x*)^^. 

4. Express (a + x)* and ^ (a — x) as surds, having the index ^, and 
also as surds having the simplest common index. 

Ans. {{a + xY}^ and {(a -x)*}*; {(a+x)*}* and (a - x)* 

-Li. i- 

5. Express (xy") ", (y* :?■)•, and («" t^)' as surds having the 

simplest common index. 

1 I 1 

Ans. (x^'y""')""'* (y""' «*"''')**'. and («■"•• «**•) — '• 

i2 
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78. To reduce mrds to their simplest farms. 

/a tj a 

It is easy to show that »Jahz=, J a X V^» a°d W^ J = "T^* 

For since the square of Job = (a 6)* X (o ^)* = (a 6)* "*" * = a ^ 
andthe8quareofVaxV*=^ **Xa* A^sa*"^* ft*^*=a6; 

/. ^abziz jja X A/b. 

In a similar manner it may he shown that V t- — "TT* 

Also ,/7b7dt=i Va X V * X V^ X Vrf; 'y'a^ = '«^aX ^^^^ X -y^. 
a {ir c" cO^ = a X (^)^ X (c*)^ x cTT = a ft c cR ; 

By means of these principles the reductions in the following exam- 
ples will readily he comprehended. 

Thus V(48£^a:«y) = V(l6«*a!' X_3y) = V(16«*«0 X VSjf 

= 4a*a;>v/3y; 

A/(3a»-6ax + 3a:') = V(o'- 2aa; + «•) X 8 

^^ = V(a"-2aa: + a*) X V3 = (a - a:)>/3. 

Examples. 

1. Beduce V 125, 3 V7&9 ^ "^ H and ^ 72 to their simplest forms. 

Ans.^Aj^^ 15V3, 6 and 2^9. 

2. Reduce ^/f^^a' Sa/561F^, "^^ 3 V 81 *^ *^®"' ■™' 
plest forms. Ans. ^^-^ V6 ar, 6 a « V 14 aa, and ~ ^ 18. 

4 • / 3 

3. Reduce V98a«x, ^ \/ Jg' and V(a + x) (a* - a:^ to their 

most sunple forms. Ans. 7a ^2 x, ^^ 12, and (a + x) V (« - «)• 
plest forms. Ans. —^ and ^^^^., (« + y) ^. 



/ /a* 6 + a" a:\ 
5. Reduce ^(2ti^x + c^^ and ^ ( y^y^. ) *<* ^'^^'^ «™- 

plcst forms. Ans. a ^ (2a x + a:») and —^—^^{b^ - a*). 
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6. Reduce ^g, ^±, ^ Jg. and ^ { 16 fl* («a^ - as*)} to 

their simplest fonns. 

2 



-4w. r-i^lS, s-'^lS* ^-^3, and 2 a" a: -^ 2 x (a - a;). 

ODD 

79. To represent a rational quantity in an irrational or nard 

form, 

• 2 1 

Since a = a* = a" = a* = «* =s (a*)*, 

we see that a rational quantity may be made to assume the form of a 

surd whenever it may be necessary. 

Also a mixed surd, or the product of a rational quantity and a surd, 

may be represented in the form of an entire surd. 

Thus 3 = 3* = (3*) * = V 9 ; 3 = 3* = (30* = ^ 27 j 

3^a = ^27 X^a = ^27a; a^h^ ^a^ X sjb^ sjlFT. 

This operation is only the converse of the transformation in the last 
article, and the forms just given will indicate the process to be adopted 
in all cases. 

Examples. 
1. Represent 2fja^ 3a*^b and - ^ 2c as entire surds. 
Here 2V« - jJ A x ^ a = V4 a, 



2o 



Za^b = ^27a*X>^* = ^27 a«ft, 

a 2a ' / 9 

2. Represent 2 /^ 4, 2 V «» and — ^y/ r— 5 as entire surds. 

Ans. -^ 32, V 2 a, and . / — ^ 

3. Represent a' in the form of the sixth root, and a + ^r in the form 
of the square root. ^^ V a » and (a^ -f 2 a a: + «0*. 

4. Express (a + x)| I and --] — — - [ in simple radi- 

ya ~^ X} X ■" 1 \X "^ 1 J 

^n*. (a* - a*) and (j^-j) ' 

5. Expreu — 2 o^ in the fonn of the cube root, and also in the form 
of the fourth root. ^«. (- 8 a- )+ and (16 ^K 

6. Express 2+^3 in the form of the square root. ^ (nA^4Js\^ 

iU)DXTXON AND SUBTBAOTIOK OF StTBDS. 

80. When the surd part is the same in all the quantities, then add 
or subtract their multipliers or coefficients in the usual manner, and 



cal forms. 
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prefix the result to the common surd. Thus a a/ x + bjjx + c/j x 
= {a + b + c) jj x^ and a^J x — hjjx = (a ^ b) jj x. 

But if the surd parts be different, reduce them (78) to their sim- 
plest form ; and if the surds are now similar, their sum or difference 
will be found as before; but if they are still different, the quan- 
tities must be connected by the sign + or — , as the question may 
direct. 

Examples. 

1. Find the sum of V48, V 27, and V 108. 
HereV48 = V (16 X 3) = ^16 X V3 = 4^3, 
V21 =V(9x3) = V9xV3= 3 V3, 
V 108 = V (36 X 3) = V36 X ^3 = 6^3, 

.-. sum = 13^3. 



2. Find the difference between a/ ^ and a/ ^. 
Here, 



/. difference = t^ V 6. 



128 



Find the value of each of the following expressions : 

3. V 18 + V 32 4- V 50 + V 12, y/ ? + ^ ^, and ^ 56 

4 

+ ^189 Ans. 18V2, rrVlS, and5^7. 

lo 

4. V320- V80, VW - V48, ^?-^g, and^ 

-^54. ^M*. 4^5, V3, ^ V3, and4^2. 

6 

5. 2 V 8 + 3 V 50 - 6 V 18, and 4 o i^^"?T* + b ^'WcFb 
-.>^ 216a* ft*. Ans. V2anda«ft^ft. 

6. V (a «" - 2 a« X + a») + V «•, »nd V (a" 4- 2 a* 5 + a ft*) 
- V(a^- 2a»ft + «ft0- Am. x ^ a^ vxA 2b ,J a. 

3j 

Ans. (3a"ft4-5a6)V2aft and--/^6. 

yo 

8. a:V12a*x + 2aV27a:»-3aV48a«a:» + 5a«a;V3xr 

9. /^(54a- + «6») -a^(16o"-»6«) +^ (2a*" + *) +^(2€!'a-). 

^iw. (3a*6- 26« + a" + * + c)-^^^2rf^. 
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MULTIPLIOATION AND DIVISION OF SUBDS. 

81. These operations are performed as in rational quantities, by means 
of the following formulas : 

m p «•!» m f MP 

a" X o^ = o" ' , and a "-=- a' = a" • ; 

a- X ^ = (aby, ander -f- ft" =( t j • 

If the surds are of different denominations, reduce them to equivalent 
ones having^ a common index, and find their product and quotient by 
the preceding processes. 

Examples. 

1. Find the product of 3 V B, 2 V^* ^nd 4 V48. 

Here 3^8 X 2^6 X 4^48 = 3 X 2 x 4 X V(8 X 6 X 48) 

= 24V48« = 24x48= 1152. 
1 •/2 1 • / 8 

2. Divide 2 - ^ 5 ^y ^ 7 v/ i' *"** *^®^ "^^ ^^ '^^' 

Here 

1 V2 1 •/3j^7 ^ •//2 4\ 28 •/8 

3V 3'^^4V4"3^13^VV3^8>/"39V9 

_ 28 V24 ^ 28 y/£ \ 

~ 39V 27 "* 39V V27 ^ / 
_?8 2 56 

• ~ 39^ 3^ "^"^ 117"^^- 

And a* -r a* = a* " * = a* "■ * = a^ 

3. Multiply 3V2-2V3by2V2 + V3, and divide V^S + V 3 
by V 5 - V 3. 

3 V2- 2 V3 
2V2+ V3 

12-4^6 
+ 3V6 - 6 



/. product = 6 — V 6. 

V5 + V3 _ V54- V3 V5 + V3 ^ 8 +2^15 

^~ V5-V3 ■" V5-V3 ^ V5 + ^3 5-3 * 

= 4 4-V15. 

Here we have multiplied the terras of the fraction -y— — ^ 

byV5 + V3, because the product of V^ - V3 and V^ -1-^3 is 
V 5* — V 3* or 5 — 3, a rational quantity, and the quotient is obtained 
in the neatest possible form. 

13 

4. Multiply 4 V 12 by 3 V 2, and also ^ ^ 4 by - ^ 12. 

Am, 24^6 and-i^ye. 

5. Multiply 2 ^ 14 by 3 -^ 4. and divide 6 V 96 by 3 V 8. 

Ans. 12 '^ 7 and 4 3. 



120 ALGEBRA. 

6. Multiply 2 a hy a'j and divide - a by r ^^ -^'**- 2 a' and - a^. 

do O 

5 

7. Multiply A/2ab^ by ^S(fhy and divide hatj ax by - V^^- 

2a 

^»». Aa^l^^ and -=- V^^- 

o 

8. Multiply together ah^ a jj (x + 2 aJ a) and 6 V (^ — 2 V«)« 

9. Multiply together 3 + V5, V2 + V3, V2 - V3 and 3 — VS. 

-4n*. — 4. 

I i 4 i. 

10. Multiply (a + by by (a + ^)-, and divide ^x^ahy ^^ax. 

Ans. (a 4- 6) •"• and 7 a* x*. 
11 II 

11. Multiply a;^+ 2 x^ — 4 by x^ — 2 x^ + 4, and divide 

a;* + 2a:* + 9 by «*+ 2x*^4. 3. 

Ans. a:* - 4a?* + 16 x^ - 16 and x'^ — 2 x^ + 3. 

12. Multiply ar+c?3^+cfx + x* by or — x , and divide 
x+x* y 4-y by x*4-x* y +y . Ans, a^a^^ and x*— x* y 4-y • 

13. Divide (a^ - 3x» + 2x*)* by x*, and 6x (x - y) y*-x*y ^6 
y 2xV3-3x* y*V2. Am. (x»-3x+2)* and xy* V3+yx* V2. 

• 14. Multiply - a — «« +7^ W® " ^ ** 

Ans.-^a --a -ga ^-^a + ^a - 55 « - 
15. Divide 16x -j^hj 2x* - |,and a« — 6 by a^ -^ bK 

Ans. 8x* + 2x*y4-^a:*y«4-gy', 
and a^ + a^b^ -{-ab^ + a^b^ + «+&♦ 4- b^. 

INVOLUTION AND EVOLUTION OF SX7BD8. 

82. Since the f - j power of a" is a • j = a"*, and the( - j root of 

a" = o^ ' r = a"f ; therefore the operationa of involution and evolution 
are expressed as in rational quantities, by the multiplication and division 
of indices. 

Examples. 

2 1 
1. Find the square of - a and the cube of 17 V 21. 

/2 iV 2 2 ^x« 4 i 
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and (17 V21)»= W X 21*'"= 17» X 21*= 17' X 21 x 21^ 

.'. (17V21)"=103173V21. 

2. Find the square root of 10* and the cube root of « /y/ Z" 
Here (1C»)* = 10*''* = 10* = 10 x 10* = 10 V 10, 

= -V8a. 

3. Find the square of - a , and the cube root of - V 2. 

2 4 

Ans. 2 » *^<1 5 V2. 

4. Find the cube of - V 3» and the cube roots of — V 3 and - /^2ab^, 

1 1 1 ' 

Ans. - V3, ~ V3, and - J^^2aV. 

5. Find the square root of 16 a* a:*" and the cube root of — 27 a* a?""*". 

-4n*. 4a^a:* and — 3a*a;-»". 

6. Find the fourth power of 2 + ^3 and the square root of 
a*-6a;^b + 9b. Ans. 97 + 56 VS and a - 3 V*. 

„ ^ . ^ , . 41 34-3a , 

7. Extract the square root of I + -r^a — v-^ + « • 

Id 2 

Ans. a— - V« + 1- 
4 

o X. . . .1. . r^^ IT Trt . 179a«6 4a*i* 

8. Extract the square root of — ^ 5 a 6' H 

4 45 3 

4ab* . 3a* . 2a*6 5aft* 

H . Ans. — - — — * 

^25 2^53 

9. Extract the cube root of a* — 3 a* 6* + 3 a 6 — 6*. Ans. a — b^' 

EQUATZON& 

83. An eqtuUion is the expresbion of the equality of two different 
algebraical quantities, one or both of which contain some power or 
powers of the unknown quantity. Thus, 3a: + 4 = 13, ao^' + ftxsc, 
and a^ + aa^ =: bz -{-Cy are equations. 

The members or sides of an equation are the two quantities between 
which the sign of equality is placed ; thus in the equation x ^ a=z 
b ^ 2x^ the first side or member is a: — a, and the second side or member 
\» b — 2x, 

A- simple eqtuUion is one which contains the first power only of an 
unknown quantity, as2a;4-5 = 3x — 2. 

A quadmUic equation is one which contains the second power, or 
both the first and second powers of the unknown quantity, as a:* =: 25, 
or a" + 10 a; = 12. 
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Au equation is said to be of the first^ second, third, or n^^ degree, 
according as the highest power of the unknown quantity contained in it 
is the^r^^, second^ third, or n^ power of that quantity ; thus, 

a:»-f-aa:^-»4-ix— *4- 4-Aar = A 

is an equation of the n^ degree, or of n dimensions. 

A root of an eqiuUion is that quantity which, when substituted for the 
unknown quantity in it« makes the values of the two sides of the equation 
the same, and thus verifies the equation. 

A simple equation has one root only ; for if the equation 2 x + 3 a 
= 46 can have two roots, as r^ and r^, then by substituting these for the 
unknown quantity x, we have, 

2ri4-3a = 46, 
2r, + 3a = 46. 
Subtracting the latter from the former, we get, 

2ri — 2rg =: 0, or r^-^ r^=z 0, ,\ ri = r,; 
and the simple equation has consequently only one root. 

An identical equation is one which can be verified by all values of the 
quantities contained in it; thus (x + yY =a:' + 2x^-f-^i8 aq 
identical equation, for if any values be given to x and y, the equation 
will be verified. 

The solution of an equation is the method of separating the unknown 
quantity from the other known quantities in the equation, so that the 
unknown quantity may form one side of the equation, and a known 
quantity, or a combination of the known quantities, the other side. 

SIMPLE EQUATIONS. 

84. The unknown quantity is usually so involved in the different 
terms of an equation as to require several operations before the solution 
can be effected, and the value of the unknown quantity determined. The 
solution of all equations depends on the following axioms: — 

1. If equals, or the same be added to equals, the sums are equal. 

2. If equals, or the same be taken from equals, the remainders are 
equal. 

3. If equals be multiplied by the same, or by equals, the products are 
equal. 

4. If equals be divided by the same, or by equals, the quotients are 
equal. 

5. If equals be raised to the same power, the powers are equal. 

6. If equals have the same root extracted, the roots are equal. 

The following remarks, which tu'e founded on the pieceding axioms, 
apply to all classes of equations. 

85. ^ quantity may he transposed from one side of an equation to 
the other by changing its sign from -{- to •^, or from — <o +, without 
destroying the equality. 

Thus if a: + 3 = 17, then subtracting 3 from both sides, we have, by 
axiom 2, x= 17— 3=1 4, where the -f- 3 has been transferred from 
the one side to the other with its sign changed to — . Hence also if 
x^azsb -{-c, then adding a — c to both sides, we have (axiom 1), 

X — a-l-o — ^ = 6 + <?4-fl^--^> or X — c:^h-\- a', 
where the •— a and + c have changed sides, and changed their signs* 

If the signs of all the terms of both sides of an equation be changed, 
the equality will still remain, for every term has been transposed, and the 
sides afterwards interchanged. 
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Thus, if 16 — X = 2 a: - 11, then - 2 a; + 11 = — 16 4- ar, or 
changing sides, we have — 16"|-a;=: — 2x-f- 11« 

Hence also if a quantity be found in both sides of an equation with the 
same sign, it may be removed from each side. 

Thus i£ X -{-cz=: a + Cj then will x:=z a. 

86. Every term of eaeh dde ofanequcUion may he multiplied or- 
divided by the same quantity ^ without affecting the equality, 

. X ^ . 

Thus if - + 7 =9, then multiplying every term by 5, we get 

X -f- 35 = 45, and transposing x =: 45 — 35 = 10. 
And if 5x + 10 = 15, then dividing every term by 5, we get 
X 4- 2 = 3, and transposing x = 3 — 2=1. 

X 

Let - = & 4- <^9 then multiplying every term by a, we get 

Or 

xzzzab -^ acy or x = a (ft -f- O* 
And if ax =: ft -|- c, then dividing every term by a, we have 

ft + c 



X =: 



a 



87. An eqtuUion may be cleared of /Tactions by multiplying first 
by one of the denominators ^ then by another ^ and so on, untU all the 
denominators have been taken away ; or multiplying every term by the 
least common multiple of all the denominators. 

X X X X 

Thus if the equation be ^+0 + 7+ fi^^^» *^^ 

«nultiplyingby2.givesx + 2^+| + |=60. 

3x 

Multiplying by 3, we have 3x4-2x + -— +xc=il80; and again 

multiplying by2, 6x+ 4x + 3x+ 2x= 360 ; hence 15 x = 360, 
and, dividing by 15, gives x = 24. But if we find the least common 
multiple of the denominators 2, 3, 4, and 6, viz., 12, and multiply every 
term of the equation by it, we get at once 

6x + 4 X -f- 3x -f- 2x = 360 ; 

hence 15 x = 360, and x — ^77- — 24, as before. 

2 X — 3 
Again, if the equation be x = — = 4, then multiplying by 7, 

we get 7 X — (2x — 3) = 28, or removing the bracket, and changing 
the signs of 2x and 3 into — and +9 ^^ get 

7x — 2x-f-3 = 28, or 5 X = 25 ; hence x =: 5. 

88. The student should be particularly careful in equations of this 
kind, where a fraction is to be subtracted, whose numerator consists of 
two or more terms ; because the line which separates the numerator from 
the denominator is a species of viiiculum, and when that is removed by 
the removal of the denominator, the whole of the numerator must be 
subtracted, and the sign of each term must be changed in accordance 
with the principle of subtraction. 

Hence also if every term of an equation be either multiplied or 
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divided by the same quantity, that comroon quantity may be removed 
without affecting the equality. 

Thus, if ax =:ab + ac, then will x = 6 + ^9 

or, if - = - + -, then will x^b'\-c. 
a a a 

89. If the uhknovm quantity be either a surd^ or appear in one or 
more terms of a surd expression^ transpose the terms so that the surd 
quantity may stand (done on one side of the equation^ and the remain^ 
ing terms' on the other; then raise both sides of the equation to the 
power denoted by the index of the surd^ and the equality will still 
subsist. 

ThuB if ^(x + 21) =: 3 + V^» then, by squaring both members, 
we get 

(x + 21)*><«=:(S + Va:)«, or a: + 21 =i9 + 6a/x + x; 
whence by transposition (85) we get 

6a/x = 21 - 9 = 12, or Va: = 2, 
consequently by squaring we have (V^)' = 2*, or a; = 4. 

And if ^ (a; + 23) + 9 =: 12 be the proposed equation, then by 
transposition, 

^(a; + 23)=:12-9 = 3. 
And, raising both sides to the third power, we get 

(x + 23)^^* = 3*, or a: + 23 = 27 ; hence a: = 4. 

But if the equation contain more than one surd expression, let that 

which is most involved stand alone on one side of the equation, by 

transposing all the terms to the other side ; then raise each side to the 

power corresponding to the index of the root quantity, which stands 

alone. Proceed in a similar manner with the remaining root quantities 

or surds until they are all removed. 

Thus, if V (^ + a) + V^ = ^9 then by transposition we get 

V (x + a) = 5 — jt/x, 

and, squaring both sides, x + az=b*^2bA/x + x; 

b^ -^ a 
transposing, 2&V^=^""«9 w^d dividing by 26, j^ x = "^r— * 

and squaring, we get finally a; = I . 1 . 

If we had squared both members as they originally stood, we should 
have had 

x + a + lij XtJ {x'\- a) + x = b^j 
or2a; + a + 2V(x* -^ax) = ^; 
hence, transposing, 2 VC^c" + ctx) =: b* -^ a ^ 2xsz (b* ^ a) — 2x, 
and squaring, 4i* + 4aa; = (ft" — o)* — 4 a: (ft' — a) + 4ai* 

= (ft» - ay - 4ft"x + 4aa; + 4«»; 
whence, cancelling 4 a^ and 4 a a; from both sides, we get by trans- 
position 

(^ « ay 

4 ft" a; = (ft* — a)', or x = -^ — --rr — , as before. 

4 o 

But this method is not so commodious as the other, for the transposition 
of one of the surds simplifies the solution, inasmuch as each member 
then involves only one surd, while, in the original form both surds are 
on the same side. 



I 
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90. i/f the side of the equation which contairu the unhnown gtion- 
tUy he a complete power, the equation may he reduced to one of a lower 
degree by extracting the root of the power ^ and the same root of the 
other member of the equation. 

Thus if a:* == 16 a*, then, extracting the square root, x r= ± 4a; 
if 8 a^ = 27 a', then, extracting the cube root, 2x = Sa; 
and if a:*+6a;-f9 = 25, then extracting the square root, we get 

a: 4- 3 = 5, and a? = 5 — 3 = 2. 

91. ^ proportion containing the unknown quantity in any of its 
terms may be changed into an equation, by multiplying the two ex^ 
tremes together^ and also the two means, and putting the products equal 
to one another. 

Thus if X : y :: 3 : 11 ; then since the ratio ofxiyiB the same 

X 3 
as the ratio of 3 : 11, we have - = —, and clearing this equation of 

fractions, gives 11 x x = 3 X y, orlla; = 3^, where 1 1 x is the pro- 
duct of the extreme terms, and 3y is the product of the means. 

2 
In a similar manner, if 12 — a; : - a; :: 3 : 1, then we have 12— a; 

o 

2 
=^ o^X3 = 2a;; hence, by transposition, 3 a; = 12, and a: =4. 
o 

SmFLE EQUATIONS OOMTAXNING ONE UNKNOWN QUANTITT. 

• 

92. In the solution of simple equations, the first step is to clear the 
equation of fractions aud surds, if it contain them ; then transpose all 
the terms which contain the unknown quantity to one side of the equa- 
tion, and the known quantities to the other, and divide both sides by 
the coefficient of the unknown quantity ; then will the unknown quantity 
stand alone on one side and its value on the other. 

Examples. 

1. Given 9a: — 7 = 4a; + 23to find the value of a;. 
By transposition, 9 x — 4 a: = 23 -f 7> or 5 a; = 30 ; 
hence, dividing by 5, we get ar = 6. 

2. Let -^ — I T — = 15 H :; — , to find the value of x. 

2 3 4 

The least common multiple of the denominators 2, 3, 4, is 12; hence 

multiplying each term by 12 we get 

6 X -f 6 + 4 a: + 8 = 1 80 + 3 - 3 a:, 

and transposing, (6 + 4 + 3) x = 180 + 3 - 6 - 8, 

169 
or 13 X = 169, .*. X = — ^ = 13. 

• lo 

We might have proceeded in the following manner. Since 4 is a 

multiple of 2, we may first multiply every term by 4, which will remove 

two of the denominators ; hence we get 

4x + 8 
2x + 2 H ^ = 60 + 1 - X, 

4x4-8 
and transposing, 3x H — = 60 + 1 — 2 == 59. 
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Now multiply by 3, and we get 9 a? + 4 a: + 8 = 177 ; 
hence 13x = 177— 8 = 169, and x = 13, as l)efore. 

„ - 6a: + 13 3x + 5 2x ^ ^ ^ 

3. Liet — 77 -=-} rr = -z-> to nnd the value of a;. 

15 5(a: — 5) 5 

Here it will be advantageous to remove first the simple factor 5, in the 

denominator of the second fraction. Multiply every term by 15, then 

^ . io 9a:+15 ^. ^^ 9x4-15 

6a: + 13 -^ =6a:, or 13 = -I—-. 

a;— 5 a; — 5 

Multiplying now by a: — 5, gives 13ar — 65 = 9a: + 15 ; 

hence 13a: — 9x = 65 + 15, or 4a: = 80; .'. a; = 20. 

X ^~ 3 a: a: ^*' 19 

4. Given — - — + — = 20 — , to find the value of x. 

2x 
Multiply first by 2, then a:-3 + -5-=40— a: + 19, 

2x 
and transposing, 2a; + --- = 40+19 + 3 = 62. 

o 

Multiply now by 3, then 6 x + 2 a: = 186, or 8 x = 186 ; 

186 93 ^^^ 
hence x = -—=-- = 231. 

8 4 

ax — b a bx bx ^ a 

5. Let — r — + — = -— — , to find the value of x. 

4 o Z 3 

,, , . , .. , « 1^ 3ax — 36 36x , 
Multiply first by 3, then h a = — 6 x + a, 

3ax — 3ft Sbx 
or 5 ^—^^hx. 

Multiplying by 4, gives Sax— 3ft = 6ftx — 46x = 2ftx; 
hence (3 a — 25) x = 3 ft, or x =: ^r-7. 

28 

6. Given V* + V (^ + *?) = -7-; — rv;> ^o fi^^^ ^^^ v*^**® ^^ ^• 

V (a^ + 7) 

Clearing of fractions, by multiplying every term by V (a? + 7), we 
get V Gc* + '^«) + « + 7 = 28, or V (a* + 7x) = 21 - X ; 
and squaring both sides, we get x* + 7 x = 441 — 42 x + x* ; 
hence 7 x + 42x = 441, or 49x =441 ; .'. x = 9. 

^ ^ a:-9.x-4 4(x-16) 

7. Let -7 — —r + -7 :; = —7 — tt^* to find x. 

Since, 

2: 9 

«— 9 = (Va: + 3) (Vx— 3), it is easy to see that -7 — —- = jJx-^^, 

Vx 4- 3 

X ~~ 4 X ~~ 16 

In a similar manner, -7 = V^ + 2, and -7 — — -r = V « — 4 ; 

VX— 2 V ^ + 4 

hence the proposed equation is reduced to 

Vx-3+Va: + 2 = 4 (Vx - 4) = 4 V« - 16 ; 
.*. 16 - 8 + 2 = 4v'x- 2^^;, or 15 = 2V«; 

/ 15 ^ /15V 225 ^^, 

/. Vx = ~, and X = ( y ) = — = 56^. 
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^_. a 4- c a '^ c 2l^ ., , 

8. Given + = ~^ :» 'o find x. 

a-\- X a — X a* — or 

Here the least common multiple of the denominators is a" — a^, since 

CI? — 35* is divisible by both a + x and a — x ; hence multiplying every 

term by a* — x*, we get 

(a + c) (a-.x) + (a-c) (a + x) :=:2b\ 

and effecting the multiplications indicated, we have 

a* -\^ac ^ ax - ex + a* — ac + ax — ex =2 21^. 

Hence 2 o" — 2 c x = 2 6", or a* — ca: = 6" ; 

therefore a* — ^' = c x, and x = 



;• 



Examples for Practice. 

1. 7x - 18 = 4x + 6. Atu.xsz 8. 

2. 92 — lOx = 8 — 4x. Ans. x = 14. 

3. 7x + 20 - 3x = 60 + 4x — 88 + 8x. Ans, x = 6. 

4. 5(x+ 1) -6(x- 2)=:8(x-5)-6. Ans. x =: 7. 

5. 20 - 4 (x — 2) = 5 (x + 2). Ans. x = 2. 

6. 5 - 2 = I + 3. ^«*. X. = 30. 

^ X- 1 x^2 ^- 3 fi ^ ,, 

7. — ^ H ^ — — r — = o. Ans. x=^ II. 

XXxXX . 

®- 3" 4 "2=5 " 6- ^«*.x=10. 

^ 3x— 1 . 6— X 2x — 4 ^ ic + 2 

9. — z — H ^^ — — — r:; — = 2 — ^^ . ^fw. X = 5. 

7 4 12 28 



10. 



2 5 



5 6(x-l) 21 . 

+ o—r:i + -li 7- = -^- ^/w. x=: 3. 



x+l'2x + 2' x*-l 8 



,, 5x— 7 3x-2 x-5 ^ 67 

11. — - — r — =: — - — . Ans, X = — -. 

3 7 4 83 

X 2(x- 1) _3x--4 X >l„, ^-1^3 

X— '<! 2x— 36 a— X 
13. — r^ 5-=10a+lU. ^«*.x = 25a + 246. 

,,6x+a3x— 6 . a*— 6" 

4x4-6 2x — a 6— 4a 

4a« 

15. a/ (a + x) ^ aJ(9 ^ ^) =r ^aap. Ans. x = -; -. 

16. V(4«+a:') = 2V(* + a^)-V« ^iw. x= 1^ " ^^* . 

2 a — 6 

17. V (4a + «) + V (« + «) = 2 V (x - 2a). -4w. x = i^. 

o 
X ^ 1 a/x — 1 

18. -7 — -- = 4 + ^^-— — . Ans. X = 81. 
Vx +1 2 

^^ l+o* . l-x* __ ^ /a-2\i 



(1+x 



• 1 - x» . /a - 2\| 

)«^(l-x)« \a + Aj 



24 
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20. a + a: + V(«' + ^« + a*) = A. ^JM.xm - 

V(a + x)-V(a-a:) '^^ ' "^ !+*• 

22. V(x+a)+V(^-a)= ., ^^ - ^iw. a: = '^^,5''""^' ' 

V(a: + fl) 2(6-a) 

A* — fl» 

23. a + x=:V{a' + «V(4^' + a:«)}. ^lu. a; = 

a 

-1 — ^ a"-*" 

25. (a + a:)- = (a:* + »aa: + ft") •-. -4«* a: = 7 i^r- - 

26. ^(a+x)+^(a-x) = *. ^iM.a:=|a*- ( ^r/^ )'|' 

8IMnLT.&NE0irS SSQUATIONS OP THE FZB8T SEOBIX, OOK- 
TAINZNG TWO UNKNOWN QUANTiniS. 

93. If we hare an equation of the first degree containing two un- 
known quantities, the value of one of the unknown quantities may 
always be expressed in terms of the other and known quantities ; thus 

c ^ by 
if ax + oy = c, then ax = c — by, and x = ^. Now, if the 

a 

value of y is unknown or arbitrary, the value of x will likewise be un- 
known or arbitrary ; and from this equation alone we cannot determine 
the value of x. But if we have another equation containing the same 
unknown quantities, as mx'\-ny±ip; then, as before, we have 

X =: ^ ^ ; and if the values of x and y are the same in both equa- 

m 

tions, then we shall have the equation 

c — by p — ny ^ ,^ 

— _2-=z£l-- — , ori» (c-.6y)=:a(p-«y), 
a m 

to determine the value of y ; and then, by substitution, we may obtain 
the value of x. Such equations are called simultaneous equations, 
because the same values of x and y fulfil both the conditions expressed 
by these equations. Hence, if the values of two unknown quantities are 
to be determined, we must have two independent and consistent equa- 
tions ; and, bv some process we must eliminate one of the unknown 
quantities, and the resulting equation will involve the other unknown, 
whose value may be found by the methods already employed for the 
solution of a simple eqiuition containing only one unknown quantity. 

The methods usually employed for this purpose are those of com- 
parison, substitution^ equalizing of coefficients^ and an arbitrary mul- 
tiplier. 

First Method, 

94. Find the value of either of the unknown quantities from each 
equation, in terms of the other and known quantities, by the rules 
already explained : put these two values equal to each other, and there 
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will be formed an equation involving only one unknown quantity, whose 
value can be found in the usual manner. This is the method of com- 
parison. 

Let it be required to determine the values of x and y from the 
equations 

2a:+3y = 28.... (l),and 5a:- 25^ = 13 (2). 

_ „ ^ 28 - 3y ^ - ,^, 13 + 2y 
From eq. (1), x = — ^, and from eq. (2), x = — ^ ; 

, , 13 + 2y 28 -3y ,_. 

hence we have — ^- = — -z — ^ (3). 

5 2 ^ . 

Clearing of fractions, by multiplying bv 10, we get 

26 + 4y = 140- 15y, 

and transposing 4y + 15y = 140 — 26, or 19y = 114; 

, 114 ^ , 13 + 2y 13 + 12 
hence y = — — - = 6, and x = — ^ = — sx 5. 

We might have first found the value of y from each equation ; thus 

. ,,. 28 -2a: .. ..^ 5a: -13 
from eq. (1), y = , and from eq. (2) y = ^ ; 

. 5a:-13 28 - 2x ,^ ^^ ^^ : 

/. — = , or 15 a: — 39 = 56 — 4x ; 

hence 15a: + 4a: s= 56 + 39, or 19a: =: 95; .'.a: = 5, 

, 28 -2x 28-10 18 ^ ^ ^ 

and y = — = = -^ = 6, as before. 

Second Method, 

95^ Find the value of either of the unknown quantities from one 
equation in terms of the other and known quantities ; substitute this 
value for it in the other equation, and there will arise a new equation 
involving only one unknown quantity, whose value may be found in the 
usual manner. This is the method of subsHtuHon. 

Let it be required to determine the values of x and y from the 
equations 

5x — 3y = 9.... (1), and 2a: + 5y = 16 ....(2). 

As the coefficient of x is least in eq. (2), we may find the value of x 

16 — 5 V 
from that equation, viz., x = — 5 — ^ ; and, if this value be substi- 

tuted for x in the first equation, we get 

16 -5y „ ^ 80-25y • 
5 X g-^ -Sy = 9; or ^ — ' -3y =9. 

Cleaimg effractions, gives 80 — 25y — 6y = 18, 

and transposing 80 — 18 = 25y + 6y, or 81 y =: 62 ; 

, 62 ^ ^ 16 -5y 16-10 ^ 
hence y = — == 2, and x = 5—^ = — = 3. 

Third Method. 

96. Multiply or divide the two equations by such quantities that 
the coefficients of one of the unknown quantities may be the same in 
both equations ; then the difference or sum of these resulting equations, 
according as the equalized terms have the same or different signs, will 
give an equation involving only one unknown quantity, as before. This 
is the method of equcUiziny the coefficients, 

VOL. I. K 
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Let it be required to find the values of x and y from the equations 
15a:+7y = 51....(1), and5ar + 14y = 52....(2). 
Multiply eq. (1) by 2, and we have 

30a;+14y = 102, 
but by eq. (2), 5a: + 14y = 52 ; 

hence, by subtraction, 25 x = 50, and x = 2. 

From (1) we get 7y = 51 — 15x =: 51 — SO = 21 ; /. jr = 3. 
Or, if the second equation be multiplied by 3, we have 

15x + 42y = 156, 
but by (1), 15x+ 7y = 51; 

therefore, by subtraction, S5y =z 105, or y = 3 ; 
hence 5x = 52 - 14y = 52 — 42 = 10; /. x = 2. 

Fourth Method. 

97. Multiply one of the equations by m, and add the members of the 
result to those of the other equation; put the coefficient of y in the 
resulting equation equal to nothing, so as to eliminate y, and find 
the value of x; and if the coefficient of x be put equal to nothing, so as 
to eliminate x, the value of y will be obtained. This is the method of 
an indeterminate multiplier. 

Let it be required to find the values of x and y from the equations 
3x — y = 5....(l), and 7x + 3y = 33....(2), 

Multiply eq. (1) by m, then Bmx ^ my == 5m, and adding the 
members of this result to those of (2), we get 

(3m + 7)x + (3 - m)y = 5m + 33 ....(3). 

Now this equation is true, whatever be the value of m, and therefore 
we mav give to m such a value as will eliminate one of the unknown 
quantities. If 3 — m s 0, or m =r 3, then y will be eliminated, and 

5 m + 33 15 + 33 48 

^^«^* ^= 3^r+-7 =TT^ = 16 =^' 

hence by (1) y = 3x — 5 = 9 — 5 = 4. 

7 
Or, if we put 3/» + 7 = 0» then m = —, and x is eliminated; 

33 — — 

therefore , = -3-.:^ = — -^= ig = *$ 

^ 3 3 3 

Examples. 

1. Given x + — y = 14 and -5-3? — r y = 2, to find the values 

of X and y. 

Clearing both these equations of fractions, we get 

2x+y=:28 .... (1). 

Sx-yrr 12 . . . . (2). 
Adding these equations, we get 5 x = 40, and x = 8 ; 
hence y = 28 - 2x = 28 - 16 = 12. 
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V ^2 a; 4- 10 

2. Given x - ^ — = 5, and 4 y - — ^ — = 3, to find the 

values of x and y. 

Clearing these equations of fractions, and simplifying the results, we get 

1«-y+ 2 = 35, or7a:-y =r 33 . . • . (1), 
12y - x - 10 = 9, or 12y - « = 19 . . • . (2). 

From the first equation, y = 7 x » 33, and this value substituted for y 
in the second, gives 

12(7a?-33)-a = 19, or84a:-396-aj = 19; 
A 83 a: = 396 + 19 = 415 and x = 5. 
Hence y = 7a: — 33 = 35 — 33 = 2. 

3 2 7 3 

3. Given - -I — =12 and — — - s 5, to find the values of x 

X y X y 

and y. 

Multiply the first of these equations by 3, and the second by 2; then 

9 6 14 6 

— + — = 36, — - - = 10. 

« y X y 

23 1 

Taking the sum of these, we get — = 46, or 23 s= 46 x ; hence a; = >- . 

Again, multiply the first equation by 7 and the second by 3, then 

X y X y 

23 1 

Subtracting, we get — = 69, or 23 = 69y; hence y = - • 

y 3 

4. Griven ax+ by^^e^ and ajX -(- &iy := C|, to find the values of 
X and y. 

Multiply the first equation, by a^ and bi separately, and the second 

equation by a and 5, separately ; then we liave 

aa^X'\- aiby z^OiC abiX + bbiy ^sibiC 

aa^x-\-ab^y rs ae^ a^bx -^-bb^y ^s^bc^\ 

hence, by subtraction, we get 

ia,b-ab,)i,^a,c-ac, or, y = _^— -_ = -^---j 

/r JL\ iL II biC -^ bci 

( a 6| — fli o ) a? = 6i c — o £?! or, « = — r r- 

a 0| — Oi o 

This may be considered as the general solution of simple equations 
containing two unknown quantities. 

5. Let ^ ^5 + -^, 

9y + 5a:-8 x-^y 7a: + 6 ^ - , ^, , r j 
*^^ 12 4^ = ^^,to6ndthevalue.ofxandy. 

Clearing these equations of fractions, by multiplying the terms of the 
first by 30, and those of the second by 132, we get 
9x+12y + 9-4a:-.14 + 2y=l50+6y-48, or5a:+8y = 107, 
99y + 55a;- 88- 33ar- 33y = 84* + 72,or31a; - 33y = —80. 

k2 
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To four times the first of these, viz., 20 x + 32 y = 428, 
add the second, 31 a: — 33y = — 80, 

and we get 51 « — y = 348, or y = 51 a: — 348. 

Substitute this value fory in the equation, 5 x + 8y - 107, and we get 
5x + 8(51a:-348) = 107, or 5 x + 408 x - 2184 = 107; 

28Q1 
/. 413 X = 2784 + 107 = 2891, and x = — ^ = 7. 

413 

Hence also y = 51 x - 348 = 357 - 348 =: 9. 

6. Let a (x* + y^ - * («• - yO = 2a, and (a" - ^ (x» -/) 
s 4 a 6, to find the values of x and y. 

From the first we have (a — ft)a^ + (a + 5)y" = 2a . . • . (1), 
and from the second (a" - ^x* — (a" — ^•)y" = 4ab .... (2). 

Multiply the terms of the former by a+ 6, then 

(a" - y)x" + (a» + 2a6 4- ^)y* = 2a* + 2a6; 
but, (a« - ft^ x« - (a«- ft»)y« = 4ab. 

Hence, subtracting the latter from the former, we have 

(2a* + 2a6)y« = 2a'*2a&, or2a(a + 6)^« 2a(a-6); 

, a-* ^ /«-*\* 

Again, multiply the terms of (1) by a — 5, then 

(a*-2a6 + 6*)x* + (a*-ft«)y" = 2a" -2a*; 
but, (a* - ft»)x" - (a« - A^y* = 4afc 

Hence, by addition, 

(2a'-2a6)x'« 2a' + 2a6, or2a(a - 6)x' = 2a (a + 6); 

a + b 



. • 
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EXAIIPLBS POR PbACTICB. 

1. 2x + 9y = 20, 4x+ y^ 6. -4«*. xsa. l,y = 2. 

2. 2x — 9y=: 2, 3x— 5y = 20. ^n«. x=10,y= 2. 

3. 5x4-4y = 52, 3x + 7y = 45. Ans. x=z 8, y= 3. 

4. 2x + 3y = 22, 7x— y=:3i. Ans. xss 5,y2= 4. 

^' 1 ■•■ 3 == ^^* I "^ 2 " ^^" ^'"* * = 12,y= 18. 

is I r ^ a + b a —ft 

6. x+ysia, X'*y=:b. Ans. x = —5—, y = —5—. 

7. ^- + — ^ = 59, 5x = S3y. Am. x s 99, y =15. 

-1,1 21 1 1 

®- 8^ + 6]^= 9* 6^ + 8]; = 4' ^"'- a: = 2«,y= 1«. 

9. X +y = a, 6x = cy. ^iw. a: = r-p-, y = 



ft+c'^ b + c 

10. I + 2y = 5, -^^^ y + 1 = 0. Ans, x = 3, y = 2. 

11. X - ^^-^ = 5, 4y - ^ — = 3. Ans. x = 5, y = 2. 
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5«c "~ 4 20 ~* 2 1/ 
12. —— +2y = 24, --i+ 6x = 40f. Atu.x =8, y = 9. 

4 I An8,x = i^v = 3. 

(x+7) (y-2)+3 = 2xy-(x+l) (y-l).j 

14. a^ - y» = 37, 8a: - 4y = 0. Am. x = 4, y = 3. 

15. ^+xy^a, y»+xy=ft. ^. a: - ^^^^. y = -7^^. 



23 -X 2 ' 



^im; X = 21» y » 20. 



X- 18 

10 + 6y4x 4 126 + 8x-l7y 35 .^^.g^^. 
^^- 6x-9y + 8""3'l00-12x + 7y~l8- ^^'^'^^y-^' 

18.ax + fty = c«,g^j-j-^=l. 

Ans.x ,y ~^ . 

19. V(^ + 2y-l)-l=«,V(y"+3x)-l=y. Ans. x = 3,y = 4. 

20. V(y-«) + V(«-a:)= -V(«-«),l 4a 5a 

SmOLTANSOirS XSQVATZONS OP THE FXB8T DEQBEE, OON- 
TAZHXNG THBXSB OB KOBE UNBNOWN QTJAMTITZES. 



98. The methods to be employed in the solution of equations con- 
taining several unknown quantities are precisely similar to those which 
have been employed in the solution of equations inyolving two unknown 
quantities. 

It may readily be shown that if the values of three unknown quan- 
tities are to be determined, it is necessary that there should be given 
three independent and consistent equations, and in general there must 
be given as many independent and consistent equations as there are 
unknown quantities to be determined. By eliminating one of the un- 
known quantities from the three equations, there will arise two equations 
involving the two other unknown quantities, and these may be treated by 
the methods already detailed. Proceed in a similar manner with equa- 
tions containing several unknowns. 

EXAMPLBS. 

1. Given x4-y-|-22r= 19, 2x+3y — 5ar = 7, and 5 x — 2y 
+ 7 z = 48, to find the values of x, y , and z. 
Multiply the first equation by 2, then will 

2x + 2y-|-4« = 38, 
but 2x + 3y— 5«= 7. 

Subtracting the latter from the former gives 

-y4.94; = 31, ory- 9i!; ='- 31 (1). 
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AgaiD» maltiply the finf equation by 5, tlien will 

5a: + 5y+ lOz = 95, 
but 5« — 2y+ 72r = 48; 

hence, by Bubtraction, 7y+ 3z = 41 . . . (2). 

Eq. (1), multiplied by 1, gives 7y - 63jr = - 217, 
and subtracting, we get 66 2; = 264, and 2; = 4. 

From (1) we get y = 9« - 31 = 86 - 31 = 5, 

ai:d thence a: = 19 — y — 22r=19 — 5— 8 = 6. 

2. Let X + 2y = 17, y + 2z - 11, and Sx — 4jr = 9, to find the 
values of x, y, and z. 

From the second equation, 2y + 42? = 22, 
but (1) X + 2y = 17 ; 

and subtracting, we get — x + 42r= 5, orx— 42? = — 5. 
Subtracting this last equation from the third equation, gives 

2 X = 14, and hence x = 7 ; 

consequently 4z = x + 5 = 7 + 5 = 12, hence z = 3, 
and y = 11 — 2z = 11 — 6 = 5. 

EZAMrLBS FOR PRACTICE. 

1. a;+y=30, x+2r=21, y+z=:27. Ans. x = 12, y = 18, ar = 9. 

2. X— y=6, X— ar=4, y + ar = 34. Ans. x =: 22, y = 16, 2; ss 18- 

3. 5x + 3y=x84,4x + 6ar=108,5y + 72r=110. 

An9. X = 12, y =s 8, z = 10. 

4 ?J.?-10 ?«?^? ?-l-?-13 
^- 6 ^ 5 "^ "'' 4 6 "" 2* 5 ^ 3 ^ *^" 

Ans. X s= 30, y = 25, 2r = 24. 

5. 3x + 4y + 52f = 38, 4x + Sy — 44r=l, 6x-2y + 7« 
= 34. Ans. X = 2, y = 3, 2? =: 4. 

6. x + y + 2f=15, x + y — 2r = 3, x — y + 2r = 5. 

Ans. xz= 4ftf=zb9zz::6. 

7. 3x + 2y-2f = 20, 2x+3y+62r = 70, X — y + 62r = 4l. 

Ans, X = 5, y = 6, 2f = 7. 

•^x y ,^ z y ^ z «.xx.2r 

-4«*, X = 12,y = 12, 2? = 12. 

- 2 + 3+7 "^^ 3 + 5 + 2-^^' 6+3+6^^^- 

Ans. X = 12,y = SO, 2r = 42. 

10 2.3_J^ 4 3 5_19 4 1.5_3^5 
*^- x + y ^12 + ? i + ;^"-24 + P' y+i^8+x 

^«*. X = 6, y = 12, ;7 = 8. 

XV X 2f , V 2f 

11. -— - = a, -— — = ft, -^ — = c. 

« + y « + ^ y + 2; 

. 2aftc 2afte 2abc 

Ans, X = ; ;, y = — ; ; , Z = — ; 

bC'\-ac^ah'' ab + bc^ac ab -{- ac ^ be. 



12. 
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2x + * — 



12 



4.3y — 62r + l ar — 2x 



3a: — 2y + 5 4a:-5y + ';« _ 23y — 92r + 6 



5 7 7 ■ 6 

Am, X = 18,y = 12, « = 4. 

13. 2x — 3y + 2« = 13, 2v — x=15, 2y + af = 1, 5y + 3v 

= 32. -4iM. a: = 3, y = 1, z = 5, i? = 9. 

QUESTIONS PBOBUOma SIMPLE EQUATIONS. 

99. When a question is proposed to be solved by the principles of 
algebra, its meaning ought to be perfectly understood, and its condition 
or conditions exhibited in the clearest manner. If there is only one un- 
known quantity to be determined, one condition will be sufficient, and if 
several quantities are to be determined, we must have as many inde- 
pendent conditions as there are unknown quantities to be found. In 
reducing problems to algebraical equations no general rule can be given, 
but the following hint may be useful. Suppose that the values of the 
quantities to be determined are actually found, and consider by what 
operations the truth of the solution may be verified. Then, instead of 
known numbers, make use of unknown svmbols for the quantities to be 
determined, and let the same operations oe performed with these letters 
as were performed with the numbers, and we shall obtain certain equa- 
tions expressing the conditions of the question. The solution of these 
equations will give the values of the unknown quantities. 

Thus if the question were to find the number which exceeds its fourth 
part bv 27, then supposing the number were found, viz. 36, the process 
of verification would be as follows : 

36-^ = 27. 
4 

Now if X denote the number required, we should, by following the same 

steps, arrive at the equation 

X 

«-- = 21. 

and the solution of this equation would give the number required ; for, 
multiplying by 4» we get 4 x — a; = 108, or 3 a; = 108 ; hence x = 36. 
100. When several quantities are to be determined, there must be 
given an equal number of independent conditions, and for the purpose 
of expressing these conditions we may find it convenient to satisfy one 
or more of them by a judicious selection of an unknown quantity which 
has some known relation to the required quantity. Thus, if the sum of 
two quantities be given equal to 2 « , we may denote their difference by 
2 X ; then s + x and » — a; would denote the greater and less numbers. 
In a similar manner, if the difference of two numbers be given equal to 
2d, then x + ^, and x — d might be employed to denote the two num- 
bers, for the condition of their having a given difference would be 
fulfilled. Also, if the ratio of two numbers be given, as m to n, then m x 
and no? might be put for the numbers, and one condition would be 
fulfilled ; and if the product of two numbers be given equal to p, then 

X and - might represent the two numbers, for then x x ^ = j9 »= the 

X X 

given product, and so on. 
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1. What number is that to which if 8 be added, one- third of the 
sum is equal to 5. 

Let X represent the number required, then if 8 be added, the sum is 

X + 8 
a; + 8, and one-third of this sum is — r — . Hence, by the condition 

of the question, we have 
/pig 

— - — = 5 ; therefore a: + 8 = 15, and a: = 7. 

2. What two numbers are those whose sum is 48, and difference 18. 
Let X denote the less number, then a; + 18 will denote the greater, 

and one condition is fulfilled ; and we have only to satisfy the other by 
adding the two expressions together ; thus 

a: + X + 18 = 48, or 2a: = 48-18 = 30; 
hence x = 15, the less number, and a; + 18 = 15 + 18 = 33, the 
greater number. 

Or ihtUy by two unknaum Quantities. 

Let X = the greater number and y = the less ; then the two condi- 
tions of the question expressed in algebraical language are 

x + y = 48 (1), . 

a: — y = 18 (2). 

By addition, 2 x = 66, therefore x = 33, the greater number ; 
by subtraction, 2 y = 30, therefore 3/ = 15, the less number. 

3. A bill of 25 guineas was paid with crowns and half-guineas ; and 
twice the number of half-guineas exceeded three times that of the 
crowns by 17 ; how many were there of each ? 

Let X denote the number of crowns, an J y the number of half-guineas, 
then the second condition of the question gives 

2y -3a: = 17 (1). 

And as we have employed two unknown quantities, we must have 
another condition to furnish a second equation. The other condition is 
obviously this : 

X crowns + y half-guineas = 25 guineas. 
And here it is necessary to reduce these different coins to the same 
denomination, and thus divest the terms of the equality of their concrete 
character. The highest common denomination is sixpences ; the value 
of X crowns is therefore 10 x sixpences, the value of y half -guineas is 21 y 
sixpences, and 25 guineas is = 25 x 42 = 1050 sixpences ; hence the 
preceding equality becomes in the abstract 

10 a: + 21 y = 1050 (2). 

To resolve these equations, multiply (2) by 3, and (1) by 10, then 
we have 

30 a; -f- 63 y = 3150, 
20y- 30a: = 170; 
hence, by adding, we get 83 y = 3320, and y = 40, the number of 
half-guineas. Also from (l)weget3x = 2y— 17 = 80 — 17 
= 63 ; therefore x = '21, the number of crowns. These numbers will 
be found to fulfil both the conditions expressed in the question. 

4. A garrison of 1000 men was victualled for 30 days ; after 10 days 
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it was reinforced, and then the provisions were exhausted in 5 days : 
find the number of men in the reinforcement. 

Let X denote the number of men in the reinforcement ; then since the 
consumption varies directly as the product of the men and time, 
we have 1000 X 30 = 1000 X 10 + (1000 + a:) x 5 
or 30000 = 10000 + 5000 + 5 x ; 

.-. b X = 15000, and x ~ 3000 men. 

5. There is a number consisting of two digits, which, when divided by 
their sum, gives the quotient 4 ; but if the digits be reversed, and the 
number thus formed be increased by 12, and then divided by their sum, 
the quotient is 8 ; find the number. 

Let X = the digit in the ten's place, and y = the digit in the unit's 
place; then 10 x + i/ = the number, and 10 y -f a: = the number 
when the digits are reversed ; hence the two conditions of the question 
furnish these two equations : 

10f_fy ^ 4 ... (I). lOjM- ^±_12 ^ g 

X + !/ ic+y ^ ^ 

Clearing these equations of fractions, we get 

lOx + y = 4x + 4y, or6x = 3 y, or 2a; a«y, 

10 y + a; + 12 = 8a:-i-8y, or2y = 7a; — 12; 

but 2 y = 4 a;; hence 4 a; = 7 a: — 12, or 3 a; = 12 ; 

hence xs:4,y = 2a; = 8, and the number is 10 a; + y = 48. 

6. Two couriers, A and B, start at the same time from two towns, C 
and D, distant c miles from each other, and travel in the direction of the 
straight line passing through C and D. Now supposing A travels at 
the rate of a miles, and B at the rate of b miles per hour, when and 
where wiD they be together ? 

Let A and B travel in the same direction from C and D towards M, the 
place where the couriers will be together. Let C M = x, and D M = y ; 
then we have x — y ^ c. Also since A travels x miles at the rate of 

M' C M" D M 

I I I I I 

1 I J I I 

X 

a miles per hour, it is obvious that - = the number ofv hours that A 

'^ a 

travels. In a similar manner 7 = the number of hours that B travels; 

o 

but these times are equal by the condition of the question ; hence, 

- = ^, or a y = 6 a;. 
a b 

Multiply the terms of the former equation a; — y = c by a, then will 

ax^ ay = ac^ox ax -^ hx = ac, since ay = bx; consequently 

(a ^ b) X = aCf and x = r. 

^ ' a — b 

bx b ac be 

Hence also y = — s: — x r = r- 

a a a — a — o 

To apply this result to particular examples, let the distance C D = 10 
miles = c, and let a = 8, and 6 = ^ ; then from the preceding values 
of X and y we get 
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ac h c 
X = r = 80, and y - =■ = 70 miles, 

which are the spaces travelled by A and B before they come together. 

If a s 16 and b = 15, then x = 160, and y » 150 miles; henoe 
it appears that the nearer their rates of travelling approach to equality 
the greater will be the spaces to be travelled before they come together. 
And if the rates of travelling are equal, then x = oo and y = oo ; 
whence it appears that they cannot come together, as is manifest from 
the equality .of their rates of travelling. 

Now if we suppose b greater than a, then a ^ b would be negative, 
and the values of x and y would be negative. Thus if a = 12 and 
b = 13, then x = — 120 and y = — 130. To interpret the mean- 
ing of these negative results, we may observe that, if the couriers 
travel in the direction CDM, they can never come together, for B 
travels at a greater rate than A does, and therefore the distance between 
them is continually increasing. The meaning of the negative result will 
be easily understood, by considering the couriers to have been travel- 
ling at Uie specified rates towards C and D from some point M' where 
they had been together. Travelling from M' in the direction M' C D 
at the rates of 12 and 13 miles respectively, A would have travelled 
120 miles and B 130 miles before their distance apart had been 10 
miles ; hence if M' be 120 miles from C and 130 from D, the couriers, 
starting together from the point M', and travelling at the proposed rates, 
would be simultaneously at C and D. The true interpretation of the 
negative results ^120 and — 130 is, that they denote distances in a 
direction directly opposite to those contemplated in the question. 

Lastly if a = 8, and 6 = — 2, then will ac = 8 and y = — 2 ; and 
as the supposition 6 = — 2 signifies that B is travelling in a direction 
opposite to that of A, so the result y = — 2 corresponds to such a sup- 
position, and denotes that the place of meeting M" is 2 miles to the left 
of D and 8 miles from C towards D. 

Examples for Practice. 

1. What number is that which exceeds its sixth part as much as 26 
exceeds its fourth part? Ans, 24. 

2. What number is that to which its third part being added, the sum 
shall be equal to its half added to 10? Ans, 12. 

3. Divide 1000 into two parts, so that one of them shall be three- 
fifths of the other ? Ans. 375 and 625. 

4. If 2 be added to the numerator of a certain fraction, its value will 
be \ ; and if 2 be added to the denominator, its value will be ^ ; what 
is the fraction ? Ans. ^j. 

5. A farmer rents 150 acres of lands for 23*7/. 10^., part at 25s. and 
part at 4bs. per acre ; how many acres are there of each kind ? 

Ans. 100 acres at 25«., and 50 at 4bs. 

6. A person after spending 10/. more than a fifth of his income, had 
remaining 35/. more than half of it ; what is his income? Ans. 150/. 

7. In a naval engagement, one-third of the fleet was taken, one-sixth 
sunk, and two ships were burnt. In a storm after the action, one- 
seventh of the remainder was lost, and only 24 ships are left ; of how 
many ships did the fleet consist ? Ans. 60 ships. 
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8. A person bought two cups, one of gold and the other of silver ; the 
price of gold is 3/. 17^. lO^d. per ounce, and that of silver 5«. per ounce, 
and the sum paid for both was 26/. 7^. 3^. But if the latter had been 
gold, and the former silver, their value would have been increased by 
21/. lis, 3c/. ; what was the weight of each ? Ans, 6 and 12 ounces. 

9. The pay of a second lieutenant /or x days, at 5«. Gd, per day, 
together with the pay of a first lieutenant for y days, at 7«. per day, 
amounted to 34/. 4s. Now if the second lieutenant is promoted to the 
rank of first lieutenant, and the first lieutenant to that of second captain, 
whose pay is lis. per day, their pay together for x and y days re- 
spectively would be increased by 15/. 12^; find the values of 2; and y. 

Ans. X = 4S and y = 60 days. 

10. Two labourers, A and B, received 5/. 17«. for their wages, A 
having been employed 15 and B 14 days; and A received, for working 
four days, 1 Is, more than B did for three days ; what were their daily 
wages ? Ans. bs, and 3s. 

11. A can do a piece of work in 10 days which A and B can do 
together in 7 days ; bow long would B take to do it alone ? 

Ans. 234^ days. 

12. A mass of copper and tin weighs 80 lbs., and for every 7 lbs. of 
copper there are 3 lbs. of tin ; how much copper must be added to the 
mass that for every 1 1 lbs. of copper there may be 4 lbs. of tin ? 

Ans. 10 lbs. 

13. A garrison consists of 2100 men ; there are 10 times as many 
foot soldiers, and three times as many artillery as there are cavalry ; 
bow many were there of each ? 

Ans, 150 cavalry, 450 artillery, and 1500 foot. 

14. A person possesses 650/. stock in the 3 and 3^ per Cents. ; find 
the amount of each kind of stock, when his annual income thence arising 
is 20/. Ans. 550/. in the 3 per Cents., and 100 in the 3^ per Cents. 

15. A courier, passing through a certain town, travels at the rate of 
13 miles in 2 hours ; 12 hours afterwards another passes through the 
same town, travelling the same road, at the rate of 26 miles in 3 hours ; 
how lonff and how far must the second courier travel before he overtakes 
the first r Ans, 36 hours, 312 miles. 

16. A waterman finds that be can row with the tide fiom M to N, 
a distance of 18 miles, in 1^ hours, and that to return from N to M 
against the same tide, though he rows back along the shore, where the 
stream is only three-fifths as strong as in the middle, takes him 2i hours ; 
find the rate at which the tide runs in the middle, where it is strongest. 

Ans. 2i miles per hour. 

17. A body of 1905 troops consists of three battalions, and i the first 
battalion is to •)- of the second as 7 to 5, whilst -| of the second battalion 
is to -f- of the third as 9 to 10 ; find the strength- of each battalion. 

Ans. 630, 675, and 600. 

18. Three soldiers, P, Q, R, divided a certain quantity of cartridges 
among them in the following manner : P took 2 as often as Q took 3, 
and R took 5 as often as Q took 4 ; and when they were all divided, it 
was found that R had 700 more than P. How many did each take ? 

Ans. P 800, Q 1200, and R 1500. 

19. A general having detached 400 men to take possession of a strong 
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post, and i- of the remainder of his troops to watch the movements of 
the enemy, finds that he has only -fj of his army left ; what was his 
whole force ? Ans. 850 men. 

20. A garrison had provisions for 30 months, but at the end of 4 
months die number of troops was doubled, and 3 months afterwards it 
was reinforced with 400 men more, and the provisions were exhausted 
in 1 5 months ; find the strength of the garrison before any augmentation 
took place. Ans. 800 men. 

QUADBATZO BQITATIONS. 

101. A quadrcUic equation is one which contains the square or second 
power of the unknown quantity, and is either pure or adfected. 

A pure quadratic equation contains the square only of the unknown 
quantity, as x* = 36, or ax* = b. 

An adfected quadratic equation contains both the first and second 
powers of the unknown quantity, as a^ — 63C = 5, oraa" + &a; = <:. 

A pure quadratic equation is resolved by collecting the unknown 
quantities on one side, and the known quantities on the other, as in a 
simple equation ; then taking the square root of both sides, and pre- 
fixing the double sign ( ± ) to the second side. Thus, if aa^ = b^ 

then «* = — , and hence 



a 



Hence every pure quadratic equation has two equal roots with contrary 
signs. 

The general form of an adfected or compound quadratic equation is 

ax^ + bx = c (1), 

which may be resolved in dififerent ways. One method is to divide 
every term of the equation by a, the coefficient of the second power of 
the unknown quantity, and it will then be reduced to the form 

a^ +px = q (2). 

And since the square of x + a is = a^ + 2ax + €^y\i is obvious that 
the square of some quantity must be added to the first side of equa- 
tion (2), so as to make that side a complete square. Let m' be the 
quantity to be added, then the first side will be x* +J9x + m\ and its 
square root will be found thus : 

3i^+px + m*(x+ ^ 



2x+ ^^px + m* 

px + ip* 



Hence we see that when- as* +px + m* is a complete square, we must 
have the condition 

m* = ip* = (ii>)S or »i = i p. 
We have then the following method for the solution of a quadratic 
equation of the form x* + a a; = ft. 

Add the square of half the coefficient of the first or simple power of 
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ike unknown quantity to both sides ^ and the first side will he a complete 
square. Extract the square root of each side^ prefix the double sign 
( ± ) lo the second^ and the two values of the unknown quantity will be 
readily obtained by transposition. 

Note, — ^The square root of the first side of the equation is the square 
root of the first term, increased or diminished by half the coefficient of 
the second term, according as its sign is + or « . 

The solution of the equation x* + a a; = 6, is effected in the following 

manner : 

a* 
Adding (^ a)* or -2" to both sides, we get 

a:» + ax + - = -j + ft, 
extracting the root, x + - = ± <^/( "i + ^ )> 

and by transposition, « = — „ ± a /( "3 "I" ^ )• 

102. There is a second method of resolving the equation, as^ ^bx^c^ 
which may frequently be employed with advantage, as it avoids the 
introduction of fractions until the last step of the operation. 

Multiply every term of the equation by four times the coefficient of 
the first term, viz., 4 a, then we have 

4a'a;* + 4a6x = 4a e, 

and let m* be the square to be added to the first side to make it a com- 
plete square ; then take the square root of 4 a' x* + 4 a 6 x + >»*, thus : 

4a'x' + 4a6x + m*(2ax + & 
40* x» 

^ax-\-b)Aabx'\-ni^ 
4a6x + 6" 



Hence, if the first side is a square, we must have the condition m' = b\ 
or m =s b; and, therefore to resolve a quadratic of the form ax* + 6x 
= c, we have the following process. 

Multiply every term of the equation by four times the coefficient of 
the first term; add the square of the coefficient of the second term to 
both sides; then extract the square root of both sides^ prefixing the 
double sign {±) to the second^ and there will arise two simple equo" 
tionSyfrom which the values of the unknown quantity may be found. 

Thus, if ax" + ^^ = ^9 then multiplying every term by 4a, we get 

4a*x" + 4a&x = 4ac; 
adding ^ to both sides, 4a*x' + 4a5x + ^' = ^ + 4ac, 
extracting the root, 2ax4'^= ± j^{l^ + 4ac) 

/. 2ax = - 6 ± V (^ + 4ac), or x = ^^ \ 

^ a 

103. If the first term of any quadratic equation be a square, or if 
it be multiplied or divided by such a quantity as will render it a square, 
the solution can always be effected as in the following example : 

Given 9 x" — 5 x = 66, to find the values of x. 

Employing the process of extracting the square root of the first side. 
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in order to ascertain tlie quantity to be added to complete tbe aquare, 

we have 

9x» ^ 



5\ -5a? 
"^^'-Sx + i 



25 
Hence, adding — to both sides, the first side will necessarily be a com- 

36 

plete square, and we have at once, 

5 + 49^ „ 5-49 22 

/• 3a: = — ^ =9,or8x-= — ^ = -y; 

9 22 

Hence x = - = 3, orx = — •—, the two values of x. 

104. We have seen that in a quadratic equation the unknown quantity 
has always two different values, in consequence of the square root of 
a quantity having either the sign + or — prefixed to it. This may be 
shown in a more general manner. 

Let r be a root of the equation a^ + ax + b = 0, then by the de- 
finition of a root (83), the equation will be satisfied by the substitution 
in it of r for X ; hence we have 

f* ^ ar + b = 0, 
but x*4-ax + 6 = 0; 

therefore, subtracting x* — i* + a (pe ^ r) = 0, or (x + r) (x — r) 
+ a(x ^ r) = ; 

.'. (x — r) (x + r + o) = (A). 

Now thb equation is satisfied by making either x — r = 0, or 
X + r + a = ; from the former x = r, and from the latter x = 
— a -^ r^ which is also a root of the equation a^ + ax + b = 0. 
But besides these two values of x, viz., r and — a — r, no other value 
of it can be found which will satisfy the equation (A), and consequently 
no other value of it will satisfy the equation x^ + ax + b =0. Hence 
if a quadratic equation have one real root, it will have two real roota, 
and no more. 

Hence also the sum of tlie two roots of a quadrcUic equation of the 
form x' + ax-h^ = is equal to -^ a^the coefficient of the second 
term with its sign changed^ and the product of the two roots is equal to 
bf the last term. 

For if r and r' be the two roots of the equation a^ + ax + b = 0, 
then we have from above r' = — a ^ r; hence r + r' = — a. 

Again r r' = r (^^ a -^ r) = ^ ar -^ f*^ but since r is a root, we 
have r* + ar + b = 0; therefore 6 = ^ ar -^ t*; hence we get 
r r' ss b. 

105. If the last term of a quadratic equation be negative, as x*+ a x — ft 
=s 0, then will x* + ^ ^ = ft) and completing the squure, a^ + a x 

+ —a* s= —a* + ft ; hence x +—a = iVf^+ftji a^d the roots 
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are both real. But if the last tenn be positive^ w^t^ + ax + h = 
then we have in the same way X'^-a= ±V(-t — ^j- 

a* a* 

Now the second side is reai so long as — — ft is positive^ or --> b ; but 

4 4 

if -- < 6; then — — A is negative^ and no even root of it can be cx- 
4 4 

tracted. The values of x in this case are imaginary or impassible^ but 

still they are called the roots of the equation, since if substituted for x in 

it, the equation would be verified. 

XXAMPLES m FtmS QVADBATIO EQ0ATZOK8. 

10 a:" 

1. Let 7^ + S •=. — 16, to find the values of x. 

Multiplying every term by 3 gives 

3x^ + 15 = 10a:»- 48, or 15 + 48 = 10ic»- 3ic»; 
hence 63 = la;", and a?* = 9 ; therefore a; = + 3, or a: =: — 3. 

In taking the square roots of the sides of the equation a;* = 9) it is 
of no use to prefix the double sign to both roots, for ± ^ = db ^ ^i^^ 
furnish only the two values x = + 3 and x = — 3. 

2. 8 a:" — 4 = 2S + fic*. Ans. a: = ± 4. 
8. -^ — = 111 — 5a:*. Ans. x = ±b, 

4. a:* + a ft = 5 a:*. Ans, a: = ± J a/ ab, 

5. (a: + a)* = 2 a a; + ft. Ans. x = ± V (^ - «")• 

x + 7 X — 7 1 

7. X V (a + x") = ft + X*. ^«*. X = ± 



V(a - 2 ft)' 



EXAHPLSS ZN ADPEOTED QUADEATIO EQT7ATZON8. 

1. Given x" — 14 x = 120, to find the values of x. 

Half the coefficient of the second term is 7, which, squared and added 
to both sides, gives a:*— 14x + 49 ~ 169; 
and extracting the root, x — 7 = db 13; 

/. X = 7 + 13 = 20, or X = 7 - 13 = - 6. 

2. Given 3 a^ - 20 x = 7, to find the values of x. 
Multiplying by four times the coefficient of the first term, viz. 12, we 

get 36a:" - 240x = 84; 

adding the square of the coefficient of the second term, viz. 20* or 400 

to both sides, 36 a:* - 240 x + 400 == 484 ; 

extracting the root, 6 x — 20 = ± 22 ; 

Hence 6 a: = 20 + 22 = 42, or 6x = 20 - 22 = - 2 ; 

. . a: = 7, or X = — ~. 

o 
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3. Given ar + V(5a: + 10) = 8, to find x. 

By transposition, V (5 x + 10) = 8 — x, and squaring both sides, 

5a? + 10 =64- 16x + x», orx*- 21x = - 54. 
Completing the square, we get 

. oi _L./^21Y 441 225 

x«-21x + (^^j =-4- -54 = -^; 

21 _^ 15 

and extracting the root, x ^ t= + — ; consequently 

2] +15 ,0 ^^^_ 21-15 _^ 

X = - — = lo, or X = :r = o. 

2 ' 2 

These two values of x are the roots of the quadratic equation 
X* — 21x= — 54; but they will not both verify the proposed equation 
x + V(5x+10) = 8, from which the former was derived by trans- 
position and involution. Since the square root of a quantity may have 
either the sign + or — prefixed to it, the proposed equation might 
have been x ± V (5x + 10) = 8; because by the operations which 
have been employed, the same resulting equation x*— 21x= — 54 
would be obtained, whether the sign of the irrational part be + or «* . 
Hence in the equation x + V (5 a; + 10) = 8, the value of x is 3 ; 
but in the equation x — V(5 x + 10) = 8, the value of x is 18. 

106. The methods which have been given for the solution of a 
quadratic equation will be equally applicable to an equation of either of 
the forms, x" + ax " = *, 

(x» + ax + 6)**+/>(x» +ax + ft)* = q^ 

or x" + ax'" = 6; 

where the same unknown quantity is found in two terms, having the 
index in the one double of the index in the other. 

4 t 

4. Given 5x* + 7x'"'= 108, to find the values of x. 

Multiplying by 20, gives lOOx"* + 140x* = 2160, 

adding 7* or 49 to both sides, 1 00 x * + 140 x * + 49 = 2209. 

t 

Extracting the root, 10x^ + 7 = ± 47 ; 

4. * 27 

hence, 10 x = 40 or — 54 ; .'• x = 4 or — --. 

5 

/ 27V 
Consequently, by cubing both sides, x" = 64, or f r- j ; 

.•. X = ± 8, or X = ± r - —J*. 

5. Let x" + V(35* — X— 6) = x + 48, to find the values of x. 
By transposition, x* — x — 6 + V(^ — a: — 6) = 42, 

or, (x* - X - 6) + (x» - X - 6)* = 42. 
Completing the square gives 

(a:» - a: - 6) + (x» - X - 6)* + i = 42J = ^; 

i 1 13 

and extracting the root, (x* — x — 6) +-=±-5-; 

2 ^ 

... (a:« - X - G)* = 6, or (X* - X - 6)* = - 7. 
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Squaring both sides of these equations, we get 

a^ — X " 6 = 36, or x* — a: == 42, 

aJ — a; _ 6 = 49, or a^ — x == 55- 
Resolving the first of these quadratics, we have 

ar — a: + - = 42t = — i-; -*•«—«= ± -7r» ai^d a; = 7 or — 6. 
4 4 2 2 

Resolving the second equation, gives 

^ 1 , 221 1^1 /««, 1 ±V221 

^-* + - = 55t = -^ ; ••• « - 2 = ± 2 '^^ ' '^''^" 2~" 

6. Given a;* - 12a:* + 443:" - 48a: = 9009, to find the values of x. 

a:*- 12a:» + 44a:*-48a: (a:"-6a: + 4 
^ 

2a:»-6a:) -12a:» + 44a:" 
- I2a:» + 36a:» 



2a*^12x+ 4)S2*'-48x 

Sa:*- 48a:+ 16 . 
Hence, adding 16 to both sides, and extracting the root, we get 

a:*-6a: + 4= ±V (9009 + 16) = ± V9025 = ±95; 
therefore, a:*-6a:+9= ±95 + 5= 100, or — 90 ; 
hence, a;-3= ±10, orx-3= ±V-90= ±3^-10, 

.•. a: = 13 or - 7 ; or a: = 3 ± 3 V - 10. 
Or thus. The equation may be written in the form, 
«*- 12a:» + 36a:» + 8a:»-48a; = 9009, or (a:» - 6 a:)« + 8 (a:» - 6 a:) 

= 9009; 
and completing the square, 

(a:» - 6a:)« + 8 (a:* - 6x) + 16 = 9025; 
.\ a:* — 6a: + 4 = ± 95, as before. 

Examples for Practice. 

1. a:* — 12a: + 30 =: 3. Ans. a: = 9, or 3. 

2. 2a:» + 3a: - 6 = 21. Ans. a: = 3, or - 4*. 

3. 7a:* — 39x + 40 = — 4. Ans. a: = 4, or If. 

4. «■ — 6a: = 6x + 28. Ans. x = 14, or — 2. 

5. 3 x* + 10 a; = 57. Ans. x = 3, or — 6+. 

6. (x - 1) (x - 2) = 1. Ans. x = i (3 ± V5). 

7. 17x"+ 19x- 1848 = 0. Ans. x = 9tf, or - 11. 

6 

8. 2 X = 4 + -. Ans. x « 3, or — 1. 

X 



9. ^«*-J«+ ti =8. 

10. i a* + 1 X = 27. 

• 8-x x-2 

,o 1 1 _ 1 


Ans, X = li, or — -. 

Ans. X = 6, or — 13^. 

Ans. X = 7, or -. 

5 

Ans.x = 11, or— 13. 

L 


'"■ x-1 x + 3 35' 

VOL. I. 



i 
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24 

la x-\ = 3a: — 4. Ans.x = 5, or — 2. 

a: — 1 ' 

14. --— H = — -. Ans.x = 2,or — 3. 

a; + 1 a: 6 

a? — 4 

15. . ■ , ^ = X — 8. -4*M. a: = 9. 

/a: -I- 4\* 12 

16L a: + 4 + (— ^f = -. -4w. a: = ± 5,or ± 4 V 2. 

\ar — 4/ X — 4 

,^ 2a: + 9. 4a; -3 ^.3a:-16 

18. a:»+«+2 v'(«*+«+4) = 20. Ans. x = 3,-4, or ~ ^ o ^^^ ' 

19.v(x-i) + v(l-i)=x. ^«x.. = lY-' 

20. x*"-2a?" + ai»-6 = 0. , 

21. -— -^ = a:* + « + 8. -4iw. « = 4,or - 44. 

ar -|-af — o 

2 

22. x« - 1 = 2 + -• ^iM. X = 2,or - 1. 

X 

23. a: + l = -7-. ^ft«.a: = 4, or -8 ±4V— 1- 

24. x^ = 56 a:'* + x^. Ans. a: = 4, or -^ 49. 
8IMULTAKE0US XSQUATZOKS OF THE SEOONP AXTD 



Ans. 



107. We shall now give some examples of quadratic equations in- 
volving two or more unknown quantities, as well as a few examples of 
equations of higher degrees. 

If in one of the equations either of the unknown quantities can be 
expressed in terms of the other and known quantities, this value may be 
substituted for it in the other equation, which will contain only one 
unknown quantity. Thus if the two proposed equations be 

ax + by = e .... (1), 
a*a^ + b*xi/ + c'i^ + dx + ey =/..,, (2) ; 
then find the value of either x or y from (1), and substitute this value 
for it in (2) ; the resulting equation will be a quadratic from which the 
value of the unknown quantity may be found, and thence the value of 
the other from (1). 

108. If the two equations of the second degree are homogeneous^ they 
may be resolved by a quadratic equation. 

Let the two homogeneous equations be 

aa:* + &a?y + cy* = rf .•.. (1), 
a! a^ + h'xy + c' f ^ d! .... (2). 
Put X j=i V t/y then substituting this value for x in both equations^ « 
at?"y" + 6f?y" + cy* = dy ory*(a i^ + b v + c) = d ... . (3), 
<^v*y*^hb'vj/' + f?' y« = cf , or y« (a' «» + 6' « + c') = d' (4). 
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Diyid.Dg (3) by (4) gives ^.^.^^,^^^ = j. 

or d' {av* + bv + c) = d (a' v" -^^ 1/ v + c') . . . • (5) ; 

a quadratic equation to determine the values of v, and from (3) or (4) 
we get the values of y, and thence the values of x from the assumption 
X = V t/. 

109. If the equations are symmetrical with respect to the two unknown 
quantities, they may frequently be solved by substituting for the two 
unknown quantities the sum ami difference of two others. 

Let the two symmetrical equations be 

v^ + y" = \Bxy (1), 

X +y ^ \2 (2). 

Put a? = t? 4- tt7 and y = v — w, then from (2) we have 

x+y = {v + w) + (y •- w) = 2 t? = 12, .'. » =t 6. 
And from eq. (I) we get (v + wY 4- (i? — «?)' = 18 (r + m^) {v — to) ; 
hence, 2 »■ + 6 t? «;■ = 18 (©• - «>*) or i^ + ^vv^ = 9 (t7« - «;»). 
Writing 6 for v in this equation, we have 

216 + 18 w» = 9 (36 - tr*), or 27 w" = 324 - 216 = 108 ; 
hence lo* = 4, and «? = ± 2 ; consequently 

X = t7 + «T=6±2=8or4, and y = t; — tt7 = 6+2 = 4or8. 

110. These general methods for the solution of certain classes of equa- 
tions will be found useful in several instances, but for the most part, we 
must have recourse to those artifices which experience alone can suggest 

Thus let the two following equations be proposed for solution, viz. : 
a^*+y*== 53 ... (1); xy = 14 ... (2). 

Add twice the second to the first, then a:* + 2a;y+y*= 81; 
subtract twice the second from the first, as* — 2 xy + y* = 25. 

Taking the square roots of these results, we have 

a?+y= ±9 (3), 

ar-y=+5 (4). 

By addition, 2 x = 14, 4, - 4, — 14, .-. a: = 7, 2, - 2, or — 7 ; 

by subtraction, 2y = 4, 14, — 14, — 4, .'.y = 2, 7, — 7, or — 2 

Again, let the two equations be 

x + y = 4 (1), and a:* + y* = 82 •.. (2). 

Then raising both sides of (1) to the fourth power (69), we have 

a;* + 4a:»y + 6x*y* + 4xy*+ y* = 256, 

but (2) 7^ +_y* = 82; 

.-. 2a:M-4a:»y + 6a:*y" + 4a;y' + 2y* = 338; 

or x*+.2a:»y + 3a:V + 2a;y*+ y* = 169. 
Taking the square root, gives a? + a:y + y* = 13 . . . . (3) 
Squaring equation (I), we get a:" + 2 acy + y" = 16 ; 
hence, subtracting, we get xy = 3; therefore 3xy = 9, and subtracting 
this from (3), we get 

a:" — 2 a:y + y* = 4, or x — y= ±2; 
hence we have the equations a: + y = 4, and x -^ y = ± 2, to determine 
X and y, as in the previous solution. 

The values of a:; are 3 or 1, and those of y are 1 or 3. 

Examples for Practice. 
• 1. 5x+3y = 19, 7«"- 2y«= 10. 

Ans. X = 2, y = 3, or a: = - Ts"' ^ ^ W 

l2 
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2. a: + 4y = 14, y* + 4a: = 2y + 11. 

Ans. a: = 2, y = 3, or X = — 46, y = 15, 

3. a:» + 4y« « 256 - 4a:y, 3y* - a:» = 39. 

Ans. X = ±6, y= ±5, orx= ± 102, y = + 59. 

4. a:* - y" = 24, x« + ajy = 84. Ans. a; = ± 7, y = ±5. 

5. x — y = 4,a;y = 45. Ans. x = 9,y = 5,or a: = — 5, y = — 9. 

6. a:* + y* - a? - y = 78, a: + y + a?y = 39. 

t -4w*. a: = 9, y = 3, X = 3, y = 9, 

- 13 ± V - 39 - 13 5: V - 39 
or X = g , y -2 ' 

7. a?y+a:y"=12,x+xy»=18. Ans. x=2, y = 2, or a=16, y-^. 

8. - + - = a, "i + "5 = ^- 

X V it « 

1 a±V(2*-a*)l a+ ^/ (2&- g«) 
^'"^ i 2 'y " 2 • 

9. ^-'!t= m> x-y = 3. -4iM. x = 5, y =2, orx=-2, y= -5. 
,^ x»^ 4x 85 ^ 

1^-7 + 7 = 9'^"^ = ^- 

17 3 

^w. X = 5, y = 3, or X = — , y = -— . 

11. a^ + x«y«+y* = 91, ^^-xy-ftf = 13. 

A71S. X = ± 3, y = ± 1, or X = ± 1, y = ±3. 

12. x + y + x» + y" = 18, xy = 6. 

Ans. x = 3, y = 2, orx= -3±V3, y= -3+V3. 

a^ v* X V 27 « 

y* ^ y X 4 

-4»*. X = 4, y = 2, X = — 2, y= — 4. 

14. x'+y« + ^ = 84, x+y + z = 14, x^ = y*. 

^«*. X = 2, y = 4, z = 8. 

15. x + y + V (a? + y) = 12, x» + y" = 41. 

^w«. X = 5, y = 4, or X = 4, y = 5, etc. 

16. x« + X ^T7 = 208, y" -^y ^'^ = 1058. 

Ans. X = ± 8, y = ±27. 

„.C 3^Y +(^y = 2. .y-(:r + y) = 54. 

^»«. ac = 6, y = 12, or « = — o* ^ ~ ~ ^* 

18. a:* + 4 (a:* + 3 y + 5)* = 55 - 3 y, 6 X - 7 y = 16. 

53 - 9 ± 4 V 311 
An*, a: = 5, — C">*''" S » 

430 - 166 ± 24 V 317 
y = 2,-— ,or 59- 

An». X = 8, y = 4, or X = 152 + 64 V 6, y = 40 + 16 V 6. 
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QUESTIONS PBODVGZNG QXJADBATIO £QUATION& 

111. When a problem ezpressed in the symbols of algebra, by the 
method already explained (99), gives rise to an equation of the second 
degree, the solution of it may be effected by the principles which have 
been developed for the solution of such equations. Every quadratic has 
two roots, and these roots may be one or both positive or negative ; one 
may be negative and the other positive, or both may be imaginary. If 
both roots be positive^ they will be recognised as the solution tp the 
question in its literal meaning ; but if one or both of the roots be negct- 
live, the meaning or interpretation of such negative root or roots must 
be sought for in some modification of the enunciation of the question; 
and if both roots are imciginary^ we may conclude that the conditions of 
the problem are inconsistent, and that no quantities can be found to 
fulfil them. These remarks will be better understood by a slight con- 
sideration of the solutions of the following eiamples. 

Examples. 

1. Find a number such that, if 15 be added to its square, the sum 
shall be 8 tiroes the number. 

Let X denote the number, then the condition gives 

x" + 15 = 8 as, or transposing 7^ — 8a;= — 15; 
hence a:*— 8a; -h 16 = 1, .*. a;— 4 = ± 1, 

and consequently a; = 4+ L = 5, ora;=:4 — 1 = 3. 

In this example both roots are positive, and both are answers to the 
question in its literal meaning. 

2. To divide a line of 20 inches in length into two parts such that 
the rectangle contained by the whole line and one of the parts shall be 
equal to the square of the other part. 

Let X ^ss' the greater part; then 20 — x = the less part, and hence 
by the question we have 

a:" = 20 (20 —a;) = 400 — 20aj, or a:* + 20 a: = 400 ; 
therefore a:* + 20a: + 100 = 500, and x + 10 = ± 10^5; 

.-. a: = — 10± 10^5= 10(- 1±V5); 

where one value of x is evidently positive and the other negative. To 
explain the meaning of the negative value of a;, let A B be the line to be 
divided, then when the value of x is positive, 

C A C B 

I 1 1 1 

the point of division, C, falls between A and B, and A C is the positive 
value of X. But the line corresponding to the negative value of x must 
lie in a direction opposite to that of A C, and hence if B A be produced 
to (7, so that A C may be equal to 10 (1 + V S)j ^^^^ ^^^ A C' repre- 
sent the negative value of x. 

3. A grazier bought as many sheep as cost him 60^, and after 
reserving 15 out of the number, he sold the remainder for 54/., and 
gained 28, a-head by them ; how many sheep did he buy ? 

Let X denote the number of sheep he bought ; then 

z= the buying price of each in shillings, 

• X 

and = the selling price of each in shillings ; 
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- , . 1080 1200 ^ 

hence by the question = 2. 

^ x— 15 X 

Clearing of fractions, ¥re get 

1080a;- 1200x+ 18000 = 2ar» — 30x, or a:' + 45x=r 9000; 

and resolving this quadratic gives 

45 , //2025 . ^^\ 45 _^ 195 ^, 

x= - -± y/(^-^ + 9000J= - — ± — =75or-1.20. 

* To interpret the meaning of the negative answer, let us write — x for 

• *v *• 1080 1200 ^ .. ... , 

X in the equation —- = 2, and it will become 

^ X — 15 X 

1200 _ 1080 _ 

X a: + 15 "~ * 

which, translated into common language, gives the following problem : — 
A grazier bought as mapy sheep as cost him 60/., and after increas- 
ing the number by 15, he sold the whole for 54/., and thereby lost 2s, 
a-head by them ; how many sheep did he buy ? Ans. 120. 

£XAMPLE8 FOR PRACTICE. 

1. What number added to its square will make 42 ? Ans. 6 or — 7. 

2. The sum of two numbers is 40, and the sum of their squares 818 ; 
find the numbers. Ans, 23 and 17. 

3. The difference of two numbers is 9, and their sum multiplied by 
the greater produces 266 ; find the numbers. Ans. 14 and 5. 

4. A charitable person distributed 6/. among a (fertain number of 
poor people, and the same sum among a number consisting of 2 more 
than before. £ach of the latter recipients got 2f. less than the former, 
how many were relieved the second time ? Ans. 1 2. 

5. What number is that which, divided by the product of its two 
digits, gives 2 for a quotient ; and if 27 be added to it, the digits will 
he reversed. Ans. 36. 

6. A person travelled 105 miles, and observed that if he had travelled 
slower by 2 miles an hour he would have been 6 hours longer in com- 
pleting the same distance ; how many miles did he travel per hour ? 

Ans. 7 miles. 

7. When 905 men were drawn up in two square columns, it was 
observed that one column contained 17 ranks more than the other: 
what was the strength of each column? Ans, 784 and J 21. 

8. A regiment was ordered to send 216 men on garrison duty, each 
company to furnish an equal number; but before the detachment 
marched, three of the companies were sent on another service, and then 
each of the remaining companies was obliged to supply 12 additional 
men, in order to make up the requisite number, 216. How many 
companies were in the regiment ? Ans, 9 companies. 

9. When 732 men were drawn up in column, the number in front 
and the number of ranks together made 73 ; find the number of ranks. 

Ans. 61 or 12. 

10. Two detachments of foot are ordered to a station distant 39 miles, 
and they start at the same instant; but one detachment, by travelling 
i of a mile an hour more than the other, arrived one hour before the 
other ; find their rates of marching. Ans. 3 and 3^ miles per hour. 

11. Two partners, A and B, gained by trade 140/.; A's money was 
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3 months in trade, and his gain was 60/. less than his stock ; and B's 
money, which was 50/. more than A's, was in trade 5 months ; what 
was A's stock? Ans. 100/. 

12. Find two numbers such that their product added to their sum 
may he 47, and their sum taken from the sum of their squares may 
leave 62. Ans. 5 and 7. 

13. The continued product of four consecutive numbers is 3024; 
find the numbers. Ans, 6, 7, 8, 9. 

14. A and B distribute 1200/. each among a number of persons ; A 
gives to 40 persons more than B, and B gives 5/. a-piece to each person 
more than A ; find the number of persons. Ans, 120 and 80. 

15. From two towns, distant from each other 320 miles, two persons, 
A and B, set out at the same instant to meet each other. A travelled 
8 miles a-day more than B, and the number of days in which they met 
was equal to half the number of miles B went in a day; how many 
miles did each travel per day ? Ans, A 24 and B 16 miles. 

16. Two mail trains start at the same time, the one from London to 
Edinburgh, and the other fron) Edinburgh to London, the speed of each 
train being uniform; now if the London train arrives in Edinburgh 
a hours, and the Edinburgh train in London h hours, after they passed 
each other, then the times of completing the whole distance by the 
London and Edinburgh trains will be respectively, 

a* (a* + 6*) and 6* (a* + 6*). 

BINOMIAL 8imX)S AND IMPOSSIBLE QUANTITIES. 
112. Sinamial or compound surd quantities are multiplied in the sauie 
manner as rational quantities, but the division of surds is best effected 
by multiplication. Thus, if 6^2-2^3 + 3^6-4 is to be divided 
by 2 ^ 6, then we have 

6V2--2V3 + 3^6-4 _ 6V2-2V3 + 3^6~4 ^6 

2J6 ■" . 2^6 ^ J6 
_ 12 73>-6V2 + 18-4V6 _ 1 3 1 
12 V3-2 ^2+.---V6. 

If the divisor be a compound quantity, the division is not easily per- 
formed unless the operation of division be converted into that of multi- 
plication. To facilitate the operation of division, we may observe that 
if the dividend and divisor be multiplied by a quantity that will render 
the tatter product a rational quantity, the value of the fraction expressing 
the quotient will not be altered. The surd divisors are commonly of the 

form jja ± b, ^a± ^b, ^a ± ^6, or ^a« ± ^'ab -f ^^«; and 

from the known properties, 

(x + y) {x-y) = x^-y*, 

(x + y) (x*-a:y+y«) = a:» + y», 
(x-y) (x' + xy+y') = a:' - y»; 
we may derive the following formulas, which are useful in the simplifi- 
cation of certain surd fractions with binomial or trinomial denominators, 
viz., 

(V«+ Vy) i^/x - ^y)^ =x-y . . . . (1), 

(^^sp + ^y) {^x*^'^xy + s^y')-x + y, . , , (2), 
(-^x-^y) {^si^ + ^T'y + ^y') = x-y. . . . (3). 
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Examples. 

2 3 

1. Reduce the fractions -7-- and — rr— to equivalent ones with 

V 5 i^ 7 

rational denominators. 

XT 2 2 V5 2V5 2 . 

^"'' 75 " 75 "< 75 = ^5" =^ 5 ^ ^ ' 

2. Reduce ^— j — yr and ^ . . to equivalent fractions, having 

o+v3 iv2+3V" 

rational denominators. 



2 + V3 _ 2 + V3 8 — V8 _ 3-f V3 _ 1 1 

34.^^3 ""3 + V3 ^ 3 — V3 " 6 ^2"^6 

^7 + 



V3. 



4V7 + 3V 2_ 4V7+8V2 7^2-3^7 _ 19^14-42 

7^2 + 3^1 ""7^2 + 3^7 ^ 7V2 — 3^7"" 25 

3. Divide 2 by ^7— -^5. 

„ 2^_ „ 2 ^7' + ^(7x5) + ^5« 

"^'® ^7-^5 ^7-^5 ^ -^7' + -y(7x5)+^5' 

= .y 49 + ^35 +4^25. 

4. Divide 3 by V 5 + V2» and 2 + 4 ^7 by 2^ 7 — I. 

84/7 + 58 - 
Am. Jb — J2y and ^j .* 

^ ^ . 27 

5. Reduce the fractions ^rj—^ and ^ iq - /l2 + ^ 9 *** 
equivalent fractions, having rational denominators. 

Ans. 3 (^ 25 + -^ 20 + 2 ^2), and ^(^> + ^^\ 

X jJ Cci -\- x) 4- fj (a '^ x) 

6. Simplify the fractions .., , .. and -77 — ; — r — =77 r . 

^«*. X VO + a:') + a:*, and ?L±JsL<£lI^). 

a; 

EXTBACnON OF THE SQUABS BOOT OF A BINOMIAL SUBD. 

113. The product of two dissimilar quadratic surds is also a qua- 
dratic surd. 

Fur, if possible, let ^ a; X V 3^ === ^9 ^ rational quantity ; then 
xy^h*; 

h* h* . , A , 

.-. y = — = -^ X x, and Vy= -V*; 

and therefore V ^ ^^^^ *J V ^^^ similar quadratic surds, which is contrary 
to the hypothesis. 

114. ^ surd cannot be equal to the sum or difference of a rational 
quantity and a surd; nor can it be equal to the sum or difference of 
two dissimilar surds. 

ForifV* = « ± tJVy then a: = ft* ± 2a,Jy + y, and hence 

. , X —y ^ a* 

^^ 2a ' 

that is, a surd is equal to a rational quantity, which is impossible. 
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And if <^a?:= ^ a± »Jyy then x = a ± 2,J ay + y, 

. « X — y — a 

/. ±^ay = -^ , 

that is, the product of two dissimilar surds is equal to a rational quan- 
tity, which is absurd by Art. 113. 

115. In any equation a + jjb=:ix-\r^y, consisting of rational 
quantities and surdsj the rational qtuintities on each side are equaly 
and likewise the irrational quantities. 

For by transposition ij bis: (x ^ d) -{■ ijy^ and if a; be not equal to 
a, or if a; — a be not equal to zero, then we should have a surd equal to 
the sum of a rational quantity and a surd, which (114) is impossible ; 
consequently, if a + V^ = ^ + Vy» *^®" x = a, and tj y = ^ b. 
By means of this principle we can extract the square root of a binomial 
surd of the form a ± J b. 

htitj (a + ij b) = jj X + ijy\ the n a + Jb^x •\- y + 2ijxy; 

/. a: + y= a . . . . (I), 2^J xy := ijb . . . -(2). 
Squaring eq. (1) g^ves ^ + 2x^+2^=0*, and 
squaring eq. (2) gives 4xy = b 

.•. 05*— 2a?y +y" =a* — ^, 
or a: — y = ^ (a* — ft) . . . . (3). 

But a:+y = a, by (1); 

if V («* ~" ^) = ^ > hence we have 

Similarly. V(a - sj b) ^ ^ x ^ ^ y ^ ^'^) ""C^)' 

ZMAGINABT OB IMPOSSIBLE QUAMTITIES. 

116. An imaginary quantity is one whose value cannot be assigned in 
consequence of the impossibility of performing the operation indicated. 
Thus i/ — c* is an imaginary or impossible quantity, for the operation 
of finding the square root of — c* cannot be performed. The square 
root of — c* is neither + c nor — <?, for the square of + c is + <?*, and 
the square of — c is + c* ; hence /J — c* is an impossible quantity. If 
we separate the quantity c" from the factor — 1, we get ^ — c* = 

Vc" X (~1) = V^*X>/~1 =^V~"1> *^d hence it is evident 
that all imaginary quantities will depend on the single imaginary ex- 
pression V ~ 1* The di£ferent powers of ^ — 1 are as follow : — 

(V - D* = {(- i)*r= (- 1)*''* = (-1)' ■= - 1, 

(V - ly = (V - !)• X (^ - 1)'= - 1 X - 1 = + 1. 
(V-i)» = (V-iV(V- i) = + i xV-i = +V-i, 

and therefore every power of ^ - 1 is included in one or other of these 
four forms, — 1, + 1, — -^ — 1, + ^^ — 1. 
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Examples. 



1 4 

1 . Find the square root of 4 - — - >y 3 ; and multiply 6^ — 3 by 

14 14 

LetV(4---V3)=V^-Vy»then4^--V3 = x+y-2Va:wi 

/. x4-y = 4-=~,and27a:y = -V3; 

/. x« 4- 2x y + y» = — -, and 4 a: y = — ; 

. « . . 121 , 11 

hence x* — 2 a: y 4- y* = -— , and x — y = — . 

13 11 

From the equations x + y = - - and x — y = -—, we get readily 

o o 

x = 4andy=-; 

.-. V(4^-5V3)=V^"-Vy = V4-vi = 2-iv3. 

Again, 6^-3x^-7-12= 6 v^3X-^-l X ^V^^X ^-1 

= 3736X (- 1)= -18. 

2. Find the product of x + a ^ — 1 and x — a v^ — 1. 
(x+«V-l)(a?-aV~l)=a;'-a'(V-0*=JK'-a*x(-l)=a:'+a«. 

3. Extract the square roots of 23 ±8/^7 and ^ — • 

-4wj. 4 ± a/ 7 and ^- — ' 

^ 2 

47 — 21 a/ 5 

4. Extract the square roots of 94 ± 42 >/ 5 and T/T"^^ — • 

Ans.1±3^^ and ^^^^J" ^^ > 

5. Find the product of a + 6 >/ — 1 and c + rf -^ — 1, and divide 

- 12V— 15hy 6V- 5- 

Ans. {a c '^bd) '\' {a d -{- b c) ^ — I and — 2 \/ 3. 

6. Divide a + ft V "" ^ ^y ^ + ^V ~ 1- 

. ac + ft<f b c — a d , 

7. Find the square roots of 5 — 12 V — 1 and of 2 V - 1- 

Ans. 3- 2V— land 1 + V - 1. 

8. Find the cubes of — o + ^V — 3 and " « "~ o '^ "" 3, and the 

fourth power of 3 — 2 V - 1- ^^* 1, 1, and — 1 19 — 120 V — 1- 

9. Find the square root of 31 4- 12V — 5 and the fourth root of 

— 4. Am. 6 + V - 5 and 1 4- V— 1- 
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PB0GaSS8Z0K& 

117. When several quantities either increase or decrease according to a 
determinate law, the quantities are said to form ^progression or series. 
Thus, if yit take an expression, such as 2 + 32; -f 4:c', and make suc- 
cessively a: = 0, X = 1, X = 2, ar = 3, . . . . a: = « — I, a; i= n, we get 
the following progression or series of numhers, viz. : 
2,9,24,47, ... 2 + 3(#i- l) + 4(n-.l)*, 2 + 3« + 4««... (1). 

If we uke the first term from the second, the second from the third, 
and so on, the several remainders will evidently form a new series, 
which is called the first order of differences^ with respect to the terms 
of (I). The new series, or first order of differences, will therefore be 

7, 15, 23, . . . . 7 + 8n . . . . (2). 

In the same manner, if we subtract each term from that which suc- 
ceeds it, the several remainders will form another series or progression, 
called the second order of differences. In the present instance the 
second differences are constant, viz. : — 

O, O, O, O, ••••O* • • • • N*^/* 

Hence we see that if the general expression which furnishes the 
several terms of the progression or series be of the second degree, the 
second order of differences is constant. In the same manner it may be 
shown that if the general term of a series be of the third degree, the 
third order of differences is constant, and so on. From this principle 
we can determine tlie n^ or general term of any given series. Thus let 

1, 3, 6, 10, 15, 21, 28, ... . 
be a given series, to determine its n*^or general term. 
Ts^ing the differences, we get 

Ist order of differences, 2, 3, 4, 5, 6, 7, • • • . 
2nd order of differences, 1,1,1,1,1,. . . . 

Therefore the general term is of the second degree. Let il be 
A + Bn + Cn', where A, B, C are to be determined. Now we must 
have three equations to determine these three unknowns, and these will be 
obtained in the simplest possible form, by making n= 1, n = 2, and 
If = 3 in the general form, and putting the results equal to the firsts 
second^ and third terms of 'the series. Thus 

if 91 = 1, then A + B + C = 1, the first term of the series, 
91 = 2, then A+ 2B + 4C=3, the second term of the series, 
n = 3, then A + 3 B + 9 C = 6, the third term of the series. 
Subtracting the first equation from the second gives B + 3 C = 2, 
and subtracting the second from the third, B + 5 C = 3 ; 
and again by subtraction we get 2C:=l,orC=:i; whence 

B = 2-3C = 2-t = i, andA=l -B-C = 0; 
consequently the genera] or n^^ term of the series proposed is 

ABITHMZmCAL PB0GKES8I0N. 

118. An arithmetical series, or an arithmetical progression, is a series 
of quantities of which the difference between every two consecutive 
terms is the same. Thus 

1, 3, 5, 7, etc.; and 100a, 90a, 80a, 70a, etc. 
are in arithmetical progression, the common difference of the former 
being 2, and that of the latter — 10 a* 
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Let Cy a + dy a + 2dy a + 3 </, etc. be an arithmetical progression, 
where a = the first term, d = the common difference ; and if n = the 
number of terms, and / r= the n*^ term ; then since the coefficient of d 
in any term is one less than the number of that term, we get 

/=a + («-.l)c/ (1). 

Let* = a + (o + «0 + (a-h2 d)+ +(^ - 2d) + (/-</) + /, 

.-. * = / + (/ - rf) + (/ - 2 lO + .... + (a + 2d) 4* (a + <0 + «, 
by taking the terms in the reverse order ; hence, adding these, 

2 * = (a + /) -h (« -hO -f (a+0+- • . ..+ (a+0 + (a+l) -f (a+0- 
Now since there are n equal terms in this series, we have 

2* = <a + X «, or * = (a + /). — . . . . (2). 

Substituting the value of / from (1) in this equation, gives 

*={2a+(»-l)d}^ . . . . (3). 

If n toms are to be inserted between a and /, the first and n^ terms 
of the progression, then the whole number of terms will be n + 2, and 
hence, writing n + 2 for n in (1), we have 

/ = a+(«+l)d,orc/=i^ . . . (4), 

u -H I 

which gives the common difference, and determines the series of terms 

or means to be inserted between a and /. 

Examples. 

1. Find the sum of 60 terms of the series 3, 5, 7, 9, 11, etc. 
Here a = 3, £? = 2, and n = 60 ; therefore we get 

, = {2a4-(«-l)d}5 = (6 + 59x2)x^ 
= (6 + 118) X 30 •= 124 X 30 = 3720. 

2. The ^fih term of an arithmetical progression is 19, and the 
ninth term is 35 ; what is the fifteenth term, and the sum of 20 terms 
of the series ? 

Htre the fifth itrm =a4-(5— l)c]? =:a4-4rf=:19, 
and the ninth term = a + (9 — 1) c^ = a -f 8 c^ = 35. 

Subtracting the former from the latter, gives 

4Jssl6, orif=4=: the common difference. 

Hence a = 19 — 4 c? =» 19 — 16 = 3 = the first term of the series, 
and thtfifteejith term = a+(15-. 1)^=3 + 14x4 = 59. 
Also, if n = 20, we get 

* = {2a + (n-l)rf}^=(6+19x4)x ^ 

= (6 + 76) X 10 = 820 = the sum of 20 terms. 

3. What number of terms of the series 54, 51, 48, etc. must be 
taken so that their sum may be 513 ? 

Here a = 54, cf = » 3, and « = 513 ; consequently by (3) we get 

513={108-3(n-l)}^=filill-|«iiL2; 

or 1026 = lll«-3»'; .-.«" — 37 «= -342. 
Solving this quadratic, we get n = 18 or 19, either of which fulfils the 
conditions of the question, since the 19th term is zero. 
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4. The first term of an arithmetical series is 3, and the last term 
is 27 ; find the series when the number of terms is 7. Or, which is 
the same thing, insert 5 arithmetical means between 3 and 27. 

If we make use of formula (1), we must take n = 7 ; and if we make 
use of (4), then n must be 5. In either way we get 

d = — - — := — -T — ~ 4, the common difference ; 
o o 

hence the five means are 7, 11, 15, 19> and 23. 

Examples for Practice. 

1. Find the tenth term of the series 1, 3, 5, 7, etc., and the sum of 
10 terms. Ans. 19 and 100. 

2. Find the sum of n terms of the natural numbers 1, 2, 3, 4, etc. 

Ans. "^V>. 

3. Find the 365th term of the series 2, 4, 6, 8, etc. Ans. 730. 

4. Find the 29th term of the series |, i, — i, etc. Ans. — 31. 

5. Find the l3th term of the series 4, — 3, — 10, etc. Ans. — 80. 

6. Find the sum of 3 + 7 + 1 1 + etc. to 12 terms. Ans. 300. 

7. Find the sum of 6 -f V + 5 + etc. to 25 terms. Ans. 0. 
8« Find the sum of 2^ + 2 + } + etc. to 20 terms. Ans. •* 45. 

^« »— l.» — 2.« — 3. ^ . n — 1 

9. Sum 1 1 h etc. to n terms. Ans. — - — . 

n n n 2 

10. The sum of an arithmetical series is 1455, the first term 5, and • 
the common difference 3 ; find the number of terms. Ans. 30. 

11. Th.t fifth and ninth terms of an arithmetical series are 19 and 
35 ; find the 20th term, and the sum of 12 terms of the series. 

Ans. 79 and 300. 

12. Insert 3 arithmetical means between 2 and 14. Ans. 5, 8, 11. 

13. Insert 9 arithmetical means between -*- 3\ and 2^. * 

Ans. - 2i, - 2^, - 1*, - 1, -i, +. +, If, and 2. 

14. Find three numbers in arithmetical progression whose sum is 21, 
and the sum of the first and second is equal to f ths that of the second 
and third. , Ans. 3, 7, 11. 

15. One hundred stones being placed on the ground in a straight 
line, at the distance of a yard from each other, how far will a person 
travel who shall bring them, one by one, to a basket which stands at the 
place of starting, 1 yards from the first stone. 

Ans. 6 miles 6 fiirlongs 20 yards. 

16. The first term of an arithmetical series is n* — » + 1, the common 
difference 2 ; find the sum of n terms, and thence show that 

2*= 3 +5, 3*=:7-h9+ll, 4'= 13 + 15 -h 17 + 19, etc. 

Ans. n\ ■ 

17. A party of foot begin their march at 6 in the morning, and travel 
3^ miles per hour ; 3 hours after a troop of horse follows them from the 
same place, and travel 3^- miles the first hour, 4 miles the second hour, 
4^ the third, and so on ; in what time will they overtake the first ? 

Ans. In 7 hours. 

18. A debt can be discharged in a year by paying one shilling the 
first week, three the second, five the third, and so on ; find the last pay- 
ment and the amount of the debt. Ans. 61. 3s. ^ and. 135/. 4«. 
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GBOMETUOAL PBOGBE8SI0N. 

119. A geometrical progression is a series of quantities in which the 
ratio of every two consecutive terras is the same. Thus, 1, 3, 9, 27, etc., 
and a, ar^ ar^y etc., are in geometrical progressions, the common ratios 
being respectively 3 and r. When the common ratio is greater than unity, 
the series is called an increasing one, and a decreasing series when the 
common ratio is less than unity. The common ratio is found by 
dividing any term of the series by the term immediately preceding. 
Thus ar* -7- ar = r, is the common ratio of the series of quantities 
a, ar, ar^^ aj^j etc. 

Let a be the first term of a series of quantities in geometrical pro- 
gression, r the common ratio ; / the last or n^ term, and s the sum 
of the series ; then the series will be a, ar, ar*^ ar*^ ar^^ etc., where the 
index of r in any term is less by one than the number of the term : 
hence we have 

l=ar^"' (1). 

Let#sa '^ar + ar*'^ar*+» . . , -(-ar*""', 

.'. rssz ar + ar* + 09* + , . • . -j- ^r"""* + af^; 

subtracting, we get (r — 1) « = ar* — a sr /? (r^ — i); consequently 

r"^ 1 

* = a (2). 

r — 1 

If r ia a proper fraction, then r will be less than 1, and the last 

equation may be written 

1 -^ 
s^a (2') ; 

1 -— K 

and if n be very great, r" will he very s^nall, and "y increasing the 

value of n, the term r" may be made as small as we please ; hence the 

greater n is taken the more ncarty will the sum of the series approach 

a - - a 

to —— ; therefore «=^ (3) 

1 — r 1 — r ^ ^ 

is the limit to which the sum approaches, but will never actually reach it. 

If the number of terms, and the two extremes of a series of quantities 

in geometrical progression be given, then we have by equation (1) 

- = r-Sandr:=y . . . • (4); 

and r being determined, the terms of the progression may be found. 

Examples. 

1. Find the sum of 11 terms of the series 1, 2, 4, 8, 16, etc. 

Here a = 1, r = 2, and n = 11 ; therefore by (2) 

r»— 1 2" — 1- 

*=a ^=z J- ;^ = 2"-l = 2041. 

r — 1 2—1 

2. Find the sum of 1 1 terms of the series ^, -}-, ^, f^g-, etc. ; and also 
the limit of the sum of the series. 

Here a:=i i^r = i and « = 1 1 ; therefore by (2^) 

_ l—W _ 2"— 1 _ 2047 

*""*• 1-4 "" 2" ""2048* 
And when n is indefinitely increased, then we have by (3) 

s = = , , = 1 =: the limit of the sum. 

1 - r 1—4 
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3. Insert 5 geometrical mean proportionals between 2 and 1458. 
Here a = 2, / = 1458, and w =r 5 means + 2 extremes = 7 ; there- 
fore (1) 

1458 = 2 r* /. r«=729; r» = 21, andr = 3; 

hence 6, 18^ 54, 162, 486, are the five means required, i 
• • 

4. Find the fractional value of the circulatng decimal '3451. 

„ ^ •; 34 51. 51 51 ^ 

Here '3451 = 1 H z -\ r + etc. . . . 

100 10* 10' 10" 

_ ^ . 51 f. . 1 
■" 100 

"~ 100 "*" 10*' 1 - ± ~" 100 ■*■ 10* X 99 

34 ^ n 1139 . , . , 

= rr:;. + :z7:7::: = t:::^:::^ the value required. 
100 3300 3300' ^ 

Or thus, Lietx=s *3451; then multiplying by 100 in order to 
separate the non-recurring from the recurring decimal, we have 

100a; = 34-5i, 
Again, multiplying by 100 to remove the decimal point to the begin- 
ning of the second period of decimals, we get 

10000 a: = 3451 -51; 

but 100 x= 34- 5i; 

n^^ o.,H 3417 1139 

/. 9900a; = 3417, ora; = -— - = -— -. 

' 9900 3300 

This is the foundation of the method usually adopted in arithmetic, 

Examples for Practice. 

1. Find the 7 th term of the series 1, 4, 16, etc. Ans, 4096. 

128 

2. Find the 8th term of the series 9, — 6, 4, etc. Ans. . 

243 

3. Find the sum of 5 + 20 -h .80 + etc. to 8 terms. Ans, 109225. 

4. Find the sum of 2 — 4 + 8 — etc. to 9 terms. Ans. 342. 

112 20^Q 

5. Find the sum of - -i- - 4- - + etc. to 7 terms. Ans. tjtz' 

4 8 

6. Find the sum to which the series 2 — - + ~ — etc., approaches, 

o y 

when n is indefinitely great. Ans. 1 j>. 

81 9 27 

7. Insert 3 geometrical means between 2 and -— . Ans. 3. -, — . 

8. Insert one geometrical mean between a and b. Ans. *Ja h. 

9 243 

9. The third term of a geometrical series is -, and the sixth is --— ; 

8 64 

13 9 
find the series. Ans. -, --, -, etc. 

2 4 8 

10. Find four numbers in geometrical progression, such that the sum 
of the means shall be = 36, and the sum of the extremes = 84. 

-4«^. 3, 9, 27, 81. 
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11. Find the vulgar fraction equivalent to the decimal '21333 



75 

12. The population of a town increases annually in geometrical pro- 
gression, and in 3 years it was raised from 120000 to 138915 inhabit- 
ants ; find by what part of itself it was annually increased. 

^«*- By 20* P^ 

IS. From a vessel containing 10 gallons of brandy one gallon was 

drawn out and replaced by a gallon of water ; a gallon of the mixture 

was then drawn out and replaced by a gallon of water. Now if this 

process were repeated 10 times, how much brandy would remain in the 

vessel, supposing the two fluids were thoroughly mixed each time. 

Ans. 3*486784401 gallons. 

14. Tlie sum of three numbers in geometrical progression is 21, and 

•J 
the sum of their reciprocals is --; find the numbers. Ans, 3, 6, 12. 

HABMOKICAL PBOaEESSION. 

120. An hartnonical progression is a series of which the first of any 
three consecutive terms has the same ratio to the third which the difference 
between the first and second has to the difference between the second 
and third. Thus a, 6, c^ d, «, etc., are in harmonical progression if 

a : c :: a -^ b : b ^c ; b : d :i b ^ c : c ^ d ; c : e : : c -^ d : rf— c,etc. 

TTie reciprocals of quantities in harmonical progression are inarith-^ 
metical progression. 

Let a, bf c, dy be foiy quantities in harmonical progression ; then 

since a:c::a — 6:ft — c, and b :d :: b ^ c : c — d; 

• '. ab -^ ac = ac — bcj and be — bd = bd — cc?, 

ab-'oc ac — be be — bd bd^cd 

or T = 7 and , . = , . > 

aoc aoc bed bed 

1111^1111 
.'. - — - = =r — -J and — — - = - — -T. 
c b b a d c c b 

„ 1 1 1 1 1 1^1.^1111 

ilence r"-=:-~-; =-,*" -, and therefore — , t<% — * -i 

b a c b d c abed 

are in arithmetical progression. In consequence of this connexion 
between the terms of these two progressions, it is evident that all ques- 
tions with reference to numbers in harmonical progression may be 
solved by the principles of arithmetical progression. Since an arith- 
metical series may have a term = 0, an harmonical series may have a 

term =:-—■= oo ; and therefore no general expression for the sum of 

any number of terms of such a series can be given. 

PZUNG OF SHOT A2n) SHELLS. 

121. Shot and shells are usually piled in thtee different forms, two of 
which terminate at the top in a single shot, and the other terminates in 

a ridffe, or single row of shot. ^' c"^- ^_^ 

When the pile terminates in a single shot at top,' and the horizontal/)^ J ^^^^ 

courses are each of the form of an equilateral triangle, the pile is calleCF^-^. ..Xj 



y^ 
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o triangular pile^ and the number of shot in either side of the base 
course le equal to the number of horizontal rows or courses. 

When the pile terminates in a single shot at top, and the horizontal 
courses are each of the form of a square, the pile is called a square piU^ 
and the number of shot in each side of the base course is equal to the 
number of horizontal rows or courses. 

When the pile terminates in a single row of shot, and the horizontal 
courses are each of the form of a rectangle, the pile is called a rectan- 
gular pile, and the number of shot in the breadth of the base course is 
equal to the number of horizontal rows or courses ; and the number of 
shot in the top row is always one more than the difference between the 
length and breadth of the base course. 

122. Tojind the number of shot in a square pile. 

A square pile is formed of successive square hori- ^ 

zontal courses, such that the number of shot in the ^fw 

sides of these courses decreases continuously by unity 
from the bottom to the single shot at top ; conse- 
quently the number of shot (S) in a complete pile 
of n courses will be the sum of the squares of the 
natural numbers from 1 to n, or 

S = !• + 2* + 3* + 4» +5» + ....+»'. 

Let* = l + 2 + 3 + 4 + . . . . +n=r ^ ^^ \ by Art. 118; then since 

2'=(1 + !)•= l« + 3.r+ 8.1 + 1 
3»=(2+ 1)*=2» + 3.2* + 3.2+1 
4» = (3 + 1 )" = 3» + 3 . 3* + 3 . 3 + 1 
5»=(4 + l)» = 4* + 3.4* + 3.4+ 1 



f • ^ # • 



m 



(«+ 1)» = «»+ 3.««+3.«+l 
Adding all these equations together, and cancelling 2^", 3", 4', . • . . n', 
from both sides, we get at once 
(«+ l)»=l»+3 (l«+2'+3«+ ,.. + «•) + 8 (1 + 2 + 3+ ... +«)+«, 

or (n + l/rr l + 3S+3*+«; 
. « . («+iy^l n 

3 3 

_ «'+ 3n' + Zn w(n+l) n 

"" 3 2 "3 

_ »* + 3n* 4-2« _ »(n+ 1) _ »(n+ 1) (« + 2) »(n+ I) 

3 2 ~ 3 "* 

_ n(n+l)(2n + l) 

2.1 '^*^' 

123. Tojind the number of shot in a triangular pile. ^v 

A triangular pile is formed of successive triangular 
courses, such that the number of shot in the sides 
of these courses decreases continuously by unity from 
the bottom to the single shot at top ; consequently 
the number of shot (S) in a complete triangular pile 
of n courses will be the sum of the series 

VOL. I. M 
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1,1 + 2, 1 + 2 + 3, 1+2 + 3 + 4, etc l + 2 + 3+-...+«, 

«(« + !) 
or 1, 3, 6, 10, 15, • ^ \ 

Hence S = 1 + 3*+ 6 + 10 + 15 + 21 + ...^^tSl^L^ 

1.2 2.3 3.4 4.5 ,5.6 «(« + !) 

^ "2" "2" "2" "2" "2" "*■•••'+ 2 

_ 1(1 + 1) , 2(2 + 1) , 8(3+1) , 4(4+1) . , n (n + 1) 

"~ '"""2 2 ^ 2 2 r'""r g 

_ I'+l , 2' + 2 , 3' + 3 , 4'+4 , , n«+» 

- ~2" "^ ~2~ "^ ~2" "^ "i""*" •••• ■^"^" 

_ l* + 2' + 3* + 4'+ .... +n* 1 + 2 + 3 + 4+ .... +n 

— 2 2 

_ n(«+l)(2n+l) n(n+l) _ «(« + l)(« + 2) , 

^ - 2X3 "•■ T2 2T ••••12^ 

/y 124. To find the number of shot in a rectangular pile, 

I A rectangular pile is formed of Buccessive ^ 

' rectangular courses, such that the number 

of shot in each of the sides of these courses 
decreases continuously by unity from the 
bottom to the single row of balls at the top ; |f 
consequently if m + 1 be the number of shot 
in the top row, the number of shot (S) in a complete rectangular pile 
of n courses will be the sum of the series m + 1, 2 (m + 2), 3 (m + 3), 

n{m'\-n). 

HenceS = « + 1 + 2 (»i + 2) + 3 (m + 3) + +«(«+«) 

= »i (1 +2+3+4+ +«) + 1» + 2* + 3« + 4'+ • . . +n* 

_ »>n(«+ 1) »(»+ 1)(2»+ 1) 

"" 2 "*■ 2.3 

_ »(«+ l)(3i» + 2w+l) 

2:3 ^^^• 

The number of shot in the length of the base course of a rectangular 

pile is m + 71, the number in the breadth of it is always n, and the 

number of shot in the top row is m + 1, the difference between the length 

and breadth of the base course increased by 1. 

The number of shot in an incomplete pile is evidently the difference 

between the number of shot in the pile considered as complete and the 

number in the pile which has been removed. 

It will be observed that the three formulas (1), (2), (3), for the 

niimber of shot in the three different piles have a common factor, viz.» 

, which expresses the number of shot in a triangular face of » 

b^r^rses, in either pile, and since 
n{n+l)(n+ 2) _ n(«+ 1) n+l + 1 n (« + 1) (2 w + 1 ) 

2.3 "" 2 ' 3 ' 2.3 

_nj[n+_l) n + 1 + « ; n (« + 1) (2n + 1 + Bm) 

^2*3' 2.3 

_ n (n + 1) (>i + m)+(«i + l) + (n + m 

- 2 • 3" ' 

we have the following rule, which applies to all the piles : 
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• 

Multiply the number of shot in a triangular face of the pile by one- 
third of the sum of the number of shot in the three parallel edges of the 
piky and the product will be the number of shot in the pile. 

In the triangular pile, one edge of the base, the shot at the top, and 
the shot at the vertex of the triangular base opposite to the edge, are 
considered the three parallel edges ; and in the square pile, the shot at 
the top forms one of the parallel edges. 

EziLHPLBS FOR PRACTICE. 

1. Find the number of shot in a triangular pile of 1 5 courses. 

Here n = 15. and » C + ^ (» + i^) = l^|>i22 = 680. 

2« o 2«3 

2. Find the number of shot in an incomplete triangular pile of 1 5 
courses, having 21 shot in the upper course. 

Since ;r denotes the number of shot in a triangular course 

having n shot in the side, let 

hence, by solving the quadratic, we get n = 6, and therefore 5 coiurses 

have been removed from the pile ; hence» by the formula, 

20 X 21 X 22 5x6x7 ,_. ^- -^^- 

-— -— — sr 1540 — 35 = 1505 ; 

2.3 2.3 

which is the number of shot in the incomplete pile. 

3. Find the number of shot in a square pile of 15 courses. 

Ans. 1240. 

4. Find the number of shot in an incomplete square pile of 15 
courses, having 49 shot in the upper course. Ans, 3220. 

5. How many shot are in a rectangular pile, having 40 shot in the 
longer side, and 15 in the shorter side of the base course. Ans. 4240. 

6. How many shot are in an incomplete rectangular pile of 8 courses, 
having 36 shot in the longer side, and 17 in the shorter side of the upper 
course. Ans. 6520. 

7. Find the number of shot in an incomplete rectangular pile of 7 
courses, having 7 shot in the shorter side of the u^per course and 38 
in the longer side of the bottom course. Ans. 2478* 

8. The number of shot in the base and top courses of a square pile 
are 1521 and 169 respectively; how many are in the incomplete pile? 

Ans. 19890. 

9. An incomplete rectangular pile has IS courses left; the number of 
shot in the longer side of the base course is to the number in its shorter 
side as 7 to 5, and in the top course as 3 to 1. Find the number of shot 
in the original complete pile. Ans. 1960. 

10. How many shot are required to complete a rectangular pile when 
the difference between the number of shot in the two sides of its base is 
7 and the number of shot in the longer side of its upper course is 15? 

Ans. 336. 

11. If p denote the number of courses in an incomplete rectangular 
pile, and 3 h and h the number of shot in the longer and shorter sides of 
the upper course, show that the number of shot in the incomplete pile is 

p{2(p + Shy-^3(p-\-4h) + \} 

6 ' M 2 
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NATTTBE AND SOLUTION OP EQUATIONS OP ALL DEQBEES. 

I. Formation of Equations and Properties of their Boots. 

125. Every equation containing only one unknown quantity is either 
of the form 

ar+p3ir''^ + qx''-*+ . . . . + tx+u ^0 . . , . (1), 
where n is a whole positive numher, or if it be not of this form, it can 
easily be reduced to it by fundamental operations. Let X denote the 
first member of eq. (I); and if X or x" +i>af-' + etc., be divided by 
a; — a, the quotient will be 

af-t -I- (a + j9) «»-• + («• -h P « + ^) a^"' -h etc (2), 

and the remainder 

a"+pa'-'-h9a"-»4- . . . • + ^« + « • • • • (3)' 
will be predsely of the form of the arigrinal polynomial X, the only 
change being that a is substituted for x. The result thua far is entirely 
independent of the value of a, but if a be a root of the equation (I) then 
by Art. 83, the remainder (3) is equal to zero, and the original equa- 
tion (1) is divisible by x - a without remainder, the quotient (2) being 
a polynomial of the degree n — 1. We have therefore 

X = (a;-a){a:"-*4-(a+P)a:"'" + etc.} = .... (4), 

and this equation is evidently satisfied if either 

X -a =Ooraf"' + ia +p) otf'* + etc. = 0. 

Again, let the equation af"' -f (« + P) ^'* 4- etc. =0 be divided by 
X -^b; then if 6 is a root of this equation, it may be shown as before 
that the remainder will be zero, and the quotient will be of the degree 
n — 2 ; consequently 

af-» + (a -h p) af-» + etc. = (x - 6) (x-« + etc.). 
Substituting this in equation (4) we get 

X = (ar - a) (x - 6) (af"* 4- etc.) = 0. 
The proposed equation will consequently be satisfied if 

aj«a=:0;a? — 6=0, or x"** + etc. =0. 
Proceeding in this manner till the powers of x are exhausted, it will be 
seen that Ihe original equation is divisible successively by a; —a, a: — 6, 
• . , . X — I, where a, b, Cy . . •. . /are the roots of the equation ; 
and as the last of these divisors, and the last of the equations will 
involve only the single powers of a;, the equation will admit of no further 
division. Hence 

X = {x — a){x -^ b) (x ^ e) (x — d) . . . . (x — 0, 

and the first member of equation (1) is resolved into n factors of the 
first degree. The original equation X = will be satisfied, if any of 
the factors a: — a, ar — ft, etc., be equal to zero, and in no other case. 
Hence each of the n quantities a, 5, c, . . • . /, when substituted for 
X in equation (1) will verify that equation, and it therefore follows that 
an equation has necessarily as many roots as there are units in the index 
of the highest power of the unknown quantity, and that it can have no 
greater, number. 

Conversely, if the roots of an equation be given, the equation will be 
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formed by tfae multiplication of certain factors obtained by connecting 
the roots severally, with their signs changed, to the unknown quantity. 
Thus if a; — a, x — ft, a: - c, a; — rf, etc., be the factors, then taking 
only one of these as a; — a, and putting it equal to 0, we get the simple 
equation 

X — a = (1). 

Take the firoduct of the two factors x — a, a; — 6 ; and we get in 
like manner the quadratic equation 

a* - (a-hft)a:4-aft=0 . . . . (2). 

The product of three factors x — a, x — ft, as — ft, will give the cttftic 
equation 

3i^^(a + b'{-c)x^'^(ab + ac + bc)x-^abe=i0 . . (3). 

And the produ<!t of four factors x — «, x — ft, x — c, x — cf, will 
give the biquadnUic equation 

a;*^(a + ft 4- c + ^x* + (aft + ac4* «^+ ft«? + bd + cd)a? 
'^(abc-{-abd'\-acd + bcd)x + abcd:=zO . (4), 

and so on to any extent. 

The quantities a, ft, e, d are called roots of the equation, a simple 
equation having only one root, a quadratic equation two roots, a cubic 
equation three roots, a biquadratic equation four roots, and generally an 
equation of the n^ degree has n roots. 

If one of the quantities a, ft, e, d^ etc. be of the form A 4- V ^ » ^^^^ 
another of them must be of the form h — a/ k; because the product of 
the two factors x — (A + V ^) a^d x — (A — V A), viz., x* — 2 A x 
+ A* — A does not involve either a surd or an imaginary quantity ; 
hence surd and imaginary roots must occur in pairs. If A is positive, 
the two roots h + a/ k and h ^ ij k will be real, and if A is negative, 
they will be imaginary. 

From this method of formation of an equation we may deduce the 
following useful relations between the roots of the equation and the 
coefficients of the several terms. 

(1). The coefficient of the second term is equal to the sum of the 
roots with their signs changed. 

(2). The coefficient of the third term is equal to the sum' of the 
products of the roots, taken two together, with their signs changed. 

(3). The coefficient of the fourth term is equal to the sum of tke 
products of the roots, taken three together, with their signs changed, 
and so on. 

(4). The last term is equal to the product of all the roots with their 
signs changed. 

Hence we see that 
' (a). If the second term of an equation is wanting, the sum x)f the 
positive roots is equal to the sum of the negative roots. 

(/3). If the signs of the terms of an equation be all positive, the roots 
will be negative ; and if the signs be alternately positive and negative, the 
roots will be positive. 

(y). Every root of an equation is a divisor of the last term. 

Examples. 

1. Form the cubic equation whose roots are 1, 2, and — 5. 

Atis. x^ + 2x'- 13x+ 10 = 0. 
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3. Find the eqaation whose roots shall be less by 4 than those of the 
equation x*- 15a:» + Six— 243 = 0. 

A?is. y» — 3 y* + 9 y — 95 = 0. 

4. Find the equation whose roots shall be greater by 1 than those of 
the equation a?* — 4a:^— Sa: + 32 = 0. 

^iM.y*— 8y» + 18y» — 24y + 45 = 0. 

5. Find the equation whose roots shall be less by *3 than those of the 
equation x* + 9 ac* + 24 x* + 18 x — 11 = 0. 

Ans. y* + 10-2 y» + 32-64 y* + 34-938 y - 3-1889 = 0. 

• 
III. Solution of Eqitations, 

127. We have seen (125, y) that every root of an equation is a factor 
of the last term, and therefore, in the case of integral roots, these may 
oden be easily found by trial. Thus, in the equation 

a:»+3a5»+9x — 38 = 

the integral factors of the last term are ± 1, ± 2, ± 199 ± 38. It is 
easily seen that neither 4- 1 nor — 1 will verify the equation ; but 
trying -f 2, it is found to succeed ; 

for 2» + 3 X 2" + 9 X 2 - 38 = 0, 

But this is best effected by dividing the first side of the equation by 
X — 2, in the following manner, where the synthetic mode is adopted : 

1 + 3 4. 9 _ 38 (2 
» 2+10 + 38 

1 + 5 + 19 + 

The remainder being Ot shows that 2 is a root of the equation, and also 
that the numbers 1, 5, 19 are the coefficients of the depressed equation 
containing the remaining roots. 

For since 2 is a root of the equation, it is evident that x — 2 is one of 
the factors of the expression x* + 3x" + 9x — 38, and performing the 
division of this last expression by x — 2, either by the common process 
or the synthetic process above, we get 

(x - 2) (x* + 5x + 19) = x» + 3 x» + 9 X - 38 ; 
.-. (x-2)(x»+5x+ 19)=0. 

To satisfy this equation we must have either x — 2 = 0, or 
a*+ 5x + 19=rO; the former gives x = 2, the root already found, 
and the quadratic x*+ 5x+ 19 = 0, will give the two other roots, 
which in this case are found to be imaginary. Hence if one root of an 
equation be known, the equation may be depressed to one of the next 
lower degree. 

Examples. 

h If x* - 12x' f 4 X + 207 =: 0, what are the values of x? 

. ^ 3 ± VlOl 
Ans.9y--=-^ . 

?. If x» + 3x' *-- 6 X - 8 =: 0, what are the values of x? 

Ans. 2, — 1, or •— 4. 
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3. Given a^ -f 9 x = 1430, to And the values of x. 

Am. 11, 



- 11 + V-399 



4. The number of shot in a complete triangular pile is 9139; find 
how many shot are in the bottom course. Ans, 703. 

5. Find the three cube roots of 1, or solve the equation x* — 1 =0. 

Ans. 1, i (- 1+ V - 3), i (- 1 - V -3). 
128. When the roots of an equation are incommensurable, and their 
initial figures have been found by trial, their values may be obtained to 
any degree of accuracy by the method of approximation devised by the 
late Mr. Horner, of Bath. This method is much the best that has ever 
appeared, and its principle consists simply in diminishing a root of the 
equation by its first figure, and repeating the process on each trans- 
formed equation, till the root be obtained to any extent. 



Examples. 

1. Given a^ + 9 a; — 16 = 0, to find a near value of a;. 
Here the value of x is greater than 1, but less than 2, and the opera- 
tion is as follows : 

1 + 





1 

1 
1 


+ 9 
1 

10 
_2 

1200 
136 


-16 ( 1-4435452577 
10 

-6000 
5344 


2 

1 


-656000 
601984 


30 
4 


1336 
152 

148800 
1696 


-54016000 
45701307 


34 
4 


-8314693 
7624456 


38 
4 


150496 
1712 


- 690237 
610050 


420 
4 


15220800 —80187 
12969 76257 


424 
4 


15233769 -3930 
12978 3050 


428 

4 


152467' 
21( 


4 7 -880 

5 4 762 


4320 
3 


152489 
21( 


1 1 -TlS 
li 107 


4323 
8 


152510 

1 


7 -11 
7 11 


4326 
3 


152512 
1 


4 

7 


|43|29 


1,5,2,5,114 





The coefficients of the first transformed equation whose roots are 
each less by 1 than those of the given equation are the numbers below 
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t 

the first dark lines in each columny without the ciphers, and the equa- 
tion itself is 

y*+33^+12y-6=0 (1). 

The value of y in this equation is greater than *4, but less than -5, 
and in finding this value we are assisted by the equation 12y — 6 ^ 0, 

as it gives y = — = * 5, which is rather too great. Now, to avoid 

decimals, we may suppose the roots of (1) to be increased 10 times, by 

z 

writing — for y, and then clearing the equation of fractions ; thus we 

^^ • 

get the equation 

«» + 30«"+ 1200^-6000 = . .(10, 
whose coefficients correspond exactly with the numbers below the first 
dark lines already referred to. The roots of this equation are now 
diminished by 4 as before, and this number is accounted as tenths in 
the root, because the roots were increased ten-fold. The coefficients of 
the second transformed equation are the numbers below the second dark 
lines in each column, and the equation itself is 

tJ» + 4-2tJ»+ 14-88r- -656 = . . . .(2). 
To find the value of v in this equation, take 14*88 v — *656 = 0; 

*656 656 

then we get V = , ^ ^^ = ; ,^^^ = • 04, and thus the next figure in 
® 14*88 14880 ^ 

the root is 4. Proceeding with this figure as before, we effect a third 

transformation, and so on till the root be obtained to any extent. The 

numbers under the dark lines in the column next to that on the right 

speedily become available for determining the successive figures in the 

root, since the addends have little e£fect on the figures towards the left 

of these numbers, and to avoid unnecessary trouble in writing figures, 

the principle of contraction has been employed. Instead of annexing 

ciphers, cut off one figure from the last column but one, and two from 

the preceding column, which is equivalent to cutting off three figures 

from each column, and operate with the numbers on the left in the usual 

manner, taking care to allow for the units to be carried from the figures 

cut off. 

129. The three roots of any cubic equation may be obtained very simply 
in the following manner : 

Let a + VPj*""^/' *°^ ^ denote the three roots of a cubic equation, 
then if the equation whose roots are r, a + ^ /3 and o — ^ /5 be formed 
by (125) it will be 

a* - (2 « + r) «• + («•+ 2ra - /3) a: - r («« - /3) = . . (1). 

Now reduce the roots of this equation by r ; then we have the fol- 
lowing process : — 

l_(2a + r) +(a«+2r«-)8) ^r{a^-fi)ir 
r_ - 2rg +r(a*-^) 

-2« a«-i8 

r — 2r« + r* 



-2a+r a'-2r« + r*-/3 

r 3tf«-|-6>"«— 3/3 = three times the coefficient of x 

2)-2a + 2r (2 a -h r)« - 4 /3 

— (2 a 4- »*) ■ = the square of the coefficient 

4) -4/3 of ^ 



— « + r 
—• r 



— a -" ^ 
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Hence if the proposed cubic equation be 3:"+ a ^ + 6 « + c = 0, the 
type of solution will be as in the margin, where 
the yalues of a and /3 are obtained from the 
coefficients of the transformed equation whose 
roots are less by r than those of the proposed 
cubic, and r, a and ft being thus found, 
the three roots of the equation are readily de- 
termined. When the value of fi is positive, 
the roots are all real ; and when it is negative, 
two of the roots are impossible. In the fol- 
lowing example the additions are performed 
mentally, and the results alone are written 
down. 



fa 

r 


+ » + * (r 
rd tV 


of 


b' 


r 


re/' 


a" 

r 


U' 
3ft 


a'" 

• • • • 
— r 


• • . • 

4) -4^8 



— a 



- /8 



Example. 
Given d^ + 10j^ + 5dr— 2600 =: to find all the roots. 



1 + 10 
21 
32 

43006 
43012 
430187 
430194 
4302019 
4302028 
43020379 
43020388 
430203973 
430203976 
4302039793 
4302039796 
43020397999 
43020398008 
430203980177 
430203980184 
2 )4302039801916 

21*51019900958 
- 11-00679933972 

o = - 10-50339966986 



+5 

236 

588 ~ 

588258036 

588516108 

58854622109 

58857633467 

5885802064871 

5885840783123 

588584465495711 

588584852679203 

588584865585322 

588584878491441 

5885S4879782053 

588584881072665 

588584881459849 

588584881847033 

588584881877147 

588584881907261 

588-584881908981 

J^^ ■ 

603-584881908981 
100 

4)503-584881908981 



-2600(1 1-00679933972 



2596 



4000000000 
3529548216 

470451784 
411982855 

56469429 
52972219 

5497210 
5297260 

199950 
176575 

23375 
17657 

5718 
5297 

421 
412 

9 



125-896220477245 = — /3 

The three roots of the given cubic equation are thus found to be 
11-00679933972,* 

- 10-50339966986 + V - 125-896220477245, . 

- 10-50339966986 - V - 125-896220477245. 

Determine the roots of the following equations : 

2. a:"+ JO a? =100. Ans, a: = 6-18034, a; = - 16*18034. 

3. a:" - 2x = 5. Ans, x= 2-09455148. 

4. x» + 2 a; = 30. Ans. x == 2-89304. 

5. x»+a:« + a: = 90. -^iw. x =: 4- 10283. 
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6. a^ + 9a:» + 4a:=80. Ans. x = 2-47214. 

7. a: + >^(x - 5) = 10. Ans, x = 8-4840198. 

8. a?*- 2a:" -3a:* — 4 a: = -5. 

Ans. a: = 3-182478, a: = -728727. 

SOLUTION OP EQUATIONS BT DOUBUI POSITION. 

130. The roots of equations of all d^ees may be determined to any 
degree of accuracy by the method of Double Position. It is equally 
applicable to all forms of equations. 

Let a:' + ^a:' + ^a;=scbe an equation of the third degree, and let 
s and ^ be any two near values of x, found by trials; then if s and / be 
substituted for x in the given equation, we shall have 

3^ + aa* + bx = c (1), 

^ +as^ +bg =</ (2), 

/•^as^ + bsf =c" . . . . (3). 
Subtract (3) from (2) and (2) from (1) ; then we get 

(3*-^ + a (a* - «») + ft (x - *) = c - c', 

or, (* -*') {^ + **' +*'« + a (*+*') +-ftj =c' -€?"... (4), 
(a: -*){a5"+a:# +<* +a(x + s) +b\ =c-& ... (5). 
Now, since the values of a;, «, and s' are nearly equal to each other, 
the bracketted expressions in (4) and (5) may be considered nearly 
equal to each other, and dividing (5) by (4) on this supposition, we get 

This expression affords the following rule : 

JPind by trials two numbers nearly equal to the root required^ and 
substitute them for the unknown qttantity in the given equation^ noting 
the results that arise from each substitution. Then the difference of 
' these results (4/ ^ c") is to the difference of the assumed numbers (s — «')» 
as the difference between the true result given by the equation and 
either of the former (c— c') to the correction of the number belonging to 
the result used (x — s). Apply this correction to the assumed number ^ 
according as thai number is too little or too great^ and an approximate 
vcdue of the root will be obtained. 

With this value and the nearer of the two former values, or with any 
other values that appear to be more accurate, repeat the operation, and 
a second approximation to the true value will be obtained ; and so on. 

Examples. 

1. Given a^ + 3 a:' = 500, to find an approximate value of x. 
By trials it is found that the value of x is greater than 7, but less 
than 7*1. Take these as the assumed numbers ; then 

(7) .... (x) ... . (7-1) 



343 .. . 

147 .. . 


• XT . . 

. 3x" . 


. . 357-911 
• . 151-23 


. 490 


results 


509' 141 


509*141 
490 


7-1 

7 


509-141 
500 


Then 19-141 


: -1 


:: 9-141 



-047; 



T 



I 
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whence x = 7' 1 — '047 := 7*053, which is the firet approximate value 
of a:. 

Taking 7*05 and 7*06 for the assumed numhers, then 

(705) .... (x) ... . (706) 



350-402625 . 


• . d5 • ■ a 


. 351-895816 


149-1075 


• . O QC • a 


. . 149-5308 


499-510125 


results 


501-426616 


501-426616 


7*06 


500 


499*510125 


7-05 


499-510125 



Then 1*916491 : *01 :: -489875 : '00255; 

whence x = 7*05 + -00255 =7*05255, which is a near yalue of a;, 
and correct as far as the last place of decimals inclusive. 

Let the root thus found he denoted by r, then a; = r, and if this value 
be substituted for x in the given equation, we have 

a:» + 3a:'=500 .... (1), f* + 3r* = 500 . . . . (2). 

Subtracting (2) from (1) gives 

(x» — + 3(x« — r«) = 0,' 
or (ar — r) (x* +.a;r + r^ + 3 (x — r) (x + r) = 0; 

.•. (x-r) {a:" + (r + 3)x + r(r + 3)} =0 . . . . (3). 

Now this equation is fulfilled by making 

x« + (r + 3) X + r (r + 3) = ; 
hence, if in the equation 

«* + (r + 3) X = - r (r + 3) . . . . (4) 
we substitute the value of r, viz., 7 '03255, the values of the remaining 
roots may be found. 

Find the roots of the following equations : 

2. x»+10x" + 5x = 2600. Ans, x= 11*00679. 

3. x» + x* + x = 100. Am. x = 4*26443. 

4. 2x» + 3x»-4x:= 10. Atu. x = 1-62482. 

5. X* — x" + 2x» + x=4. Ans. x=: 1-14699. 

6. a?* + ac» + 2x«-x = 4. Ans. x = 1 09059. 

7. x*+2x* + 3x" + 4x» + 5x = 54321. Ans. x = 8-41445. 

8. -y7x» + 4x" + Vl0x(2x- 1) = 28. Ans. x = 4 * 51066. 

OOBia EQUATZONa-OABDiLirS HXTTHOD OF 80LVTZ0K. 

131. Let the general form of a cubic equation x*+/>^ + ^x4-r 
£= be transfortned into the form x' + o^+^^O, where the second 
power of the unknown quantity is absent ; then if x = y -f a, we get, 
by substitution, 

(y + zy + a(y + z) + h^Oy 

or y' + 3y2f(y + 2:)4-«* + «(y + «) +^ = 0. 

Let 3 y z = — a ; then the last equation becomes i^ + a^ zz — 6 ; 
whence y* + 2y*:8* + «* = 5*; 

but 4y"z» = - "27-'""ceyz= — -; 



.*. y-^2y-z» + ^ = 6«+i^'=4(^'+~). 
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The fqoafe toot being taken, gives 

^ V4 27/ 

Combining this eq[nation with ^ + ai* =: — &, by addition and sub- 
traction, we get 

b /y if\^ ._ b /&• o^* 
^='"2 + U'^27>/^^"""2"V4"^27;' 

or since z = — — , we nave 

y 

\ 2n4+27;f {.-^+(^-+-j'}- 

iSr. Given o^ — 6x = 12, to find the value of x. 
Here a = — 6 and 6s— 12; hence by the formula 

« 2-24345 + A^ = 2-24345 + '89148 = 3*13493. 

This method of solution applies only to those cubic equations which 
have one real root and two impossible ones. 

For let h + V^f A " *JK and — 2 A be the three roots of a cubic 
equation ; then (125) that equation wiU be x* — (3 A* + A) x + 
2 A (A* -A) =0. Now if we substitute -(3A« + A) for a and 

— + r;r j which occurs in both 
terms of the value of x, we get 

= -^IC*' " 1*")^ ~ ^*}= (** - Ja'Vc- 3 A). 

Now this expression is always imposMle when A is potUive^ and when 
A is positive, the roots A + ^ A and A — V A are real; and on the contrary, 
when A is JtegcUive^ the radical value above is real, and the roots A + v A 
and h^ /^ktiTt impossible. Cardan's method of solution is hence useless 
in practice when the roots are all real, as they cannot be computed by 
means of it, on account of the occurrence of an imaginary or impossible 
quantity, and it is only when the cubic equation has one real root that it 
is applicable. 
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BIQ17A3>BATXO EQnATI0NS.-8XKP80ir8 MXTTHOB OF SOLXmON. 

132. Let the general form of a biquadratic equation x^ + P^' + ^^ 
•^ rx +sr=:Oht transformed into the form a^ + aa:' + ^^ + ^=0, 
where the third power of the unknown quantity is absent; then if we 
assume 

X* + a3(^ + bx + c = (a^ + yy ^ (hx + ky 

= af* + (2y-A«)«'- 2hkx + ^ - k\ 
and equate the coefficients of the same powers of x on both sides, then 
2y — A* = a, or A"=:2y — a. • . • O) 

— 2AA =6, or2AA=— 6 {2) 

f^ ^ ^ = c, or A* = y* — €? . . , . (3). 
Now it is obvious that the squftre of (2) is equal to four times the pro- 
duct of (1) and (3) ; hence 

4 (2y - a) O/* - c) =&«, or / - - aj^ - cy =s - (&• - 4ac). 

Remove the second term of this cubic, and find the valpe of y by the 
previous method ; hence A = ± V (2 y — «) and A = + V (y* • O 
will be known, and they roust have opposite signs, for 2AA is a 
negative quantity by (2). Then the first side aii^ + aa^ + bx + c of 
the first equation being equal to 0, we have 

i2* + vyz=z (Ax + A)«, or a:« + y = ± (Ax + A); 
hence, since y. A, and A are all known, the solution of the quadratics 

x^r- Ax + y — A=:0, and x' + Ax + y + AsrO 
will afford the four values of x. 

These methods may be applied to any of the examples which have 
already been given in (129) and (130). 

lW J ) ir r KE MINATE AKALT8I& 

133. We have seen that, when the conditions of a question furnish as 
many independent and consistent equations as there are unknown 
quantities to be determined, the values of these unknowns may be found ; 
but if the number of unknovm quantities exceeds the number of 
equations, the question will admit of various solutions, and it is hence 
said to be indetermincUe. If integer values only are required, the 
number of solutions will be greatly restricted ; and if negative values be 
excluded, the number of solutions in some cases may be very limited, 
while in others the number of positive integer solutions is unlimited. 

Indeterminate analysis of the first degree. 

Indeterminate equations of the first degree are of the form 
ax •\'by^=i c^ or ax •{- by + cz'n d^ 
where a, &, e, d are given whole lumbers, and x, y, z are limited to 
positive integer values. When the formula a x ± b y :=: c admits of 
integer values of x and y, the coefficients a and b cannot have a common 
divisor which is not also a divisor of c. For if a s=s m J, and bsime^ thca 

ax ± by=midx ± ey) = c, hence rfx ± ^y = — ; 

m 

c 

but d, e, X, y are all integers ; therefore — must be an integer, and m is 

a divisor of c. 

If a and b are prime to. each other, the solution of an equation of the 
form ax ^ Ay := ± rris always possible, and the number of solutions 
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is nnlimited, but if the equation be of the form ax + by ss Cy the 
number of Bolutions is always limited, and in some cases no solution can 
be obtained. 

Let a X — 6y = c be the equation in which a is less than b ; then we ha?e 

by-\-c _^^, . ^ . ^y±f . 
a " a 

where m y and n are the nearest quotients, whether in excess or defect, 
arising from dividing by and c by a; hence d and e are each less than 
\ a. Let the last fraction, which must obviously be a whole number, 
be put = Vy then we have dy ie ^^av^ and as before 

av T, e , , , _^ fv ± a 

^ d d * 

where/* and ^ are each less than ^d. Put the last fractional expression, 
which must also be a whole number, =: Vj, and repeat the process until 
we arrive at a fractional expression in which the coefficient of the sub- 
sidiary unknown quantity v, is unity. Let this fraction = /i, then we 
have an expression of the form, v^ =kp ± k ; and by reversing the 
steps^ we get in succession the values of the subsidiary unknown quan- 
tities which have been employed, and finally those of x and y. 

Examples. 

1. Given 7a;+12y = 50, to find the values of x and y in whole 
numbers. 

Here the smaller coefficient is 7, and therefore we have 

50 - 12y ^ ^ 2y+l 
x= _y = 7.-2y+^2^; 

2y+ I 
let — ^-= — = V, then 2y = 7 v — 1, and consequently 

7v-l „ . r—l 

tj — I 
let — - — = Pj then r = 2/i + 1 , and hence 

y:=Sv+p=1p-\-S; 
X = 7 — 2y + t> = 2 — 12Jp. 
Consequently we see that if x is to be a whole positive number, the value 
ofp is limited to zero ; hence when j9 =: 0, we have 

sr = 2 and y = 3, 
which are the only integer values of the two unknown quantities. 

2. A person purchased between 50 and 60 horses and oxen ; he paid 
31 dollars for each horse, and 20 dollars for each ox, and he found that, 
the oxen cost him seven dollars more than the horses ; how many of each 
did he buy ? 

Let X denote the number of horses, and y the number of oxen ; then 

20y- 3lx=7; 

hence we have y = . — = 2 x —- — ; 

9x — 7 
let — rjr — =»; then will 9x = 20» + 7; hence 

20r + 7 2fJ-2 v-1 

x= =2t^+l+ — ^ = 2r+l+2.-^; 
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l^f. — -- p^ ^ijgjj ^ — . Qjj, ^ j^ j^mj consequently 

x=z2v-\-l+2p=z 20p + 3, 
.'. i/=z2x — V = 31/> + 5- 
In these expressions for x and y, we see that p may have all possible 
values from to any extent; hence makings = 0, /> = l,/> = 2, etc., 
we get a: = 3, 23, 43, 63, 83. 103, etc. ; 

y = 5, 36. 67, 98, 129, 160, etc. ; 
therefore by the limitation in the question, we have x =.23 and y = 36, 
the respective numbers of horses and oxen that were purchased . The 
total number of solutions is unlimited. 

3. How many ounces of gold, of 17 and 22 carats fine, must be 
mixed with 5 ounces of 18 carats fine, so that the composition may be 
20 carats fine ? 

Let X = the number of ounces of 17 carats fine, and y = the number 
of 22 carats fine, then by the condition of the question we gee 

17 a; + 22y + 5 X 18 = 20 (x + y + 5) ; 
or2y = 3a;+ 10; 

X X 

hence y = a: + 5 4- -, and if - = jti, then will 

X = 2pj and y = a: -f 5 -\-p = Sp -h 5. 

If JO = 1 , 2, 3. 4, etc., then we get 

aj = 2, a: = 4, X = 6. a: = 8, etc. 
y=8,y= ll,y= 14, y = 17, etc. 

134. If there be only one equation to determine three unknown 
quantities, as ax-^bi/-{'Cz = d; then by transposition, ax -\- by 
= c? — C2r, and by giving to z all its different integer values, we shall 
obtain in the usual manner all the corresponding values of x and y. 
The values of x and y cannot be less than unity ; therefore the highest 
value of z cannot exceed the value derived from the equation 

d — a— 6 

z = . 

c 

Examples for Practice. 

1. Givea^).4 x = 6 y + 7, to find the least values of x and y. 

Ans. X = 3, y = 7. 

2. Given 27 x + 16y = 1600, to find the least values of x and y. 

Ans. x = 48, y = 19. 

3. Given 1 1 x + 5 y = 254, to find all the possible values of x and y. 

Ans. X = 19, 14, 9, 4 ; y = 9, 20, 31, 42. 

4. In how many ways can 20/. be paid without using any other coin 
than half-guineas and half-crowns. Afis. In 7 different ways. 

5. Given x ^ 2y + z = 5 and 2x+y— 3r=7, to find the values 
of X, y, z. 

X = 5, 6, 7, 8 
Ans, 



• • • • 



y = 3, 6, 9,12, 

[z = 6, 11, 16,21, 

6. A person bought 100 animals for 100/., namely, oxen at 5/. each, 
sheep at 1/., and fowls at 1 shilling each ; how many of each kind did 
he purchase? Ans. 19 oxen, 1 sheep, and 80 fowls. 

VOL. I. N 
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7. I owe a penon 3 sbillings, and have nothing aboat me but guineas, 
and he has nothing but crowns ; how must I discharge the debt? 

Ans. I must give 3 guineas, and receive 12 crowns. 

8. A jeweller requires to mix gold of 14, 1 1, and 9 carats fine, so as 
to make a composition of 20 ounces of 12 carats fine; find the quan- 
tities of each kind of gold to form the required mixture. 

Ans, 8, 10, 2 ounces, or 10, 5, 5 ounces. 

9. Given 5x+7y + ll2r=: 224, to find all the possible value3 of 
x^ y , and z in whole numbers. Ans. The number of wa]^ is 59. 

IRDETEEMnf ATE OOEFFIOmNTS. 

135. If two series of quantities be equal to each other, as 
a-f 6ar + ca' + rfx*+ . . . =• A + Bx + Cx» + Dae* + . . . •, 
whatever be the value of x, and where the coefficients are independent 
of x; then will 

A = a, B = ft, C = <r, D = rf, etc. 
For by transposition we have 

o- A=(B — ft)x-f (C-c)a:»+(D-<0«*+ • • • •? . 
and if a is not equal to A, then a — A will be some constant quantity ; 

but the second side of this equation varies as x varies, and may be made 
less than the fixed quantity a — A by taking a sufficiently small value 
for X, which is absurd, and therefore we must have a ^ A. The pro- 
posed equation, then, separates itself into two equations, viz., 
A = a, andftx + cx* + i/x»+ . . . = Bx -f- Cx* -|- Dx» + . . . 
Dividing each side of the latter by x gives 

b -\-cx-\-dQ^-\-e3i*+ , . . =: B 4-Cx + Dx» + Ex'+ . . ., 
which by similar reasoning separates into the two equations, 

B = ft, and c-f rfx + cx"+ . . . = C -f- Dx -|- Ex» + . . ., 
and the latter gives, as before, C = r, and so on ; hence we have 

A =r a, B = ft, C = c, D = c/, etc. 

Examples. 

1. Required the development of aJ (ja — x) in a series. 
•LetV(«-a:) = A4-Bx +Cx* +Dx» + Ex* -|- . . . 
V(a-x)=A4-Bx +Cx" +Dx' +Ea?*+. . • 



a-x =A"4-ABx-f ACx* + ADx^-h . . . 

+ ABx + B« x* + BCx»+ ... 

+ ACx»+BCx»+ . . . 

-|-ADx»+ . . . 

HenceA"=a,2AB= - 1, 2 AC 4-B'= 0, 2AD + 2BC = 0,etc.; 

.-. A = a* B = - -ir, C = - ;51^ = - — 







2a^ 


D 


= 


BC 
A " 


X) 


- 


2 a* 



2A ^^f 

1 



8a^ 



16a 



V 



, etc. ; 



«. x* X* 
and V(« - x) ss a' ^ -^ ^ - etc. 

8a* 16a»' 



■^ 
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i f, X «• 1.3X» 1.3.505* .1 

I 2a 2.4a" 2.4.6a* 2.4.6.8a* 'J 

2a* 

2. Separate -^ — -^^ into two fractions whose denominators shall be 

a "^^ n* 

a 4- X and a ~ x. 

2a* A , B Aa + Bo-(A-B)x 

^^* 5rr^"^4^ + ;-3^ S?^:p — ^^ 

.-. 2a* = (A + B)a - (A - B) x, 

and equating the coefficients of the like powers of x, we have 

2a* = (A + B)a, and A - B = 0; 

.'. A = B, and A + B = 2a, or2B = 2a; hence B = A = a, 

2 a* A B a a 

* * a* — X* a + x a — X a + x a — x- 

3. Required the development of in a series. 

An». 1 + - + _ + _ + ete. 
a or cr 

4. Requhred the development of V (^ + ^) in a series. 

A X^ X^ 1 . o x^ 

-^*'w. a + ' A -— i — etc. 

2a 2.4a*^2.4.6a* 

X* — X + 2 

5. Separate -7-7 —-7 — into three fractions. 

(« - 1) (« - 2) (x - 3) 

A ^ 4 . 4 

x-1 X-2X-3 

6. Find the value of rr in a series. 

(a - x)« 

. 1 ^2x^3x»^4x»^ ^ 
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136. By actual multiplication we have (1 4-a?)* = 1 +2 x + x*; (1 +x)* 
= 1 + 3x 4- 3x* + X* ; (I + x)* = 1 + 4x + etc., and hence gene- 
rally we see that the form (^ the expansion of (1 + x)% when » is a 
positive integer, is 

1 +i»a: + Ax» + Bx* + Ca?*+ .... 
where the coefficient of the second term is i», and the coefficients A, B, 
C, etc., are entirely independent of x. 

Bat if the exponent he a positive fraction, as — , then we have 

(l + a:)' = <0'(l+x)* = ;/(14-wa; + A'x* + B'x^ + CV+ ...). 

And since (l+y)"= 1 +«y + Ay* + By* + Cy* + .. ., 

if y = ax + 6x* + cx* + . . .^. 

.'.(1 + ax + 6x* + ex* +...)■ = 1 +«ax+AiX* + BiX*+ •.. 

Hence, conversely, the «*** root of 

1 +nax 4- Aix* + Bi X* 4- ... = 1 +«« + 6x* + cx' + .. . 

m 
Let na ^ m^ then will a = — , and therefore 

n 

k2 



1 
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the «* root of 1 + «»a: + Pa* + Qx* + ... ie of the form 

m , « . 

I -\ — X +par -^qor +.. . 
n 

Again, if the exponent be negative, as — n, where n may be either 
integer or fractional, then we have 

(1 + ar) • = ^Zfxy " 1 +»a: + Aa» + Bx* + Cx*4- ..- 

= 1 -nx4-P'a^ + Q'a:!'+ ... 
by actual division ; therefore generally the form of the expansion of 
{l + xy = l+nx + Aoi^ + Ba^ + C3i^-\- . . . (1). 
Now if we substitute ar + y for a; in equation (1) we have 

(1 +a:+y)" = ! + «(« +y) + A(a;+y)» + B(x+y)' + .. . 

= ! + ««+ Ax* 4- Bx»+ Ca?*+../ 
4- ny + 2 Axy + 3Bx*y + 4Cx»y+... 

+ Ay* + 3Bxy«+ 6Cx*y"+...M2). 
+ By" + 4Cxy»+... 

But(l +x + y)- = {(1 +y) +x}- = (1 +yr {1 + j^}' 

= (1 +y)-{l+n^ + A^. + B~|^ + . . . } 

= (I +y)"+nx(l+y)— » + Ax*(l+y)— + Bx»(l+y)• 
^-Caf*(H-y)— *+.. 
= l + «y+ Ay*+ By»+ C/+...^ 

+ «x + «(n— l)xy 4- nA|Xy"4- »B,xy*4-...j 

+ Ax* + A(«-2)x*y+ AA.x*y«+...L(3), 

+ B x» + B(n-3)x»y +. . . I 

+ Cx*4 

where Ai, Bi, etc., At, Bf, etc., are what A, B, etc. become when n is 
changed into n — 1, n — 2, etc. Now the series (2) and (9) must be 
identical ; hence equating the coefficients of the same powers, or com- 
binations of powers, of x and y, in both, we get 

«(«-l) 



2A = «(» — 1), and therefore A = 



1.2 



« *• 1 r .A («— 1) (« — 2) 
Hence, writmg » — 1 for n, we get Ai = r-^r ; con- 

lequently the coefficients of xy and x'y in (3) are identical, each being 

s= ^ . Comparing the coefficients of xy' and x'y in 

both series, we get 

3B= ^(^-i)(^-2) B^^(»"l)(^-2) 

1,2 • 1.2.3 

Finding now the values of Bi and A«, we can find the coefficients of xy*, 
a*y*, and x'y in (3) to be respectively 



I 
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ft (n - 1) (It - 2) (« - 8) »(n- l)(n-2)(n- 3) 

1:2:3 • 17272 **"'* 

«(n- l){n -2)(n- 3) 

1.2.3 
Comparing either of these with the coefficiente 4 c, 6 c, 4 c of the corre- 
sponding powers of x and y in (2), we get 

n(»-l)(ii-2)(i»-3) 

"" 1.2.3.4 

In this manner the law of the coefficients can be obtained, and we have 

\ a/ a 1.2 a* 1.2.3 a" 



and 



Writing — ac for x in the last series, we have 

(a - xy = a* - »a— » x + ^^^Z^^ ^"' ^ 

__ n(«^l)(n-2) 

1.2.3 "* *^+ ^®^' 

By a little consideration, it will be found that the p^ term of the 
expansion is 

n(n - l)(n - 2) (n ^ 3). . .{w - (;> - 2)} ^-r.^n^-i ,hx 
1.2.3.4 ...(p- 1) •••V /• 

EXAMI^LBS. 

1. Expand i^ (a — x) in a series by the binomial theorem. 

Here (a - x) * = { a Tl - ^) } * = a* Tl - ^¥, and 

(x\ i X I 

1 j ' with (1 + a:)", we have x = — - and » = - ; 

therefore ( 1 — "" ) 

^ ^ " 2 ' a ^ ^r72~ "^ " 1.2.3 a' ^ ''^'^• 

1 X 1 X* 1 .3 x» 



2 a 2.4a" 



2.4.6 a" 



'-T — etc.; 



xi if, 1 ^ 1 a:* 1-3 aj" 1.3.6 X* ^ 1 
...(a-x) =:a Ji--.--_.-.^^^._.^^-^,--etc.f 

2. Let it be required to expand (a* + x*)" in a series. 

, 3 . . 3.1 X* 3.1.1 X* . 3.1.1.3 x" 
• 2 . 2.4 a 2.4,o a" 2.4«o«8 a' 
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3. Expand r r-« in » series. 

(a - xf 

3x 3.4 «■ . 3.4.5 x» . ^ 
a 1.2 cr 1.2.3 a" 

4. Find the fifth term of the expansion of (a* ^ a^ 

- 1155 «••• 



• »• 



2048 'I 
a" 



5. Expand ( 1 + a;) in a series. 

_ 1 

6. Expand (3 ^ 7 a;) ^ in a series. 

7. Expand (^)* i 



m a series. 

a 2 (f 2 cf 2.4 a* 2.4 a* 

8. Expand (a' ^ ax) in a series. 

1 (, 3 a?. 3.13 X* . 3.13.23 3? . ) 



f ] lO'a ^ 10. 2U a* ' 10.20.30 a* 



137. Let it be required to develop a* in a series. 
Let a = 1 + ^ ; then 6 = a — 1, and we have a* = (1 + i)' ; 
rv, , . r . 3;(x — 1) -. , x(a: — 1) (x — 2) „ 
but (1 + ^)' = 1 + a? * + -"V 2 "*■ 12 3 "^ 

= 1 + xf ft- -+'^- - + .... j + Bx' + C«* + D**+ ; 

or 0*= 1 + A«4-Ba!' + Ca» + Da:* + Ea:»+ ; 

2 3 4 5 

=» (a- 1) -i(a- 1)« + ^(a- D- - l(a^ l)* + i(a - 1)*-... 

Now a*- 1 + Ax + Bx» + Ca:» + Dx*+ . . . ., 
and writing x + ^ for x giyes 

-«•+•= 1 + A (x+2;) + B (x + ;?)« + C (x + 2r)« + etc. 
= 1 + A« + Bx* + Cx»+Dx*+ etc. ) 

+ Aar+2Bx4r + 3Cx«2r4-4Dx»z4-etc. L . . • (1). 
+B2J* + 3Cx;j« +6 Dx««» + etc. j 
etc. 
But a'+* = a* X o' 

' =(l+Ax+Bx«+Cx»+...)x(l+4«+B:2«+C«*+...), 
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or ci^* = 1 + A a;+Ba:"+C a^+D x* + eto. ] 

+ Az+A*xz-\-A.Bx'z-\-AC3(fz + etc.}. . . .(2). 
-hBz'^ J 

Consequently, equating corresponding terms and coefficients in these 
two identical series, we get 

2B = A*, 3C = AB, 4D = AC, 5E = AD, etc.: 

hence B = ^, C = ^, D = -^4^, E = ^^^, etc. ; 

^ , ^ A*a^ A»ar» . A*x' 
...... l+A. + j^+j^+ ^-^2X4 + ^^ (^)> 

whereA = (a « l) ~ 1 (« - i)« + l(a - l)»- 1 (a — 1)* + etc. 
If e be that value of a which renders A = 1, then we have 

andifa: = l,thene=l + l + i^ + ^+j-^2^ . 

= 2-718281828 ... 
The theorem (3) will find its application presently in the calculation 
of logarithms. 

^ KATUBS AMD BB0PEBTZE8 OF LOGABITHMS. 

' 138. We have already seen in the Arithmetic that logarithms are a 

series (^numbers in arithmetical progression corresponding to another 
series in geofnetrical progression. Thus in the two series 

0, 1, 2, 3, 4, 5, 6, etc. 

1, 10, 100, 1000, 10000, 100000, 1000000, etc. 
the logarithm of 1 is 0, of 10 is 1, of 100 is 2, of 1000 is 3, and so on. 
But the best method of considering logarithms is derived from the 
following definition : — 

A logarithm of a number is the index of the power to which a given 
quantity must be raised so as to be equal to that number. Thus in the 
equation a'=in^ x is the loganihm of n to the base a, and is usually 
written x := losTa ^» 

A system of logarithms is a series of values of x corresponding to 
different values of ti, the base a remaining the same; but since a may 
have different values, it is obvious that there may be as many systems 
of logarithms as we please. 

in every system of logarithms the logarithm of its base is 1 ; for a* = a. 

In every system of logarithms the logarithm of 1 is 0; for a" = 1. 

Pr(^f>erties of Logarithms, 

1 . The logarithm of the product of any number of factors is equal 
to the sum ojf^the logarithms of those factors. 

Let a* = P, o*' = Q, a* = R and a* = S : then we have 

X = log„P, y = log.Q, 2r= lojr„R, v = log, S. 
But o' X a* X «• X a'=:a' + «' + ' + ' = PQRS; 

. • . log. P Q R S = a? + y + 2? + t? = loge P + log« Q + log« R + loga S. 

2. Tlie Utgarithm of a fractional quantity is equal to the excess of 
the logarithm of the numerator above the logarithm of the denominator. 

Let a" = N and o^ = N' ; then x = log«N, y = loga N'. 
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Bat — = — = a* ' ; consequently 

N 
log.^ = a: - y = log.N - logaN'. 

3. The logarithm of a power of a quantity is equal to the logarithm 

of the quantity multiplied hy the index of the power. 

Let a* = N, then x = log^ N, and a"' = N" ; therefore 

log N* = « aj = « loga N. 

4. The logarithm of a root of a quantity is equal to the logarithm 

of the quantity divided by the index of the root. 

Let a* = N, then x z=i log. N, and a* = N* ; therefore 

- X • \ 

log N" = " = - logaN. 
n n ° 

5. The logarithms of any qwmtity in two different systems are in- 

versely as the logarithms of their bases in any system. 

Let a" = N, and 6* = N ; then x = log. N and y = logj N ; 
but tince a* = ^, we have by (3), x log a = y log 6 ; 
.*. a: : y : : log 6 : lopr ^ Qr log. N : logt N : : log ^ : log a ; 
where the two latter logs may be taken to any base whatever. 

These properties of logarithms are of the highest importance, and the 
latter property will enable us to convert logarithms from one system to 
another with great facility. 

Computation of Logarithms. 

By the exponential theorem, we have 

A* a* A'a:* A*ar* 

_.. , . . A'x*** A'x*** A*x««* 

B»z« B';8" B*«* 

where A = («-l) - | (a_i)«+ i(«_n«_ i («_!)« + . . . , (4), 

«nd B = («-l)~i(«-l)'+|(»-l)'-i(»-l)*+ ... (6). 

Let <f = n, then will 0*' = n'; therefore the series in (2) and (3) 
ought to he identical ; and hence B = A a;, throughout the entire extent 
of the series. Consequently 

« = |.= j{('»-l)-^(«-l)' + |(»-l)'-J(n-iy+...}(6). 

Id series (1) let x ;= -r-, then will 

A 

«-*=l+l + j^+j^+Y^+ e, 

i 1 

/. o^ = c or a = tf^ ; hence j = log.e, and A = log«a, 

consequently log a . log.c = A . -r- = !• 

A 
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But since <f =iny therefore also x =: log« n, and (6) becomes 

1 
The factor .- by which the series (7) is multiplied is independent 

of n, and is called the modulus of the system of logarithms whose base 
is a. In the same manner the respective moduli of the systems whose 
bases are b^ e^ and 10, are 

' ' =1. ' 



log.^* log.e ' log. 10* 

The system whose base is e or 2' 718281828 is called the Napierian 
system of logarithms, from the name of the inventor, Lord Napier, of 
Merchiston, and the system whose base is 10 is called the common 
system, because it is the system which is commonly, though not exclu- 
sively, employed in calculations. 

If in (7) we write x + 1 for », and put the modulus , ^ M., then 

log. a 

log„(l+x)==tM/a;-ix»+|a:'-;ja^+|-a:*-etcA^^^^ 

Sim',log,(l-x) = M/-x-ia:"-ia:»-^a?*-ia;»-. . Y..(9)- 

Subtracting (9) from (8), and recollecting that 

1 + X 

log (1 + x) - log(l - x) = log-j ; 

1 — X 

.•.logai3^ = 2M,rx+ lx»+ 1 x»+ lx^+ ...v.. (10). 

_ l-i-arn+l- 1 ,,,«v,^ 

Let = , then we get x = - — — -, and (10) becomes 

n + 1 

But log = log(« + 1) — logn; therefore 

n 

log.(»+l) = log.« + 2M.{^+l(^)Vi(^-Jj-J+...}...02). 

Since Mi,= -z = 1, it is obvious that 

%. log.« 

log.(«+l)=log.«+2{2^+ ^(2^1)'+ ^2^)'+ -}-^'^^' 
If » = 1, n = 2, n =: 3, etc., we shall have by (13) 

kg, 3 = 1.8, J+2{l+l(l)"+i(l)'+J(i)'+...}=109«6m 
log. 4 = log.2* = 2 log.2 = . . . . = 1-3862944 

log. 5 = log. 4+2{ 1 +1(1 J+^ 1 J+l(| J+ . . .}=1 .6094379 
log. 6 = log. (2X3) = log. 2 -f log. 3 = . . = 1 "7917595 
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l«g.7=log.6+2{±+^lJ+l(lJ+l(i.)V...}=1.9459101 

log, 8=log; 2* = 3 log, 2 = . . . = 20794415 

\og. 9=log. 8* = 2 log. 3 = . . =2- 1972246 

log,10=log, (2 X 5) = log, 2 + log. 5 = . , = 2'3025851 

In this manner the Napierian logarithms of all numbers may be 

computed, and since M^ = ; rr = ^ ^.^^^^. = '43429448, the 

*^ log, 10 2-3025851 

common logarithms of all numbers may be readily found. 

139. The connexion between common and Napierian logarithms is 

seen from (138), where it has been shown (5) that if N be any number 

then 

log* N : logi N : : log, b : log,a. 

Let a = 10, and b = e; then will 

logitN :log,N :: log,«: log,]0:: 1 : 2*3025851; 

.' . logw N = r-r^^rr log. N = "43429448 log, N ; 
® 2*3025851 ^^ ^ 

that is, the common log N = * 43429448 x Napierian log N, 

the Napierian log N = 2*3025851 x common log N. 

We shall now work one example at length as a pattern for the compu- 
tation of logarithms to any base. 

JSx. Find the common logarithm of 2. 

By the series (12) we have, when n = 1 and a ss 10, 

iog..a = -sessssoe}! + i (LJ+ I (|)V \ (})+■-} 

3) '86858896 

9)* 28952965 = '28952965 

9) -03216996 -f- 3 = '01072332 

9 ) -00 ^57444 -r- 5 = '00071489 

9 ) '000397 16 -r- 7 = '00006674 

9) -00004413-^ 9 = -00000490 

9 ) ' 00000490 -r- H = '00000045 

* -00000054 -T- 13 = '00 000004 

. - . common logarithm of 2 = -30102999 

Examples. 

1. Find the common logarithms of 5, 12, 18, 22-5 and -00072, 
having given log„ 2 = * 3010300 and logw 3 = * 4771213._ 

Ans. -6989700, 1-0791812, 1 2552726, 1 *3521825,and 4^8573325. 

2. Given log,o 3 = -4771213 and log,o 7 == -8450980, to find the 
logarithms of '021 and 1470. Ans. 2*3222193 and 3* 1673173. 

3. Calculate the common logarithm of 11. Ans. 1 * 0413927. 

4. Given the logarithms of 2 and 3, as in Example 1, to find the loga- 
rithms of :^ and -^. ^^' 2 log 3 - 4 log 2 = Tj501225 ; 

lo 375 and 5 log 2- log 3 -3 = 2*0280287. 

5. Find the logarithm of 180 to the base 6, or solve the equation 
6- = !«>• Ans. X = l+log2 + 2 1o gJ ^ ^, ^ 

log 2 -f log 3 



i 
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/ 5 V 2 

6. Solve the equation ( h* ) = q* • ^^- x = 1 • 2050476. 

7. Find the value of x in the equation a^ = r. 

Ans ^^ ^og^-^Qg^ 

log 6 

m 

8. Find the value of x in the equation o^ = c. 

-4iM. X = - ^ , ; where d = , . 
log 6 log a 

9. Given a^. h^ = c^ and m^ = nx, to find a; and y. 



m log a + ^ log ^' ''^ log a + ^ log b' 

10. Given 2*'. 3*' " • = 4* "^ . 5", to find the value ol x. 

Ans.x = 11-26242. 
t (« - 1) 

11. Given (a* — lA) = (a — 6)*', to find the value of x. 

Ans. X = 1 + MfL^. 

log (a + 0} 

12. Given 2" 3* = 2000, and 3 ^ = 5 x» to find the values of x 
andy. 

3 (3 + loK 2) 5 (3 -h log 2) 

^iM. X = ^-j — ■- , ■ . — -, y = — 



3 log 2 + 5 log 3' ^ 3 log 2 + 5 log 3 
13. Given 3*' + 3* = 6 and 4«" - 2 x 4'>' = 8 to find x and y. 

• . . log 2 log 3 

log 3 "^ log 2 

FEEMUTATIONS A2n> OOMBINATIOK& 

140. The permutaiions of any number of quantities are the different 
arrangements which can be made with them, when taken two together, 
Mree together, etc., or all together : thus the permutations of a, 6, c, 
when taken three together, wre abe, acb, bac^bca^ cab^ cba. The 
combinations of any number of quantities are the different collections 
which can be made of any assigned number of them, without reference 
to the order of their arrangement : thus, abc, abd^ acd, and bed are 
different combinations of the four letters a, ^, c, d, taken three together. 

141. J%e number of permutations of n different quantities y Uiken 
r together ^ is 

n (» - 1) (n - 2) . . , . . { « - (r - 1) }. 

For if a, 6, <?, d^ etc., be the n quantities, then, if taken two together, 
a may be placed before each of the (n — 1) quantities, and thus we have 
(n — 1) permutations. If^ be placed first, we shall have also (n — 1) 
permutations, and c placed first will give (» — 1) permutations, and so 
on throughout the n different quantities: hence the total number of 
permutations, two t(^ether, is n(n — 1). 

If the n quantities be taken three together, then, omitting any one of 
the n quantities, as a, the number of permutations of the remaining 
(n — 1) quantities is (n ~ 1) (n — 2) by the preceding case when taken 
two together* Place a before each of these permutations, two together ; 
then we shall have (n — 1) (n ^ 2) permutations taken three together, 
in which a stands first ; and there must be the same number of permu- 
tations where 6, e, d^ etc., successively occupy the first place in each ; 
hence the entire number of permutations of the n different quantities 
must be n times the number (« — 1) (» — 2), or n (n — 1) (» — 2). 
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In a similar manner, the number of permutations of n quantities taken 
four together is « (» — 1) (» — 2) (« — 3), and generally when taken 
T together, the number is 

« (» - 1) (« - 2) (« - 3) . . . . {« - (r - 1)}. 
If the quantities are taken all together, then r^in^ and the number of 
permutations is 

«(«- 1) (n- 2) . . . 3.2.1, or 1.2. 3. 4 «. 

142. The number of permutations ofn quantities taken all together^ 
of which p quantities are alike^ q other quantities are alikey r other 
quantities are alike, and so on, is 

1 .2.3.4 n . 

(1.2.3. - . . p) (1.2.3. . . . q) (1.2.3. . . . r), etc. * 

For if the p quantities were unlike, they would form 1.2.3. . . , p 
permutations, instead of only one when they are alike ; therefore the 
whole number of permutations must be diminished 1.2.3. . . , p 
times, if p quantities are alike, hence the number of permutations, if 
p quantities are alike, is 

1.2.3.4 n 

1.2.3.4 p 

For a similar reason, the whole number of permutations, if q other 
quantities are alike, must be diminished 1.2.3. . • . q times, and the 
expression for the number of permutations becomes 

1.2.3.4 n 

(1.2.3. . . . p) (1.2.3. . . . q)' 
If r other quantities are alike, the expression is 

1.2.3.4 n 



(1.2.3. . . . p) (1.2.3. . . . q) (1.2.3 . . . r)' 
and so on ; hence the truth of the proposition is established. 

143. The number of camhinations of n different quantities^ taken 
t together, is 

n(n~l) (y»-2) , . . . { n - (r - 1) } 

1.2.3.4 r 

For the number of permutations of n quantities, taken two together, is 
«(«— 1), and there are two permutations, a 6, 6 a, corresponding to 
one combination, ab; hence there are twice as many permutations as 

combinations ; and therefore the number of combinations is — •. 

1.2 

If the quantities are taken three together, the number of permutations 
is »(n — 1) (n — 2), and there are 1.2.3 permutations for each com- 
bination; therefore there are 1.2.3 times as many permutations as 

combinations, and the number of combinations is — ^ ^-^ -. 

1.2.3 

In a similar manner it may be shown that the number of combina- 
tions of n quantities, taken r together, is 

« (» - 1) (7t - 2) { « - (r -^ 1) } 

1.2.3. ..... r • • ^**-'- 

144. The number of combinations of n things, taken r together, is 
equal to the number of combinations taken n ^ r together. 

For writing n — r for r in the last result, the number of combina- 
tions of n quantities taken n — r together is 
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n(n-l) (n-2) , . . . (r+1) 

1.2.3.4 (n-r) ' ' * ^^^' 

but these results (a) and (;8) are equal to each other, for 

7t ( « ~ 1) (n - 2) . . . (» - r + 1) 

1.2.3. . . . . r 
_ (r 4- 1) (y + 2) . . . . (n >~ 2) (» - 1) n 

"■ («-r) (n-r- 1) . . . . 3.2.1 ' 

as is evident by clearing the equation of fractions ; for then both sides 

are identical, but written in reverse order. Thus if nzszS^ and r = 3, 

, 8.7.6 4.5.6.7.8 . x. r x.- .- 

then ' = , or the number of con)binations of 8 quan- 

tities, taken 3 together, is equal to the number of combinations taken 
5 together, as is evident by bringing these fractions to a common deno- 
minator. 

These combinations of n quantities, when taken r together, and n — r 
together, are said to be supplementary to each other. 

145. Also if Cr denote the number of combinations of n quantities 
taken r together, then the sum of all the combinations that can be made 
of n quantities, taken one, two^ ihree^ . . . n together is 

C»4-C,4-C.4-...C. = «4---~^^4---^ — Y^^ i + etc. 

= (14-1)"-^ 1 ^ 2* -1. 

EXAMPLBS. 

1 . Find the number of permutations of the letters in the word change. 

Ans. 720. 

2. Find the number of permutations of the letters in the word appli- 
cation, Ans, 4989600. 

3. In how many ways may 7 persons seat themselves at table ? 

Am, 5040. 

4. How many changes may be rung with 5 bells out of 8, and how 
many with the whole peal? Ans. 6720 and 40320. 

5. The number of permutations of n quantities three together, is to 
the number of permutations y^ve together, as 1 to 42 ; find n. 

Ans, n = 10. 

6. The number of combinations of n quantities four together, is to 
the number two together, as 15 to 2 ; find n, Ans, n = 12. 

7. On how many nights may a different guard be posted of 4 men out 
of a' company of 36 ? and on how many of these will any particular soldier 
be on guard ? Ans, 58905 and 6545. 

8. If a company consisting of 30 men are drawn up in column, with 
how many different fronts can that be done when 5 men are always in 
front? Ans, 142506. 

9. A captain, who had been successful in war, was asked what reward 
he expected for his meritorious services ; he replied that he would be 
satisfied with a farthing for every different file of 6 men he could form 
with his company, which consisted of 100 men; what was the amount 
of his request? Ans, 1241 72}/. hs. 
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IMTEB£8T AMD AMHUITZES. 

I j 146. 7b find the amount of a given sum of money in any number of 

i"l years^ at simple interest. 

* Let P denote the principal or sum at interest in pounds, r the rate of 

interest of 1/. for one year, t the number of years the principal is at 

interest, and A the amount of principal and interest at the end of t 

years ; then since 

r = the interest of 1/. for one year, 
< r = the interest of 1/. for t years, 
P ^ r = the interest of P/. for t years, 
.-. A=P+P<*-=P(1 +<r) .... (1). 
From this equation, any three of the quantities P, r, <, A being given, 
the fourth may be found. 

147. To find the amount of a given sum of money in any number of 

years^ at compound interest. 

In addition to the notation in the former proposition, we shall make 
use of R to denote the amount of 1/. for one year; then Rci 1 -f- r. 
Now P in one year will amount to P -4- Pr = P (1 + r) = PR, and 
this being the principal for the second year, the corresponding amount 
will bePR + PR»- = PR(l-fr)==PR*. In a similar manner 
P R' is the amount in three years, and consequently in t years the 
amount will be 

A = PR' (2), 

or, log A = log P + / log R . . . (2'). 

Cor. If the interest is paid half-yearly ^ then 2 1 will be the number 

r 
of payments, and - the rate of interest ; hence we have in this case 



If paid quarterly, AsrPfl+j) 



(4). 



Hence we can find the time in which any sum at compound interest 
will amount to twice^ thrice^ or m times itself. 

ThusifA = 2P; then by (2) we have 2 = R*, and < log R=: log 2; 
if A = 3P; then 3 = R', and Uog R = log 3; 
or, if A = m P ; then m = R', and ^ log R = log m. 

EXAMPLBS. 

1. If 500/. be allowed to accumulate at compound interest at the rate 
of 5/. per cent, per annum, what will be the amount at the end of 21 
years? Ans. 1392/. 19«. 7^. 

2. In what time will any sum of money double itself at the rate of 
4i per cent, per annum, compound interest being allowed ? 

Ans, 15*7473 years. 

3. If the population of a city contain one million of inhabitants, and 
increase at the average annual rate of 3 per cent., what will the popu* 
lation amount to at the end of 10 years? Ans. 1343915 inhabitants. 

ANNXTITZE8 GURTAHT. 
148. An annuity is a sum of money which is payable at equal in- 
tervals of time. 

When the possession of an annuity is not to be entered upon until the 
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expiration of a certain period, it is called a reversionary or deferred 
annuity ; and when the time of possession is not deferred, the annuity 
is said to be in possession. 

An annuity certcfin is one which is limited to a certain number of 
years; a life annmty is one which terminates with the life of any 
person, and a perpetuity^ or perpetual annuity, is one which is entirely 
unlimited in its duration. 

(J 149. To find the amount of an annuity in any number of years^ at 

{ compound interest. 

Let a denote the annuity, A the amount, R = 1 + ^ ; ^ <^nd n the 
same as in the former investigatioDs. 

The first payment becomes due at the end of one year, and if unpaid 
during the remaining n — 1 years, it will amount in that time, at com- 
pound interest, to aR*'^ pounds. The second payment becomes due 
at the end of two years, and, unpaid for n — 2 years, will amount to 
a R"~*. In a similar manner, the third payment will amount in n — 3 
years to a R*~~', and so on until the last payment which, unburdened 
with interest, is simply a. Hence the entire amount is the sum of a 
geometrical series, and therefore 

A = o4-aR + «R* + oR'+ .... +aR— • + «R""'; 

= ^ -"R^T " " — r — ^^)- 

If the annuity is to be received in half yearly instalments ; then we have 
A = |.(l±^!lLi = a/-L±ir)!lli (50. 

Ifguarurfy. A = ia^' + \'}"-' = [o_±i^l^ . . ^,„y 

Cor, If a pounds are placed out annually for n successive years, and 
the whole be allowed to accumulate at compound interest, then ^ ill 
A = aR + aR*4-aR"+ . . . +aR* 

=:aR(14.R + R«+ . . . +R""0 ^qR. p"",^ . . . (6). 

It — 1 

/ / 150. To find the present value of an annuity to be paid n yearsy at 

'-'' compound interest 

Let P denote the present value of the annuity a ; then the amount of 

P pounds in n years = PR" (147), and the amount of the annuity a in 

R*— 1 

the same ti me is (149) a •= r-; but these two amounts must be equal 

rC — 1 

to each other ; hence we get 

Cor. In the case of a perpetuity, n is infinite, and therefore we get 

P = g— J --.... (8). 

151. To find the present vcdue of an annuity in reversion^ com" 
mencing at the end ofp yearSy and to continue q years. 

It is evident that if an annuity be deferred p years, and then continue 
q years, its present value will be less than that of an annuity to be 



( 
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Teccived p + g Jtnnj by tlie pieaent valae of the annuity for p yean ; 
hence we have (150) 

R-iV It'*V R-iV RV 

" R^ Ir' ~ W*'0 ° H^ V ~ RV ^^^* 

If the annuitj is payable /or ever after the expiration oip years, then 
the value of the reversum «fthe perpetuity it (since q is infinite) 

^-^'^ <«'>• 

EXAMPLBS. 

1. What is the present valoe of 350^, due at the end of 10 years, 
allowing 5 per cent, compound interest? Ans. 214/. lis. Sd, 

2. What is the value of a freehold estate, yielding an annual income 
of 250/., allowing 3^ per cent compound interest? 

Ang, 7142/. 17*. Id. 

3. What will an annuity of 75/. amount to in 6 years, at 4 per cent. ? 

Atu. 497/. 9s. 4d. 

4. A person has in perpetuity a property worth 525/. which he sells 
for 11666/. 13*. 4d.; what per cent, does the purchaser get for his 
money ? Ans, 4i per cent 

5. What is the present value of an annuity of 112/. 10«., to commence 
at the end of 10 years, and to continue 20 years, at 4 per cent. ? 

Ans. 103^. l*ls. 6id. 

6. If an annuity of 50/. be purchased for 613/. 18*. 3^^-, at 5 per 
cent compound interest, what period must expire before the annuity is 
entered upon ? Ans. 10 years. 

PBOBABTTiTTIES. 

152. The probabUUy of an event is the ratio of the number of chances 
for its happening to the number of chances both for its happening and 
failing. Thus if a expresses the number of favourable events and b 
the number of un&vourable events, the probability of its happening is 

CL the number of favourable events 

a^ b the whole number of events 
whilst the probability of its failure is expressed by 

b ^ the number of unfavourable events 

a -4- 6 the whole number of events 

From this mode of represenUtion it follows that certainty will be 

expressed by I, and all probabilities will be expressed by fractions less 

than unity. The ratio of the probability of success to that of failure, or 

the ratio of the odds far or against, will be that of a to 6, or of 6 to a. 

Hence, if 14 white and 10 black balls be thrown into an urn, the 

probability of drawing a white ball out of it, at one trial, is — , and the 
probability of failing or of drawing a black ball is --. 

153. If a, ai, be the number of ways in which two independent 
events may respectively happen, and 6, ^i, the number of ways in which 
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they may fail, then the probability that they will both happen is the 

product of the probabilities of the separate events^ or 

a a, aOi 

X 



a-\- b a,'\-b^ {a-^b) (oi + b,y 

For every case in a 4- ^ may be combined with every case in a, + ^i> 
and thus form (a 4- ft) (oi + b^ combinations of cases altogether ; and 
each of the a cases in which the first event can happen may be com- 
bined with each of the Oi cases in which the second event cati happen, 
and thus form a a^ combinations of cases favourable to the compound 
event ; hence the probability that both will happen is 

a Oi 

" (a 4- b) (a, -f b^' 

bb 
Hence the probability that both events will fail is = * 



(a 4. b) (a, 4- b,y 

that the first will happen and the second fail is= rr~r r-: ; 

** («4-*)(«i4-M' 

n. h 

tliat the second will happen and the first fail i8= ; r—, j-^ : 

^^ (a 4- ft) (ai4-^)' 

and the probability that both do not happen though one may, is 

aa^ abx '\- Ox b '\- b b^ 

"" (a + b) (a, 4- h,) " (a 4- b) (a. 4- b,)' 

The probability that the one will happen and the other fail, without 
specifying which event, is evidently the sum of the probabilities that the 
first will happen and the second fail, and that the second will happen 
and the first fail ; hence it is 

ab^ aib a6| 4-^1^ 

(a 4- b) (a, 4- b,) "^ (a 4- ^) Ja, 4- b,) " (a 4- ^) («i 4- ^)* 

154. Ifa^ «!, Oi be the number of ways in which three independent 
events may respectively happen, and by 6|« b^ the number of ways in 
which they may fail, thefi the probability that they will all happen 
is the continued product of the probabilities of the separate events, or 

a ai a^ a a, a^ 



a-\- b a,-\-b^ (h •\- b^ (a -|- ^) (a^ 4. b,) (a, 4- 6,)' 

The 'several combinations of all the cases in the first two chances, 
"which by the last article are (a -\- b) (a| 4- bi) in number, may be 
severally combined with the o^ 4- ^i different cases of the third chance, 
and thus form (a + b) (ai + 6|) (o^ 4- ^0 combinations altogether. 

The favourable cases in the first two chances, which are aa^ in 
number, may be combined severally with the a^ favourable cases of the 
third chance, and thus form a a^ a^ favourable cases, and therefore the 
probability that all the three events will happen is the continued product 
of the simple chances, viz., 

aa^ a^ 

(a 4- b) {a, 4. b,) (a,T^' 

The proposition may be extended to any number, n, of events, and 
the proof is similar to the preceding. 

Henco the probability that any number of events will all fail is equal 
to the product of all the separate probabilities of failing. 

VOL. I. o 
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155. If a always denote the probability of the happening of an event, and 
b the probability of its failing, then the fraction f . j will express the 

probability of its happening n limes in succession, and f — — ^ j the 
probability of its failing n times successively. 

Examples. 

1. An urn contains 15 white and 11 black balls, what is the proba- 
bility of drawhig first a white and then two black balls. , , 

-^«*« ttt:- 
104 

2. In how many trials may a persou undertake, for an even bet, to 
throw an ace with a single die? Ans. 3*776. 

3. Among 32 counters, 14 are red and 18 white, what is the proba- 
bility of drawing 4 red ones in succession, and also the probability of 
drawing 6 white ones successively ? 

. 1001 J 221 
Ans. and 
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FBOBABILITT OF LIFE. 

156. To find the probability of a person of a given age {m) living 

any number of years (n). 

Let />„,« denote the probability required, l^ the number of persons 
living at the age m according to the Tables of Mortality, and /.^., the 
number living at the age m + »; then l^^n is the number of chances 
of living n years, and C is the whole number of chances ; hence (152) 
the probability of a person A, aged m years, living n years is 

Pm,« - -y^ = X, suppose. 

The probability that A will be dead at the end of n years is 1 — X,. 
Thus, by the Northampton Tables, of 11650 persons born, 2936 
survive 49 years, and 2612 survive 53 years; hence the probability 
that a person aged 49 years will complete the age of 53 is 

/» 2612 ^^^^ 

^- = ^-! = /■;; = 2936 =;^'^- 

By the Carlisle Tables, the probability isp^i,,* = -tttz = '9446. 

4458 

157. To find the probability that two persons^ A and S, will live n 

years. 

Let Titi denote the age of B, and, as in the last proposition, find 

P«,. » «= -y^ = X', suppose. 

Then the probability that both A and B will be alive at the end of n 
years is the product of the separate probabilities of A and B being alive 
at the end of n years ; hence it is 

n - ^•* + » V **'•*•* - V \' 

Pirn, ml), n - "J X -y -. -^i A ,. 

The probability that both A and B are dead, is (1 — X,) (1 — X',). 

A is alive and B dead, is A „ (1 — X'"). 

B is alive and A dead, is X', (1 — X,). 
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If there be more lives than two, as A, B, C, it may be shown, in a 
similar manner, that the probability pf all three bein[^ alive at the end of 
n years is X, \« X' '«, and the probability of their joint existence failiiip^ in 
n years is 1 — X,X', X"„ whilst the probability of their bein«r all dead, is 

(1 - X.) (1 - X'.) (1 - V'o. 

The probability of two, at least, out of three persons, A, B, C, being 
alive at the end of n years will l>e found iu the following manner : 
The probability that all are alive is X, X', X",. 

A and B are alive and C dead, is X,X', (1 — X'',)« 
A and C are alive and B dead, is X,X",( 1 — \J). 
B and C are alive and A dead, is X',X"»(l — X,). 
Hence the probability of two, at least, of these three persons sur- 
viving n years is the sum of these four probabilities, and it is there- 
fore 

X«Xa-f"X, X«-f"^fiX, — SX^X^Xh. 
The probability that one, at least, of these three persons will be alive 
at the end of n years is evidently 

1 - (1 - X.) (I - X',) <1 - X'O. 

158. Tojind the probability of a life failing in any particular year. 

Let m denote the age of the person, and q^ ^ the probability that the 
person will die in the n*^ year from the present time ; then, by the 
Tables, the number now aged m who survive « — 1 years, or enter 
upon their (m + »)*** year, is /„ + ,_i, and the number who complete 
their (m -f- »)'*' year is /„ + ,; the difference between these is the 
number who die in the n*^ year, and this diflerence, divided by the 
number living at the age of tn years, gives the probability of a person 
aged m dying in the r« year from this time. Hence we have 

n — *"•*•"-' ~ "-♦-* - n — r> -X — \ 

EXPECTATION OF LIFE 

1 59. The number of years' expectation of life of a person whcee prospect 
of longevity is the same with that of persons of the same age is the average 
number of years enjoyed by each person. Thus, in the Northampton 
Tables, opposite to the age 48, we find 19, and this signifies that persons 
aged 48 may expect to live 19 years longer. Suppose that /„ persons 
are alive at the age tib, /„^, are alive at the age iw -f- 1» then l^ — /„+ 1 
die in their {m 4- 1)* year, and lm + \ survive their (m -|- 1)"* year. 
Now, if we suppose those who complete their m*** year, but die before 
completing their (w + 1)*** year, to die at equal intervals therein, so 
that for every one who dies before the expiration of a half of the year 
some other will survive so much more than the half-year, then each 
person who dies in the year survives, upon an average, one-half of that 

year. Hence -^^^ — JT"*" '^ ^^^® number of years enjoyed by all those 

who die in the (/» -h l)*** year; add to this the number C + d who 

complete their (wi 4- 1)* year, and we have ^m -»- 1 + ;^ (^n — C + i) 

= o (^« + ^« + 1) = *^^ number of years enjoyed in the first year by 

these In persojiB or the survivors. In a similar manner, it appears that 

o2 
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o ('m + 1 -h *m + s) i rt (*» + t 4" *m + ») ; rt ( '« + a 4" *m + Oj ©tC, 

18 the number of years that will be enjoyed in the 2nd, 3rd, 4th, etc., 
yearB by these /„ survivors. Hence the total number of years enjoyed 
by these /^ persons until they all cease to exist is 

^ m •^" *«• + » j^ ^m 4. 1 "T *m -H , , ^m + n + o _ 

t "^ • "T" • • • • "T" 



2 ■ 2 2 

"^ "I" ^w + 1 "T" (w + « 4" • • • • ~r •« + •• 

This expression, divided by /«, the number of persons amongst whom 
this quantity of existence is divided, gives e^, the expectaiiofi of life of 
a person aged m ; hence 

or tf„ = - H- X| 4- ^ 4- ^» 4- ^ H- . • • . to the end of the tables ; 
2 

where \ = -p-i X« = ^7^* etc. 

Hence, to find the expectation of life, divide the sum of the number 
of those who complete each age above the given one by the number 
living at the given age, and to the quotient add half unity. 

The following is the method of calculating a table of expectations, 
according to the Northampton rate of mortality : 

^-= 1 1 

/,»= 4 4 "^'^= -75 = .., 

/. = | |4- •5 = 1-05 = ... 
^"^ l|+'5 = 1-37 = 1?^. 



— + -5 = 1*75 = <?».. 
24 



1^=16 
30 

/„ = 24 

The duration of life that a person has the present expectation of 
enjoying after a given period {t years) is found by multiplying the ex- 
pectation at the advanced age by the probability the person has of 
attaining that age. The expression is, therefore, 

Im+t ^ 

^w + 1 ^ > or Cm + < A<. 

I LIFE AMM UlTIES. 

; / 160. To find the present value of an annuity of IL payahle ai the 

' ^ end of every year during the existence of a single life. 

Let m denote the age of the person during whose life the annuity is 
to be continued, and a^ the present value of the annuity ; let also 

V = ; = — be the present value of 1/. due at the end of one year; 

then the present value of the first year's payment of the annuity is 
found by multiplying v by the probability of the person living one 
year ; the present value of the second year's payment by multiplying the 
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present value of 1/. due at the end of two years by ihe propability of the 
person living two years, and so on. Hence the whole value required is 
«« = vpm, I + ^P^ 1 + ^Pm. 8 4- «?"/>«, 4 + to the end of the tables 

— / .... ^1^. 

Hencea«/„ = »/« + i-f «?*/m + i + «^C+8 + t7*/«+4+ . •• - (I')- 
Also, the present value of the annuity on a life one year older is 

^m + I — 7 i 

.•. va^^t L + i^v" L + t + t^ L + 3 + V* l^ + ^ + v" l^^ + 

= o„/«~t?/„ + 4 by (1'); 
consequently we have 

a^L = yim + i (1 +flr« + i), or a„ = t'\, (1 4-a« + i) (2). 

Hence it appears that the pres^ent value of an annuity at any age may 
be deduced from the value at the age one year older ; and if we com- 
mence at the oldest age in the table at which the value of the annuity is 
0, and proceed through all the other ages to the time of birth, a ^' Table 
of the present values of Annuities '* will be formed. Thus by the 
Northampton rate of mortality, of 11650 perscms born, 1 survives 96 
years, 4 survive 95 years, 9 survive 94 years, 16 survive 93 years, and 
so on ; hence, calculating at 3 per cent., we get 

««» = ^ • rk • (1+^««> = J^ -970874 X (1 + 0) = -2427. 

. «,4 = ~ . jT^ . (1 4- a«) = I X -970874 x 1*2427 = -5362. 

Tn a similar manner the present value of an annuity which depends 
on the joint existence of two persous aged m and m^ respectively is 

_ *^ ^m + 1 ^mj + 1 • ^ 'm ■*- a *m, + ■ + *^ »m +S 'iwi + 8 ~f* • • • , . 

^m, m| J J • . ^3) ; 



"m • "m 



or, as before, «».. mj = » X^ X'l (1 4- «« + 1. mi + i) (4). 

Also the value dependent on the joint existence of three lives is 

«m,m,^ m, = V^l^'l^"l(l 4- «iii + l, mi + I, mg + 1 ) (5). 

ASSURANCES ON LIVES. 

161. When an engagement is entered into to secure the payment of 
a sum on the death of a person, in consideration of a single or annual 
payment, the transaction is called an assurance on the life of that per- 
son, and the stipulated payment is called the premium, 

162. To find the present value (P) of ll. to be paid at tJie end of 

the year in which a person shall die. 

The probability of his dying in the first year is 1 — X„ by(156), 
and the value of the first year's expectation is v (1— Xj). Again, the pro- 
bability of his dying in the second year is Xi— X. by (158), and the value 
of the second year's expectation is t/-* (Xj — Xj), and so on. But the 
whole value of the expectation is the sum of all these contingent values; 
therefore the present value is 

P = t7(l -X,)4-t^(Xi-^j)4-»'(Xt-X«) 4- 

= »4-t7(«?X, 4-t;'Xa4-t>"Xa4-..-)-(^^i4-«^^t4-«'^a4-. ..) 

= V - (1 - t')a« by equation (1) Art. (160) (1), 

or P = 1 — (1 — v) (1 4- «„), which is well adapted for computation. 



■'/ 
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Simflarly, the single premium, or present Tslue of an assarance on the 
failure of the joint existence of two lives is r ~ (1 ~ r) o^.^, and so 

on fur any numher of lives. 

163. To find the annual premium (p) that must be ptnd to 

secure I /. of death. 

Here we must find the present value of 1/. hy the preceding propo- 
sitioUy and then find how much must be paid annually to form an equiva- 
lent to the present value. Now since the annual payment is made at the 
beginning of each year, there will be one payment more than for an 
annuity ; hence (160) we have 

1 +tf- » 1 4-«X| + «^X. + tJ^X, + f^X4+ , 

and consequently p (1 + ^m) i* the present value of 1/. at the end of the 
year in which the assured dies. But by the last proposition that value 
is P = r — (1 — r) a^ ; whence 

g + ra,-l-f l-g, l-(l-r)(l-fO 
hence p = r-- = —. 

i + «m 

Similarly the annual premium on two lives will be found to be 

__L-_ _ (1 - r), 

and so on for any number of lives. 

The annual premium is equal to the single premium divided by the 
annuity on the given life increased by unity. 

164. To find the single and annual premiums of a temporary 

assurance of a single life. 

Let a^t denote the value of an annuity uf 1/. payable at the end of 
every year during / years only, instead of the whole life; then (160) 
we have 

flimt == » X, + r* Xg H- v* Xs -f- • • . + ^ X<. Now by (162) we get 
P = r(l -X,)4-t^(X.-X0 4-«^(X.-X3)-f . . 4.it'(x,_,-.x,) 
— V H-r(rA, + t?*X« + . . . . 4-«?'"*X/.|) 

- (rX, + «^X, + «'X,4- .... 4- v'X,). 
Hence ?»«» + » (a«, t — t;* X<) — a .^ , = t? (1 — t/ X<) — (1 — r) o^,. 

Now since the number of annual payments will be ^ consisting of an 
immediate payment, and of a temporary annuity for / — '1 years, the single 
premium must therefore be divided by 

1 +«i»,t-i = 1 —v'X^ + ««,,. 

Hence p = — ^^ — j-— ^ ^— 2ii = — — (1-t?). 

l-r'X. + a^i l-«^X, + a^, 

In exactly the same manner we cafi find the single and annual pre- 
miums to secure a- sum payable at the end of the year in which any 
number of joint lives shall fail, provided the event happen within t years. 

For further information on this important subject we must refer to the 
valuable Treatise on Annuities in the Library of Useful Knowledge. 

Example. 
Find the single and annual premiums that would be required to 
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secure the payment of 500/. at the end of the year, m which the existence 
of a person now aged 49 shall fail, Carlisle 3 per cent. 
By continuing the process described in (160), we find 

a« = ^ . —— = 14-654; whence (162). 

p = T- (1 - v) (1 +aO = 1 - 029126 X 15654, 

or P = • 54407/. = the single premium to secure 1/. ; 

.-. '54407 X 500 s 272/. Os. 8^., the single premium to secure 500/. 

272*035 
Hence the annual premium = -:r^-- -- = 17 '378/. = 17/. 7*. 6df 

15*654 

0N8EBIE& 
165. Let a, 6, c, d^ e^f etc. be a series of quantities progressing ac- 
cording to any regular law ; then if each term be subtracted from that which 
succeeds it, the several remainders will form a new series, progressing by 
another regular law of a simpler form. If this new series, which is 
called the j^rst order of differences y be Oi, ft^, <?,, rfi, c^ etc., and if the 
same process be repeated on this series, there will arise another series a^ 
^•t ^S9 dt, etc., called the second order of differences^ and so on, as in the 
following scheme : 

etc. 



Given series 


a b 


c 


d 


e 


f 


g 




a 


b 


c 


d 


e 


f 


Ist order of diff. 


. «i 


b, 


Ct 


d. 


«i 


fi 






«i 


b. 


Ck 


d. 


«i 


2nd order of difT. . 


• * . 


«« 


b. 


Ct 


d. 


«« 


3rd order of d iff. . 


. . 


• • 




b, 
b. 


«8 


d, 
ds 



166. To find the first term of the «* order of differences. 

Let a, by Cy dy Cy etc. be the series, and d^y c/g, d^y d^, etc. the 6rst 
terms of the several ordera of differences ; then writing the series and 
the differences vertically, we have 

a di d^ 'cfg d^ 

b -a-f^, 

c — i 4- ^» « — 2 6 4-<?j 
d —c + dyb'-2c 4-dy —a -A- 3b^3c + dy 

€ — cZ-h^, c— 2rf-he, — ft-f 3c— 3rf4-e,a — 46 + 6c— 4i/+ tf. 
Hence generally the first term of the n^ order of differences is 

d.^±[a-^nb + —^-c ___^+....[..(i) 

where the sign + corresponds to an even order of differences, and the 
sign — to an odd order, as the 1st, 3rd, 5th, etc. 

167. To find the w* term of a series of quantities. 

Let a, by c, dy etc., be the given series, and c/^, d^, d^, c/4, etc. the first 
terms of the successive orders of differences ; then from the preceding 
Article we have 
</i=— a+6, .•. A = a-f</, =a4-<Zi 

rf, = a— 26-f/?, c= — a4-26-|-<4 =a+2c/i+^ 

i/3=-a+3 6-3c4'^, €/=a-36+3c4-(/3 ^a-^-^d.+Sd^+dj, 
And generally the n^ term is 



200 ALGEBRA. 

= « + («_,)^. + ^2zI)^:i2)^.+ (2), 

or the («+!)"* term 

= a+«rfi4 — ^ g . "«+. — ryi — ^+- ' -c^;- 

168. To find the sum ofn terms of a series of quantities. 

Let us take the series, 

0, a, a + 6, a 4- 6 4- c, a 4- ft + c 4- rf, etc (3), 

then the first order of differences is the series 

a,b,c,d, €, /, g, etc. ......... (4). 

Now it is obvious that the Fum of n terms of series (4) is the (« + 1)"' 
term of series (3), and therefore the (« 4- 1)* term of series (3), or the 
sum (#) of n terms of series (4), is by the last Article 

s = na-] ~ — rfi 4 ^-^ rf, 4- (5). 

Examples. 

1. Find the sum of n terms of the series 1 .2", 2.3*, 3.4', etc. 
Squfiring the latter factor in each term, and multiplying out, gives the 

series 4, 18, 48, 100, 180, 294, etc. 

Istdiff. 14, 30, 52, 80, 114, etc. 

2nd diff. 16, 22, 28, 34, etc. 

3rd diff. 6, 6, 6, etc. 

Hence a = 4, c?i = 14, rf, = 16, <4 = 6, c?* = ; therefore 

^ 1.2 '^ 1.2.3 ^^ 1.2.3.4 

= 4n+7«(«-l)4--n(«-l)(«-2)+i>»(n-l)(«-2)(a-3) 

_ «* 7 m* 1v? 5« 
~4"*"'6'"*'~r"*'T" 

2. l.4.2« + 3' + 4» + 5'+ . . +«•• An,.*^-^L±]}J^±1>. 

1.2.3 

3. !• +■2' + 3* + 4' + 5* + . . + »». Ans. |^i2±ill*. 

4. 2+6+12+20+30+ . . to n terms. ^«*. " <» + ^) (*» + '^^ 

5. 1+4+10+20+35+.. toMterms ^^.>'(«+n ("+2) (»+8). 

1.2.3.4 

6. 1.2.34-2.3.44-3.4.54- .... to 18 terms. ^w*. 35910. 

7. Find an expression for the number of shot in a rectangular pile of 
n courses, having m 4- 1 shot in the top row. 

Ans ^ (^+^) ^^^+ ^+^^> 

1.2.3 

INTEBPOLATIOK OF aTiP^TEg. 

169. In calculating the various tables employed in the different depart- 
ments of physical science, it would be very laborious to repeat the process 
of computation for each particular number. Thi-s labour may often be 
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avoided by the method of differences, when the law of the series is 
known, and when several terms of a series are given other terms may be 
introduced between them, or the series continued in such a manner that 
the law of the series shall not be changed. I 

In most cases the law of the series is not given, but only ihe numerical 
values of certain terms of the series at stated intervals, and then we can 
only approximate either to the law of the series or to the value of any 
term of the series. 

To construct a table of squares by differences. 

Let »*, (« 4- l)*» (« 4- 2)", etc. be a Fcries of squares, and let them ^ 

be expanded and their differences be taken a? below : ^^ 

««, «* -f 2 w + 1, 7i« -h 4 « -h 4, «* -h 6 « 4- 9, etc. > 

2« + l, 2n + 3, 2 » 4- 5, etc. 

2, 2, etc. 

The second differences are constant, and a table of squares may be 
formed in the following manner. Let us commence w^ith 781* = 609961 
and 782*1= 611524, whose difference is 1563; then since the second 
differences are constant and equal to 2, the difference between the squares 
of 782 and 783 will be 1565 ; and this added to 611524 gives 613089> 
which is the square of 783; iiud so on as in the following scheme ; 
609961 = 781* 614656 = 784* 619369 = 787* 
1563 1569 1575 

611524 = 782* 616225 = 785* 620944 = 788* 
1565 1571 1577 

613089 = 783* 617796 = 786* 622521 = 789* 
1567 1573 1579 

614656 = 784* 619369 = 787' 624100 = 790* 
In a similar manner a table of cube numbers may be computed. 

170. When the 4th orler of differences of any given series of quanti- 
ties vanish, or approximately vanish, then (166) we have the equation 
a — 4^4-6^ — 4rf-|-e = 0, and any one of the quantities a, o, c, /?, 

or e may be found when the other four are given. Similarly, if the ^ 

third differences vanish, then a — 3i4-3c — rf = 0. 

Ex. Let it be required to find the logarithm of 104, having given the 
logarithms of 101, 102, 103, and 105. 

Here four quantities are given to find a fifth ; therefore supposing the 
fourth order of differences to vanish, we have 

a-.4A4.6c-4c?4-« = 0, 
where d is the term to be interpolated ; hence we have 
4rf = a + ^c-^-e — Ab 

= log: 101 -h 6 log 103 4- log 105 - 4 log 102 
= 8-0681331 ; hence.rf = 2-0170333 = log 104. 

171. When the terms are equidistant, and it is required to interpo- 
late a term intermediate to any two of them, we may consider the term 
to be interpolated as the n^^ from the first term, and then by (2') 
Article 167 we have the formula, 

«*fprm /,_L«^ ■ ^(^~ 1)^ . w(n-l)(n~ 2) ^ ^ 

n term = a 4- « cfj -| — d^ H \'~n~^ "» "^ 

Ex, Let it be required to determine the logarithm of 103*55, having 
given the logarithms of 101, 102, 103, 104, and 105. 
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Serien. Lo|;arithiiii. 1st Diff. 2m\ Diff. 3rd Diff. 

101 2 0043214 .^rjnr. 

102 2-0086002 T;'^^ -418 . q 

103 2-0128372 ^f^fiV - ^^ J" ^ 

104 2-0170333 ^^^i. -401 "^ ® 

105 2-0211893 ^^^^^ 

Now « = 2*55, n — 1 = 1 '55, « — 2 = '55 ; hence we have 

a = = 4-20043214 

nd, = 2-55 X 42788 = -f- 0-0109109 

^i^rf. = 2:^5^^^X -418 = -0 0000826 
n(n-l)(n-2)^^^2-55xl-55x^^^^_^^.^^Q3 



2-3 • 2-3 



log 103-55 = 2-0151500. 

Nole, — This is equivalent to having given the logarithms of 10100, 
10200, etc., to find log 10355, or the 255"** term from the first. 

172. In most instances it will he sufficient to make use of first and 
second differences only, and the correction to he applied to the first 
term is 

, «(«— 1), /, «— IjN 

Thus in the preceding example, taking the terms 103, 104, 105, we 
have a = 2- 0128372, c/i = 41961, </«= —401, and «= 55; therefore 

n(d, + ^-^d^=. -55(^41961 +^X 401^ 

= -55 X 42051 = 23128 

log 103 = 20128372 

log 103 • 55 = 2-0151500. 

But the result may be obtained to a greater degree of accuracy, by 
taking the two terms of the series which immediately precede and the 
two terms which follow the term required ; then finding the three first 
differences and the two second differences. Let ^i be the mean of the 
three first differences, c^ the mean of the two second differences, and 
employ these values of c^i and d^ in the preceding formula for correction. 
Thus: 

Series. Logarithms. 1st Diff. 2od Diff. 

102 2-0086002 . 

103 2-0128372 lia^. -409 

104 2 0170333 y,^ -401 

105 2 0211893 **^^" 

Then i(d^ = 41961, and d, = - 405, we get 
nfd^ 4- ^^ di\ = -55 ^41961 + "^ X 405^) = 23129 

log 103 = 2 01 28372 
log 103-55 = 2-0151501 



sum = — 810 
i sum = — 405 
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Examples. 

1. Given the cube roots of 43, 44, 46, and 47 to find the cube root 
of 45. Am, 3-5568934. 

2. Given the logarithmic sines of 1^, 1° 1', l"* 2^, and 1° 3' to find 
the log sine of 1^ 1' 40". Ans. 8 • 2537534. 

3. Given the sun's declination at 12 o'clock on the 19th, 20th, 21 st, 
and 22nd of June, 1849, viz., 

23'' 26' 28-4", 23° 27' 7*8", 23^ 27' 22-5", 23° 27' 12-4", 

respectively, to find the declination on the 20th at 6^ 40". 

Ans, 2i" 27' 8-9". 

4. Find the right ascension of the moon on Friday, the 11th of May, 
1849, at 8** 25" Greenwich mean time, from the following data : — 

Moon's R. A. at 3»» . . . 18*» 34" 15-61' 

6 ... 18 40 31'57 

9 ... 18 46 47-65 

12 ... 18 53 3-83 

Ans. 18M5"34-54\ 

5. Find the moon's true longitude on July 17th, 1849, at 15'* 20" 
from the following data : — 



» » 



Long, on 17th at 0^ 

12 

Lfong. on 18th at 

12 



9 » 



Long, on 19th at 

12 



J » 



81° 9' 37-6" 

88 40 10-0 

96 11 46-7 
103 43 17-2 
HI 13 29-4 
118 41 14-3 

Ans. 91° 48' 5-3". 
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The subject of algebra is the general science of reasoning by means of 
arbitrary symbols, whilst that of geometry is the science of reasoning by 
means of magnitudes. In applying algebnu then, to the resolution of a 
problem of geometry, the symbols employed n.ust be adequate to repre- 
sent all the affections and relations of which the magnitudes represented 
by them are susceptible. Such symbols, therefore, must be regarded as 
the representatives of quantities admitting of arithmetical interpretation 
only in the case in which the magnitudes of geometry admit of such in- 
terpretation. 

When, however, the geometrical magnitudes in any problem are all 
related to some other maenitude of the same kind, in the same manner 
that certain abstract numbers are related to unity, these numbers which 
may be taken to represent the magnitudes must no longer be considered 
as abstract but concrete quantities. Thus if A, B. C, D be straight 
lines related to a straight line U in the same manner that the abstract 
numbers a, b^c^ d are related to unity ; so that 

A : U :: a : 1, or A = « U, 
B : U :: ft : 1, or B= 6U, 
C : U :: c : 1, or C = c U, 

etc. etc. etc. 
Then because A contains U, a times, B contains the same, b times, etc. 
if A« B, C be denoted by a, ft, c^ these symbols will now be concrete 
numbers ; and hence in the solution of a problem of this kind particular 
care must be taken to reduce all the terms to the same deuo- 
mination. 

The quantity U, which is called the linear unity may be of any 
length : if it be a yard^ a mile will be represented by 1760 ; if it be an 
tnrA, a foot will be represented by 12, and so on with other quantities. 

If upon the linear unit a square be described, that figure is called the 
square unit. 

It will moreover be obvious, that every equation of the problem under 
discussion will be homogeneous, that is, the sum of theexpoi^eiits of each 
term will be the same unless one of the quantities under consideration be 
taken for the unit. 

What has been stated refers principally to iht magnitude oi lines; 
i\\eiT position is to be determin^ by the principles laid down in the 
Geometry of Coordinates, 

In the solution of a particular problem a figure must be constructed 
to represent the conditions of the problem, and such other lines drawn as 
may seem to facilitate the solution. Then denoting as usual known 
quantities by a, ft, c, etc., and unknown ones by r, y, Xy etc., as many 
independent equations must be formed as there are unknown quantities 
to be determined. The entire number of conditions is never given, 
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except implicitly as geometrical properties of the figure to which the 
problem relates. These implicit ones are geometrical theorems which 
must be sought for to suit the case, or investigated independently by 
geometrical methods. 

The following solutions are given for illustration : — 

Problem I. 

Through a given point P in the hypothenuse A C of a right -angled 
triangle A B C to draw a straight line D P E^ meeting A B in E^ 
and B C produced in 2>, so that the triangles APE and CP D 
may he equal in area. 

From P draw P M perpendicular to A B and pxit A M = a, MB 
== ft, M P = c? and M E = a:. Then by similar triangles, 




AM : MT :: AB: BC, or a: c :: a + ft : B C = 



and EM : M P : : E B : B D, or a; : c : : x + ft : B D = 



c ya + b) 

a 
c (ar + ft) 

X 



c Ta: + ft) c Ca + ft) be (a ^ x) 

Hence, BD - B C = ^ ^ ^ ^H-/ = — L 1 = CD. 



X 



a 



ax 



Now by Euc. i. 41, and the conditions of the problem, 

cb^ (a — x) 
CD.BM = AE.MP, or ^^ = c (a - x) ; whence 



ax 



^ = - (1). 



a 



which gives the position of the required line D P E. 

The formula (1) points out a simple geometrical construction. For 
a a: = ft', or A M . M E = B M*, hence ME is a third proportional to 
A M and MB, 



Problem II. 

Given the base and perpendicular of a triangle^ to find the side of 

the inscribed square. 

Let A B C be the triangle and E F G H the inscribed square. Put 
.AB = c, the perpendicular C D =jo, 
the side of the square E F = a; ; then 
CK = CD-DK = CD-EF=^-a:. 

Now £ F being parallel to A B, the 
triangles ABC, C E F are similar, 
hence, A H D g B 

AB:CD::EF:CK, orc:/?::a;:/?-a:. 
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Equating the rectangle of the extremes to that of the means (Euc. 
vi. 16), we readily get — 

'^"....(1). 



X = 



the side of the required square. 

Cor. 1. When c = p^ or when the base and perpendicular are equal, 
X = ^p or }^c, that is, the side of the inscribed square is equal to half 
the base or half the perpendicular. 

Let us next inquire whether the angular points £, F may not be in 
A C and B C produced. 

In this case, — F K e 



c : p :: X : X ^ PyOT X = 



cp 

c — |J 



• • • • m)* 




which is possible and finite unless c = py and 
then X is infinite. 

Hence two squares can be described on 
A-B which have two of their angular points in 
A C and B C, unless the base and perpendicular are equal, and then one 
only can be described. 

Cor. 2. Since by (l), c +p : p :: c : x 

:: AB: EF:: AC : CE, 

that is, AB + CD : CD :: AC : CE; 

hence the following geometrical construction : — 

Produce the base A B till the produced part B L is equal to the per- 
pendicular C D, and join the points Land C ;"ti)en draw B E parallel to 
L C to meet A C in the point E, and this will be an angular point of the 
inscribed square. 

The formula (2) is constructed in a similar way.* 

Problem III. 

The front wall of a house is of such height, that if a ladder of 
certain length be placed at the distance of 12 feet from it^ the top of 
the ladder will just reach to tlie top of the wall; but if it be placed at 
a distance of 2Q feet from ity its top will be 4 feet below the top of the 
waJl. Find the height of the wall and length of the hidder. 

Let B E be the height of the wall, and A B, D C the first and second 
positions, respectively, of the ladder. Let the length 
of the ladder A B = C D = a;, the height of the wall 
B E = y; then D E = y - 4. Hence (Euc. i. 47), 
0:* = (12)«+y .... (I), a^ = (20)«+(y-4)« .... (2). 

Taking (2) from (1) we readily get- 
8y = 272, or y = 34 ft., the height of the wall ; and 
X = V{(12)» + /} = V1300 = 36-0555 ft., the 
length of the ladder. 

C A 




* All the results that are obtained algebraically by the solution of a quadratic, may 
be constructed in like manner, but this part of the subject must necessarily be very 
brief in a work like the present. 
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Problem IV. 

Given the base of a plane triangle^ the perpendicular, and the red- 
angle of the two sides^ to determine the sides. 

Let A B C be the plane triangle. PutAD + DB* =AB = 2wi, 
A D - D B = 2 X, A C . C B = a% and C D 
= p ; then AD =i» + a;, BD = w — x, 
A C = (»i H- x)« + ;>*, B (7 = (m - x)* 
+ />'. Hence the condition 

This equation readily reduces to the following 

X* + 2 ( jo" - m*) »• = a* - (m» + p«)«, 
which gives for x the four values 

X = ± {(w* -p*) ± V (o* - 4 /j' »i«)}* 

= ± {(»» + f>) (»» - p) ± V (a" + 2p m) {a* - 2p m)}*; 
from which the sides are easily determined. 

The four resulting values of x show that the problem admits in 
general of four solutions, as indeed it might be 
expected from £uc. vi. C ; for as the perpen- 
dicular and rectangle of the sides are given, 
the diameter of the circumscribed circle is also 
given by that proposition. Hence the problem 
is the same as that of inscribing in a given 
circle a triangle of given base and altitude, as 
in the annexed diagram. 

Problem V. 

To divide a given straight line in extreme and mean ratio. 
Let the given line A B = a, and the greater part A C = x, then the 
other part B C = a — x. Hence q 

(Euc. vi. 17), A — — , B 

X* = a (a — x) = o* — a X, or x" + a X = a* , . . . (1). 
The solution of this equation gives the two values 

x = ^(-l±V5)..,.(2), 

the former being positive and the latter negative. It will he obvious 
that the positive value of x determines the point C ; so that 

X = A C = ^^^-^> AB,and BC = a - x = ^^^ A B . . . . (3). 

The negative value of x gives a point to the left of A (Geo. of coordi- 
nates), and the property to which it belongs may be determined by writing 
— X for X in the equation (1). Hence we have x" = a (o + x), which, 
when translated into words, gives the following problem : 

To produce a given straight line so that the square of the produced 

* This method will be fonod, in similar cases, very effective in the solution of a 
problem. Should the difference of two quantities be given, instead of the sum, denote 
the difference by twice a given quantity and the sum by twice an unknown quantity. 
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part shall be equal to the rectangle contained by the given line, and the 
line made up of the whole and the part produced. 

This is merely the given problem enunciated more generally, as 
might be expected. 

Problem VI. 

Given the perimeter (77^) of a right-angled triangle^ to find the 
sides^ so that a perpendicular from the right angle may ctU the 
hypothenuse in extreme and mean ratio. 

Let A B C be the right-angled triangle, the hypothenuse A B of 

which is divided in extreme and mean ratio 
in D. c 

Put A B = a;, then by (3) of last problem, 

A D = ^(V5- 1)= mx, 

B D = ^ (3 - V 5) = « a:, 

of which 

m = i(V5- 1) = '618034, 

n = ^(S-v'S) = -381966. 
But (Euc. vi. 8), 

A C* = B A. A D = OT a:", and B C = B AB Id -- n^\ hence by 
the condition of the problem we have 

X •\- XfJ m •\- X aJ n ~V\^^ 

774 

or x = -r T— 2 7- = 32.36, the side A B. 

I -\- /J m ■\- ij n 

Consequently, AC - x ^J m - 25.44, and B C = a;^^ = 20. 

Problem VI F. 

Given the sides of a plane triangle^ to find — 
(1). The area of the triangle ; 
(2). The radius of the inscribed circle; 
(3). ITie radius of the circumscribed circle. 

In this and some other discussions relative to a plane triangle, the 
following notation will be used : 

A will denote the area of the triangle ; r, R, the radii of the inscribed 
and circumscribed circles ; a, 6, c, the sides opposite, respectively, to the 
angles A, B, C ; 2 s, the perimeter (a + 6 + c) ; and, consequently, 
^> + c — a = 2(« — a), a+c — 6 = 2 (s-^b), a + 6 — c = 2 (*— c). 

Area of the Triangle. — Put the perpendicular C D = ar, and B D = y 
(fig. to Problem VI.). Now (Euc. i. 41), A = i <? a:, or 

A» = i c» a:« = i c« (a« - y«) = i ^ (« + y) (« - y) . . . . ( 1 ). 
But (Euc. ii. 13), 

fl« ^ ^ _ ^« 
6« = a" + c* — 2 c y, or y = ; hence (1) becomes 
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= TT (« + * + ^) (« + c - ft) (ft + a - c) (ft + I? - o) 

= « (« — ft) (* — c) (* — a) ; 

or A = V *(' — «)(* — ft) (' — <?)••• • (2), 
the expression for the area in terms of the sides. 

Cor, 1. If Pi,PiiPt9 be the perpendiculars on the sides a, ft, c, re- 
spectively, from the opposite angles, then 

2 

Pi = - V *(*-«)(*- ^) (* - <?). 

2 

/>, = ^ >/ J (* - a) (« - ft) (* - c), 

2 

/>3 = - V *(*—«)('— ft) (* — <?)• 

The last is deduced from (I) and (2), and the other two are got iu a 
similar way. 

Radius of the Inscribed Circle, — Let O be the centre of the circle 
inscribed in the triangle ABC, and F, D, £ the points of contact with 
the sides A B, B C, C A. Then because the whole triangle A B C is 
made up of the triangles A O B, B O C, and A O C, we have 

(AB4-BC4-AC)0F = 2ABC, 
or (a + ft + c) r = 2 A ; hence 
_ 2^ V ^ (^ - fl)(# - ft) (* - e) '^. 

"" - a + b + c ^ 's ^^^' 

the required radius. 

Jf '"i* *•» ^8 be the radii of the circles which touch, respectively, the 
sides a, ft, c, exteriorly^ then 

/s (s - ft) (jt - c) 






* — a 
s ( s — fl) (^ — c) 

* (s — a) (* — ft) 



(4)- 



* — c 

The investigation of these, which is exactly similar to that for r, is left 
for the student's exercise. 

Radius of the Circumscribed Circle.'^U p^ be the perpendicular 
from C on A B, then (Euc. vi. C), 

**« *^oft a b c -,- 

2 Rpi = aft, or R = = t— > — ; -r-z rr-7 ^- • (^)- 

* 2 p, 4 V * (* — a) (* - ft) (' - «) 

Cor. 2. By (3), r = — , and by (5), R = — - ; hence 

« a ft c 

2 r R = — - , , . 
a 4- ft + c 
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Problem VIII. 

Given the hypothentise of a right-angled triangle^ and the side of 
the inscribed square, to jfind the base and perpendicular, when one 
of the angles of the square is coincident with the right angle of the 
triangle* 

Let A B C be the right-angled triangle and £ D B F 
the inscribed square,- so that two of its sides lie on the 
base and perpendicular of the triangle. Bisect the 
given hypothenuse A C in O, and put A £ + £ C ^r 
A C = 2 m, A £ - £ G a= 2 X, the side of the 
square ED = a; then AE = i»-hap, £C = »i — x 
and O £ = X. 

Hence by similar triangles 




AE:EF .;AC:CB, or/Ji-hx:a::2iii:CB = 
and£C :£D::AC:AB, orsn-x:a::2lM:AB- 



Consequently (Euc. i. 47), 

4 m* a* 



2m a 
m -{- X* 

2 ma 
m — x' 



+ 



4 m* a* 



= 4»i«, 



(m + ^y (wi — x) ■ 
or a* {(to - x)« + ( m + x)«} = (m + xy(m - x)« = («• - x*)». 

This equation reduces to 

X* - 2 (m* + a*) X* = m*(2 a* - m*); hence 

X = ± {(»!■ + a*) ± a V(4 !»• + a»)}* 

Let us now ascertain how many of these values of x fulfil the condi- 
tions of the problem geometrically ; and first in respect of the double 
sign preceding the radical expression. 

The expressions for C B and B A show at once that the triangle is 
the same (except that A B and B C interchange places), whether the plus 
or minus sign is used. Thus if the value of x be denoted by ± cr, then 



CB = 



2ma 



m -^ a 

when we use the plus sign, and 

^ „ 2 ma 
C B = 



, and A B = 



2ma 



m ^ a 



and A B = 



2ma 
w» + a' 



w — a 

when the negative sign is used. 

Again, since m' + a* > m', the negative sign within the radical 
must be taken, otherwise x will be greater than m, and consequently 
A B will be negative. The only value of x, then, which fulfils the con- 
ditions of the problem geometrically, is 

X = {(m* + a*)-a -^(4 m* + a*) }*. . . . (I). 
Scholium. — The value of x, wnen the plus sign within the brackets is 
used, does not, as we have seen, belong to the figure as constructed-; it 
corresponds in fact to the case in which the square £ B is exterior to 
the triangle ABC, that is, when the point C is between D and B, and 
A in A B produced, the angular point E being in the hypothenuse A C 
produced. This case is evidently comprehended in the general investi- 
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gallon that has been giveu. The student can verify this result for him- 
self. He should also be able to point out the limits of the problem 
when the negative sign is used, for the solution in some cases is impos- 
sible. 

EXBRCISRS FOR PrACTICB. 

1. Given one side of & right-angled triangle = 5, and the sum of the 
hyfiothenuse and the other side = 25, to find the hypothenuse and the 
remaining side. Ans. 13 and 12. 

2. The hypothenuse of a right-angled triangle is 13, and the excess of 
the perpendicular above the base is 7 ; find the sides of the triangle. 

Ans. Base B C = 5, A B = 12. 

3. The hypothenuse of a right-angled triangle is 13, and the sum of 
the base and perpendicular is 17 ; find the sides. Atis. 5, 12. 

4. The product of tlie base and perpendicular of a triangle is 60 and 
the hypothenuse 1 3 ; what are the base and perpendicular ? Ans. 12 and 5. 

5. Find the side of a square inscribed in a given semicircle whose 
diameter is d. Ans, \d Jb, 

6. Find a point in the diagonal of a given square (side a) from which 
if a perpendicular to the diagonal be drawn, the part of it intercepted 
between the diagonal and the side of the square may be equal to the dif- 
ference of the diagonal and side. 

Ans, Distance from one extremity of diagonal = a. 

7. Having given two contiguous sides (m, 7t) of a parallelograin, and 
one of its diagonals (d\ to find the other diagonal. 

Ans. V (2 w« + 2 n« - c?«). 

8. Given the two sides (a, b) and the line (/) which bisects the vertical 

f ab — l*\^ 
angle of a triangle, to find the base. Ans. (a 4- ft) j 7 — > • 

9. In a triangle, having given the segments (p, q) of the base made 
by a perpendicular from the vertical angle, and the ratio (m : 1) of the 
two sides, to find the sides. 

i(Ml2l(2jli)l*,and i(£±i)jC£lL?>l* 
l(»i 4. 1) (m - 1) I \(m + 1) (m - !)[ 

10. In a right-angled triangle the lengths of the lines drawn from the 
acute angles to the points of bisection of the opposite sides are p and g, 
to find the sides of the triangle. 

^. Ba.e = 2 ^ (1^). perp. = 2 ^ (1^) 

11. The radii of two circles which intersect one another are r and 
r' ; and the distance of their centres is c ; find the length of their com- 
mon chord. Ans. - ^ (/ -^ c+ r) (r' + c—r) (r + r'— c) (r + c— r'). 

c 

12« Given the lengths (a, b) of two chords which cut each other at 
right angles in a circle, and the distance (d) of their point of intersection 
from the centre, to find the diameter of the circle. 

Ans. ^{i (a* -^1^) + 2d*}. 

p2 



Ans. m 



Am. BC 
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13. Find the side of an equilateral triangle inscribed in a circle whose 
diameter is d, and that of another circuniscribcd about the same circle. 

Ans. i d ^ ii find d a/ S, 

14. Given one side AB = a of a triangle A BC, to find B C and 
C A, 80 that AC, C B, B A and a perpendicular B D on A C may be in 
continued geometrical progression. 

1 5. A gentleman has a garden 60 feet long and 40 feet broad, and 
a walk is to be made of an equal width half round it so as to occupy half 
the garden ; find the breadth of the walk. Atis 13*944487 feet. 

15. Draw the line D PE (solution of Problem I.) so thnt the circles 
described about the triangles A E P and D C P may be equal. 

Ans, M E is a fourth proportional to A M, B M, and P M. 

17. The lengtiis of two lines that bisect the acute angles of a right- 
angled triangle are 40 and 50, it is required to find the sides. 

Ans. 35 • 80'?37, 47 ' 40728, and 59 ' 41 143- 

18. Find the side of a regular pentagon inscribed in a circle whose 
diameter is d, and that of another circumscribed about the same circle. 

Ans. id ^(10-- 2V5)andrfV(5-2V5). 

19. A statue eighty feet high stands on a pedestal fifty feet high, and 
to a spectator on the horizontal plane they subtend equal angles ; find 
the distance of the observer from the base, the height of the eye being 
five feet. ^»*. 99 ' 874922 feet. 

20. If from one of the angles of a rectangle a perpendicular be drawn 
to its diagonal, and from the point of intersection with the diagonal lines 
be drawn perpendicular to the sides which contain the opposite angle ; 
then iffy p' be the lengths of the perpendiculars last drawn, and d the 
diagonal of the rectangle, 

p*+p*^ = d*' 
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DEraanoNS and hbst i^binoiples. 

Art. 1. Plane Trigonometry was restricted originally to the science 
by which the relations between the parts of plane triangles are 
established. In its extended signification, however, it is understood 
to comprehend the general relations of arcs and angles, and the pro- 
perties which connect the sides and angles of any plane rectilineal 
figures. 

In the varied applications of mathematics to physics, trigonometry 
enables us to combine the practical exactness of numerical calculations 
with the graphic constructions of geometry. Hence the great im- 
portance of this branch of mathematics. 

The mode of measuring an angle by means of an arc of the circle 
whose centre is the angular point will 6rst be pointed out, and then 
it will be shown how an angle may also be measured by straight lines 
drawn in and about the circle. 

2. Let A B be any^ngle ; with the linear unit of length as radius^ 
and with O as centre, describe a circle, meeting O A, OB in AandB. 
Produce AO to meet the circle again in E, and draw the diameter CD 
perpendicular to A E. Then denoting the arc A B by a, B C is called 





L I 



c H 

E[ F 0/ 

N70 



M 




the complement^ and B E the supplement^ of o ; AC and ACE being, 
respectively, a quadrant and a semicircle. The point A Diay be termed 
the origin, and B the extremity*, of the arc A B.* 

In the first quadrant, it will be noticed, the compleraent of a is its 
defect from a quadrant ; but in the other quadrants, it is its excess 
above a quadrant. And similarly for supplement of a when a is greater 
or less than a semicircle. 

3. The right angle AOC is supposed to be divided t into 90 equal 

♦ An angle, as defined by geonutry, is less than two right angles, and hence the 
subtemliug arc of a circle whose centre is the angular point is less than a serai- 
circumference. In triKonometry, however, the terms angle and arc have a more 
extended meaning. Thus tlie whole angular space described by the radius O B m 
revolving about the point O is called an angle, which may therefore be of any mag- 
nitude whatever; and, consequently, the subtending arc may consist of any number of 

circumferences, or parts of these. , . i. . n j xu 

t This division of the right angle into 90 equal parU, which » called the ter- 
agenmal division, was that adopted by the ancienU. Attempts have been made by 
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parts or degrees ; each degree again into 60 equal parts called minutes ; 
each minute into 60 equal parts called seconds; and so on. The 
notation for degrees, minutes, etc., is ^, ', ", etc., written similarly to 
indices in Algebra. Thus 21 degrees 2 minutes 17 seconds are 
written, 2V 2' 17". 

4. By the preceding Art. and Euc. yi. 33 (fig. to Art. 2), 

90° 
90^ : < AOB :: quadrant AC : arc AB, or < AO B= 77,'AB. 

AC/ 

90 
Hence if ^-^ (that is, 90° divided by the quadrant A C) be taken for 

the unit of angular measure^ then the arc AB=<AOB. In this 
sense, therefore, the arc A B is the measure of the angle AOB, and 
either the one or the other is employed indifferently to express the 
inclination of the lines AO, BO. And, moreover, if the arc AB be 
given, the angle AOB can be found by this relation between the arc 
and the angle, and vice versd. 

Cor. The angle in a segment of a circle whose radius is the linear 
unit is measured by half the arc of the opposite segment. 

For as the arc A B or a measures the angle AOB, and as A O B 
(Euc. iii. 20) is double the angle in the segment B C D A, hence the 
angle in this segment is measured by i a. 

5. The semicircle A CE is represented by f^r, and hence the quadrant 
A C by i tsj, and the whole circumference A C E D A by 2 w. Whence 
^t?— a, and C7 — a, are respectively the complement and supplement 
(Art. 2) of a. 

It will be shown in a subsequent part of the Course, that rr 

= 3*14159265 , the value of this commonly used being t7 = 3'1416.* 

. 6. Two right angles or 180'^ are represented by v; and therefore 
90^ by i T. In many works of science, w represents 3*1416, as well 
as 180^ In this Treatise, two right angles will always be denoted by 
V or 180, and 3*1416 by tu (the roufid letter), as in Art. 5. 

In the . preceding articles it has been shown how angles can be 
expressed numerically by the subtending arcs of the circle whose radius 
is the linear unit. It will now be shown how arcs,* and consequently 
their corresponding angles, can be measured by means of certain 
straight lines drawn in and about the circle, called the trigonometrical 



•ome eminent mathematiciant to introduce the cerUenmcU division, by which the 
right angle is divided into 100 equal parti or degrees, and each degree again into 100 
equal parts or minutes, and so on. This method, though partially adopted in France, 
is not given in any English work. Its adoption in this country would have this 
advantage, that arithmetical operations could be performed on angles in the same 
manner as on any other decimal fractions ; but it would require a complete trans- 
formation of all our tables which depend upon the sexagesimal division. 

* In the metuurement of an angle by geometry, the right angle is assumed as (he 
primitive angle, or angular unit, with which all other angles are compared. By the 
algebraic method, however, the angular unit (as in Art. 4) is 1 0^ divided by tlie 
length of the quadrant to radius unity. Hence to convert the measure of an angle 
into degrees it is necessary to multiply it by this unit ; thus, if it be required to find 

2 
the number of degrees («°) in an angle whose measure is ^ , we have by Arts, i and 5, 

^ 90° 2 180° 

*^ = v— *T=5 X . 4 = 22^.9183118= 22^55' 5". 9. , 

5 f«J 3 fSf 
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functions of an arc. These lines are named sm«e^ 'tangents, etc., 
and they have been calculated (by methods which will be explained 
hereafter) for small divisions of the quadrant. By these functions of the 
angle or arc, it will be seen, we are enabled to compare the sides and 
angles of triangles. 

We will first describe these lines, and then deduce their geometrical 
properties. • 

The lines BF, GA, referred to in the subsequent definitions, are 
drawn perpendicular to the diameter A£, and B K, C H, to C D (see 
fig. to Art. 2): 

7. The sine of an arc, or of the angle of which the arc is the measure, 
is the perpendicular let fall from the extremity of the arc upon the 
diameter passing through the centre and the origin of the arc : thus 
B F is the sine of a, or of the angle A B, and is written for brevity 
sin a.* 

Cor, The chord of an arc is equal to twice the sine of half that arc. 
XBy chord of an arc is meant the straight line passing through the 
origin and extremity of the arc.) 

For if we produce B F to meet the circle again in 6, thAi (Euc. iii., 
3, 28), the arc B A = i arc B A6, and B6 = 2B F, or the chord of 
B A 6 = 2 sin a. 

8. The tangent of an arc is the line drawn perpendicular to the 
diameter at the origin of the arc, and limited by the intersection of a 
line passing through the centre and the extremity of the arc : thus A G 
is the tangent of ee, and is written tan a. 

9. The secant of an arc is the line passing through or from the 
centre, through the extremity of the arc, and limited by the centre and 
the tangent : thus O G is the secant of a, and is written sec a. 

10. The versed sine of an arc is the line or distance between the 
origin of the arc and the sine : thus A F is the versed sine of a, and is 
written vers a. 

11. The cosine i cotangent, cosecant^ and coversed sine, are the sine, 
tangent, secant, and versed sine of the complemental arc : tjius B K, 
C H, OH, and C K are, respectively, the cosin.e, cotangent, cosecant, 
and coversed sine of ce, and are written cos a, cot or, cosec a, covers or. 
Hence cot a = tan dm — a), cos a = sin ^J isr — a), etc. 

Cor, Since cos a = B K = O F, hence the cosine of an arc is equal 
to that part of the radius which is intercepted between the sine and the 
centre. 

12. The algebraical signs (H-or — ) of the preceding functions of 
an arc (sin a, tan a, etc.) are determitted by the geometry of co- 
ordinates. Thus the sine and tangent are positive or negative ac- 
cording as. they are above or below the diameter A E, and the cosine 
and cotangent are positive or negative according as they are to the right 
or left of the diameter CD. Hence, 

The sine is positive (+) in the first and second quadrants, and 
nc^tive ( — ) in the third and fourth. 



* It must be kept comtaiitly in mind that in this and the subsequent definition!, 
reference is made to a particular circle, vii., that whose radios is the linear unit. It 
wpnld not be correct to My that B F ii the sine of the angle A O B to any radius; As 
will be Men presently, the line in such case is expressed by a ratio. (See Functions 
of an AngU') 
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The tangent is positive « in the first and third, and negative in the 
second and fourth, quadrants. 

The cosine is positive in the first and fourth, and negative in the 
second and third, quadrants. 

The cotan;j^ent is |)08itive^in the first and third, and negative in the 
second and fourth, quadrants. ^ 

The secant and cosecant, heing revolving lines^ are not drawn in the 
same direction^as any of the other functions, and hence their algehraic 
signs are not G^termined by the same principles.* They are, however, 
positive or negative ^according as they pass from, or through, the 
centre. Hence, 

The secant (like the cosine) is positive^in the first and fourth, and 
negative in the second and third, quadrants. 

The cosecant (Like the sine) is positive ^in the first and second 
quadrants, and negative in the third and fourtn. 

The versed sine and coversed sine^are positive in all the quadrants, as 
they are always measured in the same direction : the former increases 
from to 2 in the first and second quadrants, and then decreases from 
2 to in tffe third and fourth ; the latter from 1 to in the first 
quadrant, from to 2 in the second and third, and from 2 to r>i;^|^e 
fourth. 

We might proceed in a similar way to the fifth, sixth, etc., quadrants, 
but the functions would be merely repeated. 

13. The following values are readily deduced from the preceding 
definitions :— 



Angle. 


Sin. 


Cot. 


Tan. 


Cot 


Sec. 


COKC. 


Vcw. 


Coven. 


• 







1 





1 



1 


1 






1 


J<r 


1 





1 







1 



1 


1 





r 





— 1 





_ 1 




— 1 


1 




2 


I 


i' 


— 1 





I 







1 




- I 


1 


2 


2r 


6 


1 





1 




1 


1 







1 



The symbol - denotes a quantity whose value is infinitely great. 



* The following definitions of the tecant and coaecant, which were luggested to me 
by my friend and colleague, Mr. Heather, are not liable to this objection : — 

The secant of an arc is the straight line drawn from the centre through the origin of 
the arc, and limited by the centre and the line which touches the circle at the extre- 
mity of the arc. Thus O L is the secant of «. Also the cosecant of « is the line O M. 
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TBIOOKOMETBICAL FUNOTIONfi OF AN /kKOLE. 

14. Let ABC be a triangle, right-angled 
at C, and A D the radius or linear unit, as in 
the preceding definitions. Draw D E per- 
pendicular to A C, and denote the sides of 
the triangle ABC opposite to the angks 
A, B, C, by a, 6, <?, respectively. Then by 
similar triangles, and Art. 7, 




Similarly, 



c : a : : 1 : sin A, or sin A s= — . 

c 

tan A = Y> cos A = -,cot A = -, sec A = •:, etc. 
c a b 



a a 



The ratios -, ^, etc., are termed the trigonometrical functions of the 

angle B A C ; they are obviously of the same value, whatever be the 
lengths of the lines AB, A C. These are the ratios to which reference 
is made in Art. 7, note. * 

Cor. Let a be the measure of an angle as in Art. 4, and a the length 
of the corresponding arc to radius r ; then, 

a 



1 : a : : r : a, or Of = - . 

r 



Hence the magnitude of an angle is determined by the expression 



arc 



radius 



Exi Given the hypothenuse AB => 11, of a right-angled triangle 
ABC, and the angle A — 60^, to find the other parts, a and b. 

If (fig. to Art. 2) AOB = 60'. and OA = OB, then if the line 
A B be drawn, the triangle AOB will be equilateral ; and hence O F 
= cos 60' = 4 A O = *. Whence sin 60' = B F = V (B 0" - O P) 
= ^ V^. Consequently by the preceding formula (fig. of this Art.), 



Also, 



a = c sin A = 11 sin 60^= "^VS = 9-526279. 
& = c cos A = 11 cos 60° = 5'5, 



FUNCnOKS OF OKE ABO OB AKaUL 

15. Relations amongst the trigonometrical functions of one arc or 

angle^ and deductions from these. 

In the following investigations fig. 1 of Art. 2 is referred to, and the 
anjrle A O B is denoted by A. 

By the preceding definitions, and Euc. i., 47, 

BF*+FO« = OB»,orsin«A+cos«A= 1 (1*> 

Cor. sin A = V(1 — cos 'A), and cos A = V (1 ^sin "A). 
Also by the properties of similar triangles (Euc. vi., 4, 8), 

OF : FB : : O A : AG = ^-^^, 

OF 



* The exprenion lin 'A denotes the second power of sin A. This power is some- 
times written (sin A)* ; and similarly for the second and higher powers of other 
functions. The former notation is adopted in this Treatise. 



A 



y 
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sin A sin A ,^. 

or tan A = r- = -jr-. ^-jpr (2), 

cos A V(A -" 8111 A) ^ ^ 

OKiKBr.OC.CH-'^-—, 

^ . cos A VCl-8in'A) . . 

or cot A = -: r = — ^^-:^ r (3), 

sin A Bin A ^ ' 

OF:OB::OB:OG= ^, 

\J r 

KO:OB::OB:OH = ^, 

or cosec A = -: — r • (5), 

smA ^ ^ 

GA:AO :;OC;CH^ ^?.'P^ , 

G A 

or cot A = 2 -r = ^^ . ^ '- (6). 

tan A , sm A ^ 

Hence also the following relations : — 

OG" = OA« + AG%or8ec«A= l + tan*A = l+ -^r^. . . (7\ 

1 — sm "A 

OH* = 0C« + CH\ or cosec 'A = 1 4- cot«A = 1 + ^ "" '''" '^ • • (8), 

AF = QA- OF.orvem A = 1 -cos A =?.-V(l-8>n*A). . .(9), 
C K = OC - OK, or covers A = 1 - sin A (10). 

These properties are equally true for an angle greater than a right angle* 
Art. 12 being kept in mind. 

Scholium, — It will be seen from the preceding relations that each of 
the trigonometrical functions of A can be expressed in terms of sin A ; and 
similarly each might be expressed in terms of any other function. Hence 
we might have restricted ourselves to one function only in the definitions. 
This method, however, would have been much less effective in the com- 
plete development of trigonometry than that which has been adopted. 
The ancients, it would seem, confined themselves to one function (the 
chord), to which the Arabians added the sine. 

Again, at the points C and E make the angles C O P, £ O Q, each equal 
to the angle A B, and draw the perpendiculars P N, Q R. Then (Euc. 
i. 26), the triangles, FO B, PN O, QR O, are equal, and F O = RO 
= PN, B F = QR = N O. Hence (Arts. 7, 11, 12), 
8in(4T + A) = sin AOP= PN = FO = cos A . . • .(11), 
cos (4 T 4- A) = cos AO P = - O N = - B F = - sin A . . (12), 
sin (t - A) = sin A O Q = Q R = BF = sin A . . . . (13), 
cos (» - A) = cos A O Q = - O R = - O F= -cos A . . . (14). 
Whence- by the expressions (1) . . . . (5), 

/I 4\ 8in(iT+A) cos A . ,,.^ 

tan (4ir + A)=: — )l ; /. = - -r— r = - cot A . . (15). 
^ cos(tT+A) sm A 
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, . . sill (le — A) sin A . ,, ^. 

, .. C08(t— A) COB A . .._x 

cot (t - A) = -r-Y rx = - 7 = - COt A . . . (17), 

^ "^ 8iii(»— A) Sin A ^ ^ 

sec (-r — A) = -\ = . = — sec A. . . (18), 

^ cos (t — A) cos A ^ 

C08ec(* — A) = -r-^ TT = -: — r = coscc A . . . . (19). 

^ ^ 8in(» — A) sin A ^ ■ 

Ck)D8equently the sine and cosecant of an angle are the same as tJtose 
of its supplement ; the cosine^ tangent, cotangent, and secant, are equal 
in magnitude with contrary signs. 

The following are left as exercises for the student : — 

cot (i T+ A) = - tan A (20), sec (i T-h A) = - cosec A . (21), 

covers (iT+ A) = 1 — cos A . . . .(22), vers (» — A) = 1 + cos A . (23), 

sec(ir + A)= - sec A (24), tan (» + A) = tan A. . . (25), 

cot(ir + A)= cot A (26), vers (t 4- A) = 1 4-coeA. (27), 

sin (t + A) = —sin A (28), cos (t + A) = — cos A . (29), 

sec (2 T- A) = sec A (30), vers (2t- A) = vers A . *-.(31). 

If, moreover, the angle A O B be positive when measured towards C, 

it will be negative when measured in the contrary direction (Art. 12). 

Hence the angle AOb will be denoted by — A, and consequently by Arts. 

7, C, 11, 12, 

Sin(-A)=-ftF=-BF=-8inA.(32),co8(-A) = OF = cosA..(33). 

Whence tan (-A) = ''° \^ A = - tan A (34), 

cos y "" A J 

And similarly for other functions of — A. 

The numerical values of the trigonometrical functions of 30^^ 60^ 45^ 
may now be found. 

By Art. 14, 

cos 60' = i, sin 60' = * V3 ; hence tan 60^ = ^5° '^^^** * ^^^^' A^^l 

Also because 30^ is the complement of 60^, ^^f" o ^ 

sin 30' = cos 60 = i, cos 3G^ = sin 60' = i V3, etc. . . TT (36). ^O' 

Again (fig. to Art. 2), if the angle A O B = 45 , then O B F = 45^ 
and OF = FB, or sin 45' * co8 45'. But sin" 45' 4- cos* 45^ = 1, 

sin 45" 

whence sin 45' = cos45'' =>v/* = *V2, tan 45'' = --t,= I ... (37). 

cos 45 

The values of other functions of 30', 45', and 60' may be found in a 
similar way. 

Exercises. 

1. The tangent of an angle is i; find the surd expressions for the 
sine, cosine, secant, and cosecant of the same. 

Ans. If a be the angle, 

sin a = -J^VS, cos a = i^/b, sec a = iV5, cosec a = V 5. 

2. Find the complements of the angles 

26' r 8"-21, 98' 16' 30", and 218' 5' 6"-67. 



V 



^■b 
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3. Find the supplements of 

155' 7' 8" -9, and 224 5' 8". 

4. Find the circular measures of the angles 

61^ 72' 5' 20'', and 88^ 19' 30". 

Ans. 1-0646, 1-2582, 1-5415. 
5* Find the angles whose circular measures are f and -§-. 

Ans. 43' nearly, and 22^*9. 

6. Required the arc whose supplement is to its complement as four 
to one. Ans. 9 = 60 ' . 

7. Required the arc the sum of whose supplement and complement is 
to their difference as two to one. • Ans\ = 45 ~. 

Prove the following relations : — 

8. Sin *a sin *fi + cos "a cos */8 -|- sin S* cos *fi + sin *fi cos *a = 1. 



-«. >-« \« 1 4* 8in a . , \« 1 

9. (Sec a 4- tan a)' = ~ > ^^^ (sec a — tana)' «=*•-- 

1 — nn a 1 " 



— sma 



-f- sin a 

10. Vers (iv + e) vers (i x — 0) -f- vers 6 vers (tt — 0) = 1. 

11. Sec "a tan«a(8ec*;8 - 1) (tan*y8 -f I) - sec '^S tan *)8 (sec *« - 1) 
X (tan'a-f 1) = 0. 

12. (Sin'a — sin'a sin'/S) (co8*a — cos'cr cos */8) — (sin *fi — sin *« sin *fi ) 
(cos *fi — cos *o cos *fi) = 0. 

13. Tan \i » + 0) - cot'(iT + 0) = cosec'e - sec'e. 

1 4. Cot *a cos ■« = cot !« — cos 'a, sec •« cosec *a = sec •« 4- cosec'^i. 

' 1.. rn t« sec e - J 1^ . ^ t^ cot"0 -f-C08"d 

15. Tan'0 = -, and bcc*0 + tan'e = — 5 — ■ =-• 

cosec e cot e cot *e — cos *e 

16. Sin *B — sin V = "^ *^ co* V — co* *^ ""^ V> *nd cos *0 —sin V 
= cos *d cos V ~ WD *^ si'^ '0« 

COB '<f) ~* ens '0 

1 7. Sin «e tan ■« = tan "0 - sin •©, and tan '0 - tan *<h = ^ -—-. 

COS'0 COS '9 

, ^ • ^ sec cot — cosec tan 

18. Cosec sec = : — -, and 

cos — sm 

'. chd'(»T+ e) - chd«(^ r - ) 

"" did *(* ^r + 0) + chd \i T - 0)' 



FUNOnONS OF TWO OB MORE ANGLES. 

1 6» £!xpressians far the sine and cosine of the sum and difference of 
any two angles^ andformulis deducible from these. 

Let the angle A O B = A, B O C = B, to radius unity ; then will 
A0C = A4-B in fig. 1, and c 

A O C = A - B in fig. 2. Draw 
C Q perpendicular to the radius 
OB; B F, G E, CD perpendi- 
cular to O A, and H G to CD. 

In both figures we have by the 
similar triangles O E G, OFB, 
CHG, 




OKrjA 




r 
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GE(= HD) : GO::BF:BO, orHD = BF.GO = 8inAco8B, 
HC : CG::FO : BO, orHC = GC.FO = sin B cos A, 

EO : OG :: FO : BO. orEO = FO.GO = cosAcosB, 

HG(= DE) : GC;:FB: BO, orDE = FB.GC =8inAsinB. 
Hence, taking fig. 1 and fig. 2 alternately, 

sin (A-f-B) = CD = HD+HC = 8in A cos B-f-sin B cos A (1),* 

sin (A-B) = CD = HD-HC = 8iu A cos B-sin B cos A (2), 

cos(A+B)==OD = OE-DE = cos Acos B-sin A sin B (3), 

co8(A-B) = OD = OE4-DE=cos A cos B+sin A sin B (4). 

It is assumed in this investigation that A + B < ^ t, and A > B ; it 
therefore remains to be proved that the formuls (1, 2, 3, 4) hold for every 
positive or negative value of A and B. 

For this purpose assume A = ^ir— x, B = iir — y; and let these 
values be such that A-}-B = t— (3: + y), may be positive, and less 
than i t : then it will be obvious that a: + y > i »*• Now 
8in(A + B) = sin {(* t - ar) + (*» - y) } = sin{T- (a: + y>}% 
since A + B is equal to each of these expressions within the brackets. *. 
But by (1), sin {(i 1- — a:) 4- (i T — y)} = sin (i t - a:) cos (* t — y)' 

+ sin (J T — y) cos (i ir — ar) = cos x sin y 4- cosy sin x ; 
and sin{T— (x + y)} =8in(x-}-y). 
Hence sin (ar 4- y) = sin x cosy -)- sin y cos x. 

And in general, if we put (m and n being any positive or negative integers) 

A = m T — X, and B«= « t — y, 
it might be shown in a similar way that 

sin (x -f- y) = sin x cos y + sin y cos x. 
In (1) and (3) let B =; A ; then keeping in mind that sin 'A+cos 'A = 1 , 

sin 2 A = 2 sin A cos A, or sin A = 2 sin i A cos ^ A • (5), 

and cos 2 A = cos 'A — sin "A = 2 cos 'A — 1 = 1 — 2 sin 'A 1 ^^n 
or cos A = co8«*A-sin«iA = 2coBHA- 1 = I - 2sin»iA| ' ' ^ ^' 



* The following u another very simple method of proving the formulse (1, 2, 3, 4). 

Let A O B, B O C be two angles of the circle A C (r whose radius is the linear unit. 
From B draw B D, B F perpendicular Tespectively to 
the radii O A, O C, and from C draw C£ perpendi* 
cular to O A, meeting the circTe again in 6. Bisect 
O B in H ; join F H, H D, O 6 ; and denots the 
angles A O B, B O C by A and B. 

Then because each of the angles O D B, O F B is a 
right angle, a circle described from H, with ^ O ti as 
radius will ^Mise through the points O, D, B. F. Hence 
the angle FHD =2COA = C06; the triangles 
F H D, COG, are consequently similar, and there- 
fore FD = iGC = EC, since FH =^CO. Also 
the perpendicular from HonFD = ^OK; whence the 
difference of the perpendiculars from O and B on FD, 
is equal^ to E O, as each of these quantities (Euc. i. Ex.) is double of the perpendi- 
cular from H on D F. Hence (Euc. ri. D.C.)« 

OB.EC=:BD.OF + BF.OD, andOB.O£s:OD.OF-BD.BF; 
or sin (A + B)=:8in A cosB-j-sin Bcos A, cos(A-l-B)=:cos A cos B — sin A sin B. 

]f we interchange the perpendiculars B D, C E, so that C E ^ sin (A - B), we shall 
get in a similar way, 

tin (A— B) = sia A cos B ~- sin B cos A, cos (A — B) = cos A cos B -f sin A sin B. 

In this case, O E is equal to the sum of the perpendiculars from O and B on F D. 




• I 
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From f 6), 

' t. A 1— co«A , ,, . 1+oosA 
sm**A = 2 ,»ndcos'iA = — i-^ (7). 

Hcncctan*iA = — -— = -— (8). 

By (5) also and the formala sin 'A + cos'A^ 1, we have 

8in*A + 2 sin A cos A -|-cos«A=l -|- sin 2A, 

sin *A — 2 sin A cos A + cos 'A = 1 ~ sin 2 A ; 
which give the values 

sin A = i{±V(l+»in2A) ±V(l-Mn2A)}. . .(9). 

cosA = i{±V(l+»in2A) + V(l-Bin2A)}. . .(10)*. 

Again, hy addition and subtraction of the expressions (1, 2, 3, 4), 

sin (A + B) + sin (A - B) = 2sin A cos B (11), 

sin (A + B) - sin (A - B) = 2 cos A sin B (12), 

cos (A + B) + cos(A - B) = 2 cos A cos B (13), 

cos (A - B) - cos (A + B) = 2 sin A sin B (14). 

In (1 1) and (13), respectively, let A = n B ; then we have the 
general expressions, 

sin (« + 1) B = 2 sin n B cos B - sin (« - 1) B. . . .(15), 
cos (« -h 1) B = 2 cosn B cos B — co8(n — 1) B. . . .(16). 

Next, to find the tangents of the sum and difference of two angles in 
terms of the tangents of the angles, we have by (1) and (3) of this 
Art., and (2) of Art. 15, 

. . „v _ sin (A + B) __ sin A cos B + sin B cos A 

cos (A + B) cos A cos B — sin A sin B 

_^ tan A + tan B ,^. 

"" 1 - tan A tan B ^ ^* 

The last form is got by dividing both numerator and denominator of 
the preceding, by cos A cos B. 

M. .1 1 /-A •n\ ^^ A. — tan B ,, _v 

Similarly, tan (A - B) = — ; r zr- .... (18). 

^* ^ ^ 1 + tan A tan B ^ "^ 

♦w t r, ..\ / A . T^ . ^N tan (A + B) + tan C 
Hence by (lU tan (A + B + C) = :p-A_-2^^— ^ 

_ tan A -f tan B + tan C ~ tan A tan B tan C . . 

"" 1" — tan A tan B — tan A tan C — tan B tan C * " " ^ ^' 

* The sigtit of tbete formula will be beit interpreted by tpecial caset. 
For values of A between and 45°, sin A and cos A will both be positive, and 
cos A ^ sin A ; sin A + cos A, or its equal V (I + sin 2 A), will dierefore be poeitive, 
and sin A — cos A, or its equal ^ (I — sin 2 A)» will be negative. Hence in this case 
(9) and (10) become, by means of tlie preceding expressions from which they are de- 
rived, 

sin A= 4{ VO + »iu 2A) - v'Cl - sin 2A)}, 
cosAsri{V(l+«n2A) + -v/(l -sin2A)}. 
Again, for values of A between 45° and 90° (the values of the trigonometrical func- 
tions of 45° have already been determined in Art. 15), sin A -f- cos A-andsin A — cos A 
will both be positive, hence 

sin A = J. V(H-sin 2A).|- V(l-iin2A)}, 
cos A = i( V (1 +8in 2A) - ^(1 - sin2A)}. 
And in n similar way for other cases. 
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The following are of frequent use : — 
sin (A 4- B) _ ain A cob B 4- sin B cos A _ tan A + tan B , . 
sin (A — B) Bin A cob B — sin B cob A tan A — tan B' * *^ 
Bin (A + B) Bin (A — B) = (sin A cob B + sin B cob A) 
X (sin A cos B — sin B cob A) = sin 'A cos *B — sin 'B cos 'A 

= sin "A — sin "B = sin *A sin "B (cobcc "B — cosec "A) (21). 

Again, if A > B, then 

A = *(A + B) + *(A-B), 

B = *(A + B)^*(A-B); 

hence hy (1, 2, 3, 4), and addition and subtraction, 

sin A + sin B = 2 Bin i (A -f B) cos i (A - B) (22), 

sin A - Bin B = 2 COB* (A + B) sin i ( A - B) (23), 

COB B + COB A = 2 COB 4 (A 4- B) cos i (A -B) (24), 

cobB - cos a = 2 Bin 4 (A + B) sin 4 (A - B) (25). 

Whence, 

sin A 4- sin B _ tan * (A 4- B) . . 

sin A - sin B " tan 4 (A - B) ^ ^' 

cos B + COB A _ cot i (A 4- B) ^. 

cos B - cos A "" tan i (A - B) ^ ^' 

By different combinations of the preceding, a great number of other 
formulw might be deduced ; but in an elementary work like the present, 
those only can be given that are of frequent occurrence. The following 
are left as exercises for the student : — 

c ot A c ot B — 1 
cot B + cot A 
/ 4 . «\ sec A sec B ,^^. 

-'^<^ + °>= l-t>nAtanB ^^^' 

cot A 4- tan A = 2 cosec 2 A (30), 

cot A - tan A = 2 cot 2 A (31), 

sin A 4- sin B , , . . -^x ,«^v 

^-3 ^=tani(A4-B) (32), 

cos A + cos B 

sin A — sin B ,•*.«% •« «n 

— 5 r-= cot4(A4-B) (33), 

cos B — cos A ^ ' ^ 

cos (A 4- B)cos(A - B) = cos"A - sin "B 

= cos "A sin 'B (cosec 'B - sec 'A) (34). 

Additional Exercises. 

Prove the following formuls : — 

1. Sin A = sin B cos (A — B) 4- cos B sin (A — B). 

Z Cos A := sin B sin (A + B) + cos B cos (A + B). 

_ 1 4- sin A , /, . ^ , 4N, , 1 4- sin A . „ . , . v* 

*• fzT^ = *(1 -tan*A)«,and|— iili^ = *M*A- ly. 
I + cobA ^ ' 1— cos A ^ ' 



, cot(A+B) = —-rs-r~rr- (28), 



^ 
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* rF. . r . « X tan a + tan )3 . 

5. Tan or tan ( a + /8 ) = -II ^, and 

cot a — tan p 

, . tan a — tan /3 

tan QL tan (a — )8) = ^. 

^ ^ cot « + tan /3 

6. (Cob a + cos /3) {1 -coa (a + /3)} = (sin a + sin /3) sin (a + i3). 
^ „. ^ tan 2 6 tan fl , ^ tan 6 

7. Sin 2e = r-r -, and cos 2 = ;r— ;:. 

tan 2 — tan if tan 2 - tan 

« « « A 1 + tan •(? ^ _ sec "0 

8. Sec 2 = r-, and cosec 2 e = r ;:. 

1 - tan "e 2 tan 

« « «^ 2 sec 2 J ,^ 2 sec 2 

9. Sec ^ = -^, . . and cosec "0 = 



sec20-f-l' sec 20-1 

10. Vers (t - 0) = 8in cot i 0, chd (t-0) = ^ . _, ^ . 

end 

11. (Sec i T + sin 2 0) (sec J t - sin 2 0) = 2 (sin *0 + cos *0). 

12. 2 cot 2 = cot (i T + 0) — tan (i » + 0). . 

13. Sin 45^ = sin 75^— sin 15^, and cosec 30" = cosec 18^— cosec 54\ 

14. 1 + cos 2 A cos 2 B = 2 (sin "A sin •B + cos "A cos 'B). 

INVIOISE TBZGONOMETBIOAL FUNCTIONS. 

17. Let sin a = 5, cos a = e, tana = f, etc (1); then <l is an 

arc whose sine, cosine, tangent, are s^ c, <, etc., and these are termed 
direct functions of the arc a. On the contrary, the arc a is termed an- 
inverse function of «, c, or /, and is expressed by the index — 1 written 
above the symbol which indicates the function. Thus, instead of saying 
that a is the arc whose sine is s^ etc., this relation is expressed by the 
notation, 

a = sin ~ *# = cos " *c = tan ~ */, etc (2), 

in which — 1 merely expresses the connexion between the arc and its 
function in accordance with the preceding explanation. The relations 
then, 

a = sin~'l, y8 = cos~*i, y = tan"*l, 
are equivalent to 

a = 90°, /3 = 60^ y = 45^ ; 
for it has been shown that sin 90^ =: 1 , cos 60° == i, tan 45°= 1. 

Again by (2), sinsin~^« = sina, but by (l), sin » = #, 
hence sin . sin~*« = s; consequently sin and sin~^ indicate operations 
that mutually destroy each other, and so for other functions. 

The student will see the value of this notation when he comes to the 
Integral Calculus. 

OHANaiNG THE BADZUS IN TBIGONOMETBIOAL EQUATIONS. 

18. As has been noticed in a preceding part (the " Application,") 
when in applying algebra to the resolution of a problem of geometry or 
physics, we have not taken any of the quantities under consideration for 
the linear unit, ihe equation or equations which wc obtain are neces- 
sarily homogeneotis. In the preceding investigations, however, the 
radius has been assumed as the unit, and hence if we wish to transform 
the results into others in which the radius is some other quantity r, this 



^ 
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quantity must be introduced as a multiplier or divisor, os the case may 
be, to render all the terms of the equation or equations of the same degree. 
Thus, (1), (2), (3) of single angles, to radius 1, become 



sin *A + cos *A = r*, 



tan A sin A cot A cos A 



to radius r* 



r cos a' r sin A 

Again, in the equation sin 3 A — 3 sin A + 4 sin ' A » 0, the first 
and second terms are of the first degp'ee, but the remaining one is of 
the third; it is necessary, therefore, to render the equation homogeneous 
to multiply the first and second terms by r*. Hence 

r»sin3A- 3r»siu A + 4sin»A-0. 

This method applies to all equations which involve direct functions 
Qi^ly of the arcs or angles. In the case of inverse functionSy we thus 
proceed : — 

Let a and fi be the arcs which subtend an angle A° to radii 1 and r, 
then, 

1 : r : : a : i8, hence 3 = ra, and a = -• 

r 

Consequently, if the expressions are to be transformed from radius r to 
radius 1, r a must be written for the arc fiy and if they are to be trans- 
formed to radius r, - must be written for the arc a. 

r 

Miscellaneous Exercises on Arcs and Angles. 

• 1. Given cosec a = 5*6, to find sin or,. cos a, and tan a* 

2. Prove the following formulae : — 

sin 2 A cos A ,.«.• •-**. ..^^v 

:: :rT-*T-T- "i =taniA; 2(cosec»2A + cot*2A) 

l + cos2Al + cosA -^ 

= tan*A +cot"A. 

3. If A + 3 4- C = 90% then 

cot A -J- cot B + cot C = cot A cot B cot C, 
tan A + tan B + tan C = tan AtanBtanC + sec A sec B sec C, 
* sin2AH-8in2B + 8in2C = 4cosAcosBco8C. 

4. If A + B + C = 180^ then 

sin A + sin B + sin C = 4 cos ^ A cos i B cos ^ C, 
cos A + cos B + COB C = 4 sin 4 A sin ^ B sin ^ C + l, 
• tan A + tan B + tan C = tan A tan B tan C. 

5. Find x from each of the equations : 

sin (a; 4- «) = cos (x — a), 
sin (a: + a) + cos (x + a) =s sin (x — a) + cos ( x — a), 
sin a + sin (x — a) + sin(2x + a) = sin (x + o) + sin(2x —a). 

6. Prove that 

sin "*| + sin *| = 90°, and tan i + 2 tan i - 45°. 
5 5 ^ o 

7. Eliminate S and </> from the equations : 

a sin *0 + b coB*6 ^ m^ b sin V + ^ cos *<p ^ UfaUjiB ^ b tan 0. 
^ 8. Given sin + cos = a, and sin + cos0 = 5, to find $ and 0. 
9. Determine a from each of the equations 

tan a + cot a = 4, and tan a + 3 cot a s 4. 
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10. Prove that if 

cos (A - C) cos B = cos (A - B + C); 
tan A, tan B, and tan C are in hartnonical progression. 

11. Prove that if cos A = cos B cos C, then 

tan "i C = tani (A + B) tan* (A - B). 

12. Prove that 

\2^ J \2 ) , ver(T + e) tan^ 

r ; r — = 2 tan 0, and • — tj^ ^ = : — r^- 

oAd(^ + e)cwQ-e) 00.(2,-6) tanie 

13. Show that / 

2cin0 - ""^^ ^^^ " ^^'''^"" ^^^*" ^"" ^\ 
cosec (— ©) sin (— ^) vers (— 0) 

14. Prove that 

chd 12^ = 2 cos 54% and sec 12° = sec 60^ + sec 36'. 

15. Prove that vers 45° is an arithmetic mean between sec 60"* and 
sec 225^, and that cosec 150^ is a geometric mean between co^ec 105^ 
and cosec 165°. 

ON THE USE OF THE TBIGONOXETBIOAL TABLES. 

19. It will now be necessary to give a description of the tables of 
sines, tangents, etc., the method of constructing such being reserved 
for a subsequent part. 

In the Table- of Natural Sines^ etc., the radius is unity, and there- 
fore the sines and cosines of all angles are either unity or decimal frac- 
tions less than unity. The decimal point, however, is sometimes 
omitted. The same is the case with the tangents of angles less than 45^. 

The Table of Log, SineSy etc.^ is formed by taking the logarithms of 
the numbers in the corresponding Table of Natural Sines, etc. ; and, to 
avoid negative indices^ 10 is added to each, so that log sin A « log nat sin 
of A -|- 10, and so on. 

(A.) To ^nd the sine^ cosine^ etc., of any angle less than 90° ex- 
pressed by degrees and minutes. 

If the angle be less than 45% find the degrees at the top^ and the 
minutes on the left-hand side, of the page. In the same line with the 
minutes, and under the proper name at the top (sine, cosine, etc.), take 
out the number required. Thus iht natural sine and tangent of 2V 16' 
are '4581325 and '5154019 respectively. Also the log sine and tan- 
gent of the same are 9*6609911 and 9**7121461. 

For angles between 44° and 90°, find the degrees at the bottom, and 
the minutes on the right hand side, of the page. In the same line with 
the minutes, and above the proper name at the bottom, take out the 
number. Thus the natural cosine of 56^ 1' is '6575036. 

(B.) To find the sine, cosine, etc,, of any angle less than 90°, expressed 

by degrees, minutes, and seconds. 

Find the sine, etc., of the next less and next greater angles in the 
table, arid take the difference of these ; then because the difference of 
any two trigonometrical functions of two angles (except in extreme 
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cases) is as the difference of the angles themselves when the differ- 
ence of the angles is less than one minute, we have — 

60" : given numher of seconds :: diff. thus found : correction for 
seconds. 

It must he kept in mind that the sine, tangent, secant, when the 
angle is under 90^ increase as the angle increases; but the cosine, 
cotangent, and cosecant decrease as the angle increases. Hence the 
correction must be added in the case of the tine, tangent, and secant, 
but subtracted in the case of the cosine, cotangent, and cosecant. 

1. Let it be required to find the sine and cosine of 59^ 14' 16". 



\ 



sin 59M 4' =-8592576* 
sin 59^ 15'= -8594064 



diff. fori' = 1488 

60'': 16":: 1488: 396-8 

sin59M4' =-8592576 
pro. pts. for 16"= 397 

sin 59° 14' 16"= '8592973 



cos 59^ 14'= -5115431 
cos 59° 15'= -5112931 



diff. for 1'= 2500 

60" : 16" :: 2500 : 666-6 

cos 59' 14' =-5115431 
pro. pts. for 16"= 667 

cos 59' 14' IB" =-5114764 



The log sines, cosines, etc., of angles expressed bj degrees, minutes, 
and seconds, are found in the same way. "The last fijrure roust be taken 
to the nearest unit; and hence, if the decimal fraction omitted be 
greater than - 5, we must add 1 to the last figure, as in the preceding 
examples. 

(C.) To find the angle corresponding to any giveii sine^ cosine^ etc.^ to 

the nearest second. 

If the function be a sine, tangent, or secant, find the next less to the 
given one ; but if a cosine, cotangent, or cosecant, the next greater^ and 
take out the corresponding number of degrees and minutes. Then 
having found the difference between the next less or next greater, as the 
case may be, and the given one, we have this proportion : — 
tabular diff. : diff. found : : 60" : seconds, to be added to the degrees 
and minutes already found. 

This proportion will be obvious from what has been stated. If the 
** tabular diff." be not given in the tables, it will be found by taking the 
next less from the next greater in the tables. 

2. Given sin A= '5432107, to find A. 

sin A= -5432107 
sin 32' 54' (next less) = • 5431744 

diff. = 363 

2443 (tab. diff.) : 363 : : 60" : 8"- 91. 
Hence, A = 32^ 54' 8" -91. 

3. Given cos A= -6780174, to find A, 

cos A =-6780174 
cos 47"" 18' (next greater) = -6781597 

diff.= 1423 



* Hutton*t Tables we referred to, bat other tablet are used in la nmilar way. 

Q2 
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2138 (tab. diff.) : 1423 :: 60" : 40" nearly. 
Whence, A = 47M8' 40". 

The method for log sines, etc, is exactly similar. 

Scholium, — For angles greater than 90^, and less than 180^, the 
functions of ir — A may be substituted for them, subject to the changes 
of sign as indicated in Art. 15. 

Thus sin A = sin (180' - A), cos A= - cos (180"* - A), Un A 
= — tan (180"" — A), etc. 

Hence, sin 91^ 11' 12" = sin (180^-91° 11' 12") =8in 88^ 48' 48", 
cos 91° 11' 12"= - cos 88^ 48' 48", etc. 

PBOFEBTXES OF PLANE TRIAKGLES, WITH NXnCEBIOAI. 



Tqe Right-anglkd Triangle. 

20. Let A B C be a triangle, right-angled at C. 
Denote the angles by A, B, C, and &e sides opposite 
to these, respectively, by a, i, c. Then by Art. 14, 



a h 

tan A = cot B = 2;, similarly tan B = cot A = - . . • . (A) ; 

o a 

G b 
also, sin A = cos B = ', sin B = cos A = -••.•• (B) ; 

c c 




c c 

and, sec A = cosec B = t> sec B = cosec A = - (C). 

a ^ ^ 

These relations comprise every trigonometrical property of the right- 
angled triangle. 

NpifSRicAL Examples. 

1. In the triangle ABC, right-angled at C, there are given BC 
^ 142, and the angle A = 26^ 17' 19", to find the other parts. 
The angle B being the complement of A, we have 

B = 90^-A = 63M2'4l"; 



also. 



- = tan B, or ii = a tan B, 
a 



and c — a cosec A, 

by the preceding expressions (A) and (C). 

Calculaiioti ofb and c, by Natural Tangents^ etc, 
(p. p. in the work means proportional parts.) 



Nat tan 63^ 42' = 2 * 0233462 
p. p. for 41"= 10131 

2 0243593 

This being multipled by 142, 
gives AC or 6 = 287-459. 



Nat cosec 26'' 1 7' = 2 ' 2583029 
p. p. for 19" « 4209 

2*2578820 

Multiply by 142, and we get 
AB ore = 320- 6192. 



* A triangle coniists of six parti, yis., three tides and three angles ; and if three of 
tiiese he given {cob beiiig a sioe), the triangle is completely defimd. 
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2. Given BA = 467*817, and AC = 328*914, to find the other 
parts. 

By (B) of the preceding formulae, 

& = c sin B ; this will find the angle B, as b and c are both giveii. 
Then A = 90^ — B, and a = 6 tan A, or we may find a from the rela- 
tion (Eua i. 47), a = V (c* - b*). 

By Logarithms!^ 

To find the angle B, we have 

log sin B = log 6 — log c + 10. 
(Here 10 is added to the right-hand member of this equation, because 
in the Tables of Log. Sines^ etc., 10 is added to each, to avoid negcUite 
indices, as explained in Art. 19.) 
The work will hence stand thus : — 

10 



log 328-91 =2-5170771 
p. p. for 4 = 53 

12-5170824 
2-6700760 



logsinB;=9-8470064t 
log sin 44"" 40' = 9-8469436 

628 
60 



log. 467-81=2-6700695 
p. p. for 7 = 65 

2-6700760 



1278)37680(29" 

Hence B = 44° 40' 29" and A = 45° 19' 31", the complement of B. 
Again, a = V(c«-6*) = V(^ + *)(c--*); 

c = 467'8l7 
6 = 328-914 
log (c + ft) = log 796-731 = 2-9013117 
log(c-6)= 138-903 = 2-1427116 

2 



5-0440233 



log a = 2 - 52201 16, or a = 332 ' 668. 

In similar cases the result may be verified by the solution of the 
equation a = b tan A. 

3. Given c= 176-21 (C being again the right angle), and B 
= 32** 15' 26"; to find A, 6, and a. 

The angle A = 90° - B = 57° 44' 34", and 6 = c sin B, or log b = log c 
+ log sin B — 10. We take away 10 in this case, because the tables 
give Tog sin B + 10 for log sin B, as explained in the preceding solution. 
Now, log 1 76 • 21 = 2 - 2460306 

log sin 32° 15' =9*7272276 
p. p. for 26" = 868 

(Taking 10 away) 1-9733450 

log 94 • 047 = 1 * 9733449 or 6 = 94 - 047. 
Again, a = c sin A, which gives a = 149*014. 

* Logarithmt are employed in trigonometry, as in other branches of njathetnatice, 
merely to facilitate the calculations when the numbers are large. The results are 
obtained in the preceding example without the use of logarithms. 

t The same result Irould be obtained by adding the quantities if the arithmetical 
complement of the log of e were employed^ 
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4. Given A = 56-7816, B = 36° 7' 18",C=90^ to find the other 
parts. Ans. 3 = 77' 8052, A B = 96 3213, A = 53° 52^ 42". 

5. Given AB = 12, B0 = 15, B = 90', to find A and the angles 

without Ion. 

^iw. A = 51*^20' 24" -68, = 38° 39' 35" • 32, A0= 19-2093727. 

e. Given a = 101, ft = 103, = 90° ; to find c and the angles A and B. 
Am. c= 144-257, A = 44° 26' l7"-8, B = 45°33' 42"-2. 

7. Giv6n a =379 -628, A = 39'* 26' 15", = 90°; to find the other 
parts. Ans. B = 50°33' 45", 5 = 461-5504, c=597-6l7l. 

8. In the triangle ABO right-angled at 0, there are given A B 
= 170-235, A = 44° 1' 10"; to find A 0, OB, and the angle at B. 

Ans. A = 122-416, B = 118-297, B = 45° 58' 50". 

9. Given B A = 402-015, B = 56'' 7' 18" and = 90° to find the 
other parte. Ans. B = 224-0957, A = 333 '7621, A = 33° 52' 42". 

10. Given 6 = 31-76, A = 17° 12' 51" and = 90', to find a, c, and 
B. Ans. a = 9-8399, c = 33-249, B = 72° 47' 9". 





THE OBUQXTE^ANGLED TBXANaZJB. 

21. 7b investigate a relation between the sides of a plane triangle 

and the angles cpposite to them. 

Let A B he a plane triangle ; A, B, as usual the angles, and a, 
ft, c, the sides respectively opposite 
to these. Draw D perpendicular 
to A B or A B produced ; then hy ^ 

(B) of Art. 20, and (13) of Art. 
15, 

- rrn j; • A • d ft sin B 

0D = 6 sin A = a sin B, or- = -: — r. 

a 8in A 

o. ., 1 ^ sin B , a sin A 

bimilarly, - = -: — r^, and - = -: — -. 

c sin O c sin O 

These properties are employed in the sulution of a plane triangle, when 
two angles and a side, or when two sides and an angle opposite to one of 
them, form the data of the problem. If in th& latter case the given 
angle be opposite to the less side^ there are two triangles which fulfil the 
conditions of the problem Thus if B, A, and the angle A be given, 
then it will be obvious that when B is less than 
A, B will meet A B in two points B and B', 
to the left of A^ so that the angle A will be com- 
mon to the two triangles ABO,.AB*0. But if 
B be greater than O A, B' will be to the right of 
A, and hence the angle A will not be common to 
both triangles. 

This double solution is alsa indicated by the formula for the particular 
case. For since two sides and an angle opposite to the less are given, 
we &id the sine of the angle opposite to the greater side, and as the sine 
of an angle is equal to the sine of its supplement, there is no reason, 
without other considerations, to prefer the acute angle found by the tables 
to the supplement of this angle. 
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This double solution constitutes what is called the ambtguaus cctse in 
tlie solution of a plane triangle. 

22. To find a rekUion between two sides of a plane triangle and their 

included angle. 

By the preceding Art., a : d : : sin A : sin B. 
Hence by Euc. v. 17, 18, and (20) of Art. 16, 

a + & : a — ^ : : sin A + sin B : sin A — sin B ; 

a + b sin A + sii^ B tan i (A + B) 

a ^ b sin A — sin B tan i (A — B)" 

But i(A + B+C) =^ 90=* or *(A+B) =90'-iC ; hence tan 4 (A+B) 
=cot iC. 

Whence ^±^ - tani(A+B) _ cot^C , 

a-* " tani(A- B) "" tani(A-B)' 

and similarly for any two sides and their included angle. 

This is the formula of solution when two sides and the included angle 
of a plane triangle are given. It will be obvious that the opposite 
angles are first found, and then the third side by the preceding Article. 
Another method will be investigated presently, by which the third side 
can be found without the opposite angles. 

23. To find a relation between any angle of a plane triangle and its 

three sides. 

By ^uc. ii. 12, 13, (see fig. of Art 21), . 

6* = c» + o*T 2c.BD; 
and by (14) of Art. 15, and (B) of Art. 20, 

B D = ± a cos B : 
the upper or lower sign to be used according as the angle B is acute or 
obtuse. 

Hence, 6" = c" + o" — 2ac cosB. \ 

Similarly, a" = 6* + c* — 2 6 c cos A, > .... (1). 

c* = a* + i^-2abcoBCy j 

These important formulae may also be put in the form, 

^■4. c» - fl« 



cos A ^ 
cos B = 
cos C = 



2bc 

C* + g* ^ y 

2 ac 
2ab 



(I')- 



The expressions (I'), though not in a form for logarithms, are con- 
venient for finding the angles of a triangle when the sides are given in 
smcdl numbers. By (1) also we can find the third side of a triangle 
when two sides and the included angle are given. Other forms adapted 
to logarithmic use are deduced in the following manner, the notation 
being the same as in the Application^ Problem VIL 
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By (7) of Art. 16, md the preceding expiessions (r), 

2»ia«iA-l-co.A= l--^ = ^T 

2bc 2bc 

"* 2bc " 6c 



or. 



-♦aV^""^?^ C2> 



or 



^ (5 + c + a)(6 + c-fl) _ 2ir(^-fl) ^ 
2bc be 

Hence. t«n# A = '^ =. /*-/>('' '^^ ..(4). 

And 80 for any other angle. 

Car. By the preceding expressions for sin ^ A, cos 4 A, and the 
fomrala sin A = 2 sin i A cos i Ay we get 

2 
sin A = -r— V«(' — «)(* — 6) (' — ^)- 

2 

Similarly, sin B = — V'('— «) (' ~ ^) (' "" *^)» 

2 

sm C = —7 V»(' — «)('"" ^) (* " 0' 

Scholium. — Each of the four expressions given in this Article for the 
determination of the angles of a triangle is convenient for the applica- 
tion of logarithms. In some cases, however, the value of an angle 
found from its log sine or log cosine cannot be trusted to seconds. 
This arises from the variation of the k^ sine or log cosine corresponding 
to a ffiven variation of the angle being very smally and hence a large 
yariation of 'the angle is attended by a small variation of the log sine or 
log cosine. The Astronomer Royal (Mr. Airy) has established the fol- 
lowing rule in such cases : — 

An angle cannot be determined accurately from its sine or cosecant 
when it is near 90^ from its cosine or secant when very small, or 
from its versed sine when near 180^; but from its tangent it can 
always be found with great accuracy. — Trigonometry^ page 696. 

Again, by Euc. j., 41 (see the figure of Art. 21), 
CD" = AC»-AD'=BC«-BD»; 
hence A(?-BC«= AD* - BD«, or (AC + BC) AC- BC) 

= AB(AD-BD). 
Whence denoting the difference of the segments A D and B D by if, and 
the sides of the triangle as usual, we have 



"^ • . • . . . \*J J* 
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By this fonnula, when the sides of a plane triangle are given, we can 
find the segments of the hase made by a perpendicular from the opposite 
angle, and thence by the properties of the right-angled triangle, the 
angles of the triangle. 

This method is convenient in some cases. 

24. To investigate a formula adapted to logarithms, by which the 
third side of a triangle (when two sides and the included angle are 
given\ can be found without finding the angles which care opposite to 
the gtven sides. 

By (1) Art. 23, 

c* = a«-f ^- 2a*co8C « (a - by + 2ab(\ -cosC); 
hence, since by (7) of Art 16, 1 — cos C = 2 sin • i C, we have 



.. = («_i).{n.i^ii^), 



Now put 4aftBinHC ^ ^^,^ 

'^ (a — 6)" ^ 

then remembering that sec ' 6 = 1 + tan ' 9, we get 

c = (a — 6) sec (2). 

The subsidiary* angle Q is found by ( 1). 

Hence, if the third side only be required, it can be found with more 
facility by these formuls than by that of Art. 22 « 

If the subsidiary angle (6) be very large or very small, the following 
formulae for determining the third side are to be preferred : — 

c*=: a" + *«-2a6cosC = (a + 6)'- 2a6(l +cobC); 

hence, since 1 + cosC == 2cos*iC(Art. 18), we get 

c" = (a + J)M 1 - ^^^ cobH C }. 
Assume -z — . -^, cos * ^ C = sin * 6 : then because 1 — sin *B = cos *d, 

(a + by 

c = (a + 6) cos 0. 
Hence, to find 9 and c we have the equations 

21ogsin e = log4 + l<^a + logb + 2 log cos iC- 2 log {a + b). . .(8), 
log c = log (a + ft) + log cos © — 10 . . . (4). 

NUiaatlOAL SOLUTION OF OBUQXTB-ANGLED TBIANGLES. 

Casb I. 

25. When two angles and a sidtj or when two sides and an angle 

opposite to one ofthem^ are given. 

The principles employed in the solution of the three following ex> 
amples are developed in Art. 21 : — 

1. Given the angle B = 50° 17' 26", C = 38*'20' 32", and the side 
a = 318*541 of a plane triangle AB C, to find the other parts. 

* The term ** Buhndiary ** it applied to aoglei or arcs that are employed either to 
facilitate the calculation of some quantity, or to modify the form of an expression so 
as to adapt it to logarithmic computatioDr 



lWaiBficA=lfi</-(B — C =91=» T. 



«;r::u3A:caC, cTe = 



aC 



ESA 






bcring thai sin A = 



work «Ji bcaee lUzid 
fiiB (160' • Ay :— 

log 318. 34^ 2-5031640 I 

p-p. 1 = 14 ■ 

kg fin 38 20^=^ 9*7925*566 i 

p.p-32' = fe31 12-3892578 

12-2956071 * log MM 88 37' 58" = 99998763 
kg till 88 37' = 9-9996734 



lae31S-S4I = 2-50316S4 

kgsi]i50 17 = 9-8860470 

p.pu26- = 



p.p-58^ = 



29 



9-9998763 



kg & = 2-3893815 
or6= 245-1216 



log<r =r 2-2959308 
orr = 197-6654 



2. GiTCD 6 =r 152-67, e = 163-18, and C = 50' 18' 32", to find the 

mhtt putt* 

Am the given angle is opponte to tlie gieiter aide, the problem is not 
ambigooas. 

flow 6 : ^ :: Bin B : sin C, or sin B = ; 



and 



b : a:: sin B : sin A, or a = 



e 

bm A 
sinB 



Hence, log sin B = kg ^ + kg tin C — kge; 1(^ a = log 6 + log sin A 
— log sin B : 



log 152-67= 2-1837537 

log tin 50' 18^= 9-8861519 

p. p. 32" = 559 

120699615 

log 163- 18 » 2*2126669 

log sin B= 9-8572946 

orB= 46 2' 57"; 



log 152-67= 2 1837537 

log tin 83 38'= 9*9973132 

pp. 31"= 73 

12-1810742 
log sin B= 9-8572946 

loga= 2-3237796 
ora= 210-756 



Hence A= 180 - (B + C) = 83' 38' 31". 

3. Given a = 272-13, 6 = 252-69, and B = 64^ 18' 20", to find A, C, 
and e. 

Since the given angle is opposite to the less side, the solution is ambi* 
guout. Now, 

..... . „ . « sin B 

a : o : : im A : tin B, or tin A = - 



a : c : : tin A : sin C, or c 



b ' 
a sin C 

sin A ' 



Hence, log sin A = log a + log sin B — log 6, 

log B log a 4* log sin C — log sin A : 
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1<^ 212-13 

log sin 64M 8' 20" 



2-4347764 
9-9547821 



12*3895585 
log 252-69= 2-4025881 

log sin A = 9 ' 9869704 

o t ff 



Hence 



A 
B 

A + B 
ACB 



76 2 6 
64 18 20 

140 20 26 
39 39 34 



log272'13^ 2-4347764 
log sin 39** 39^ 34" = 9*8049725 

12-2397489 
log sin 76"^ 2' 6'' ^ 9-98697 01 

logc= 2 -2527718 
Hence A B= 178-9694 



And 



A' 
B 

A' + B 
A'CB 



o t if 

103 57 54 
64 18 20 

168 16 14 
11 43 46 



log 272-13= 2-4347764 
log sin ir 43^46"= 9-3C81170 

11-7428934 
log sin 103^ 57' 54" 
= l(^sin 76^ 2' 6"= 9' 9869701 

logA'B= 1-7559233 
Hence A' B = 57 00635 

4. Given a = 305 296, B = 51^ 15' 35", and C = 37 21' 25", to find 
b,e, and A. Ans. 6-238-1974, £?= 1858011, A = 9r 23'. 

6. Given c= 195*265, & = 203-162» and B = 45^ 0' 55", to find the 
other parte. Ans. A = 92^ 9' 23", C = 42^ 49' 42", a = 287 - 035. 

6. Given a » 350 -169, 6 = 236*291, and B = 38' 39' 15", to find 
A, C, and c. Ans. A = 67° 45' 58" or 1 12M4' 2", C = 73^ 34' 47" 

or 29^ 6' 43", c = 362*8674 or 184*048. 

'7. Given BC = 145-3, AC=178-3, and A = 41° 10' to find the 
other parte. Ans. B = 53" 52' 36" or 126' 7' 24", C = 84" 57' 24" or 

12' 42' 36", c = 219* 882 or 48 * 5656. 

Case II. 
26. When two sides and the included angle are given, 

1. The sides B C, C A, of a plane triangle ABC, are 17*802 
and 21-704, and the included angle C is 26' 12^ 16"; what are the 
values of A B, A and B ? 

By Art. 22, 

h + a tani(B + A) ^ . ,,, .. 6-a^ , zn , a\ 

hence log tani (B -A) = log (6-a) + log ten ^(B + A)-log (h+a). 

Now 6 = 21-704 B+A=180'-C = 153Mr 44" 

a= 17-802 J(B + A) 



76^ 53' 52"; 



6 + a= 39-506 
&-a= 3-902 



log 3-902 = 0-5912873 
log tan 76' 53' 52" = 10-6331137 

11-2244010 
log 39 - 506 = 1-5966631 

log tan i (B - A) = 9 6277379 
or4(B- A)= 22' 59' 41". 



I 
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Hence B = i(B + A) + * (B - A)= 99 53' 33", A = l (B + A) 
-*(B-A) = 53 54' 11". 

To find AB ori; we have, by Art 21, 

. . 4 . ^ a sin C 

a : tf :: sin A : Bin Cy or e= — : — r— ; 

sin A 

whence log ir = log a + log sin C ^ kg sin A : 

log 17-802= 1-2504688 
log sin 26' 12' 16"= 9 6450049 

10-8954737 
log sin 53' 54M 1" = 9 * 9074228 

loge= 0-9880509 
orc= 9-7286. 

As a verification of this result, and an illustration of (1) and (2), 
Art. 24, the ralue of c will now be found without finding the angles A 
and B. 

By the properties just referred to, 

2 log tan e = log4 + logo + log & + 21ogsiniC 
- 2 log ib - a), 
logo = log (& — a) 4- log sec d — 10. 



log 3-902= 0-5912873 
log sec 66^ 21' 14"! 6= 10- 3967629 

loge= 0*9880502 
Hence c = 9*7286, the same as 
before nearly. 



Now, log 4= 0*6020600 

log 17*802= 1-2504688 

log 21 -704= 1-3365398 

21ogsin 13' 6^8"= 18-7108610 

21-8999296 
2 log 3*902= 1-1825746 

20-7173550 
log tan e =10*3586775 
or = 66^21' 14"- 16. 

2. Given a = 16'9584, b = 11-9613, and C = 60' 43' 36", to find 
the other parts. 

Am. A = 76^ 4' 12"-23, B = 43" 12' ll"-77, e ^ 15-24098. 

3. Given a = 874-56, b = 859*56, C = 91' 58' 10", to find A, B, 
and c. Ans. A = 44^^ 29' 39", B = 43" 32' 1 1", c = 1247-14. 

4. Given a = 3754, b = 3277*628, and the included angle C = 
67" 53' 16" -8, to find A, B, and c. 

Ans. A = 68" 2' 24", B = 54" 4' 19*2", c = 3428-426. 

5. Given B A = 1786-7, AC* 1921*8, and A =. 30^ 26' 20", to 
find B C without the angles B and C. Ans. B C = 982*24. 

Case 111. 
27. When all the sides of a triangle are given, 

1. Given a = 2, 6 = 4, c t= 5, to find the angles. 
By (1') of Art. 23, 

4* 4- 5" — 2* 37 

cos A - ^ . ■ — = ~- = -925 =i= GOB 22" 19' 53"-91, 
2.4.0 40 
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9* -U «i* — 4* 13 

c<» B = o . o = ^ = -65 = COS 49^ 2T 30"-23, 

COB C * ^*"t 1 7^ = - A == - '3125 = cos 108' 12' 35"-86. 
2.2.4 16 

Hence A = 22^ 19' 53" -91, B = 49' 27' 30"- 23. C = 108^ 12' 
85" -86. 

Since cos C is negative^ '3185 = cos (t — C), by (14) of Art. 15 ; 
hence having found the angle whose cosine is *S125, it is taken from 
180^ for C. 

As the angles A, B, C, together, make 180', it may be inferred that 
the work is correct. 

2. Given AB = 11862, B C = 19876, A C ^ 18304, to find the 
angles. 

By (4) of Art 23 (the symbol A.C is put for arithmetical complex 
ment)y we have 

2 log tan i A = log (* - ^) + log (* - c) + A.C log # 
+ A.Clog(*-a); 

2 log tan i B = log (* - a) + log (* — <?)+ A.C log * 
+.A.Clog(*- ft); 

2 log tan i C = log (« - a) + log (* - ft) + A.C log * 
+ A.Clog(« - c). 



Now a = 19876 

h » 18304 
c = 17862 

2 ) 56042 

* = 28021 

log(* - ft) = 3*9875322 

log (* - c) = 40068510 

A.C log* = 5-5525164 

A.C log (j - a) = 6-0891089 

2)19*6360085 



« - a = 8145 

* - ft = 9717 

* - c = 10159 



log(« - a) = 3*9108911 

log(* - c) = 4*0068510 

A.C log « = 5-5525164 

A.Clog(*-ft) = 6 0124678 

2)19*4827263 



log tan iB = 9*7413631 
or* B = 28'51'59"-62 
orB = 57' 48' 59" -24 



log. tan 4 A = 9-8180042 
or* A = 33^ 19' 53" -36 
or A = 66=^ 39^46" -72 

logr* - a) = 3-91089)1 

log (* - ft) = 3 * 9875322 

A C log# = 5-5525164 

A C log (* - c) = 5-9931490 

2)19-4440887 

taniC = 9-7220443 
oriC = 27M8' 7-02" 
orC = 55^ 36' 14" -04 

Since A + B + C = 180', the work is consequently proved. 

3. Given a = 3, ft ~ 5, c = 7 ; to find A, B, and C. 

^n*. A* 21° 47' 12" i, B = 38° 12' 47"*, C = 120°. 



Ams. a = 57 7' 17" -93, B = 44^ 24' 55 "• 12. C = 78 27' 40"- gs. 

5. Given a ^ 32986, & = 43G28. e = 62984, to 6iid A, B, and C. 

-Aw. A = 29' SI' 11", B = 40' 40" 8", C = 109" 48' 41". 

6. GnrenAB == 561-18» BC = 610-91. C A = 714*23, to find 
tlic aDgla. 

Ans. A = 55 31' SO'^fi, B = 74^ 32^ 7"-96, C == 49= 56* 21"-76. 

7. (Hren a = 24804, b ^ 57876, c == 74412. to fnd A, B, and a 
Am9.A = 16 11'42"-44,B = 40 36'3"-84,C= 123= 12* 13"-72. 

8. GhncD the ndes A B ^r 13*219, BC == 11-76, AC = 14*507, 
of ft triftD^ A B Cy to find the ansles. 

Ams. a = 49 55' 43"-5, B = 70= 44' 2''-32, C = 59" 20' ll"*18- 

9. The three sides of ft trifti^e ftre 352-96, 628*54, and 569*16; 
find the M*|^f¥ 

Ams. 33= 49* 6'- 12. 82= 21' 12"-60,a«l63'49'41"*28. 

MlSCKUJLKSOUS EzSmCISSS OH TmlAMQUSS* 

1. Express each side of a plane triangle in tenns of the ranaining 
sides and their opposite angles. 

AMS.a-hcomQ + eco8B,&-acosC + ecosA,es5cosA4-acos B. 

2. Prove the following pi upei lk Mrf * right-angled triangle, C being 
the right angle : — 

sinHA= -- — ain2A= ^ , , sin(A-B)= — -j — 

cosHA=^^ co.2A»^^-j-, cos(A.B)=-^ 

Un*iA= i^ tan2A=^ tan(A.B)«^^^ 

e + 6 Ir -^ €r ^ ^ 2ao 

3. In an isosceles triangle in which a = 6, prove that 

c ^ 

cos A = ;r- , and vctb C = --^. 
2 a 2 1^ 

4. ProTC that if2cosBsinC»8inA,the triangle is isosceles ; and 
if tan A sin *B == tan B sin 'A, it is either isosoelei or right-angled at C. 

5. Prove that in any plane triangle ABC, 

sin •* A : sin •* B :: a (x - h) : * (x - a). 

6. Show that in any plane triangle. 

sin \ (A- B)= ^^ cos 4 C, and cos i (A - B) = ^^ sin i C. 

c c 

7. If Ay B, C, be the angles of a plane triangle* then 

cot A cot B + cot B cot C -H oot C cot A = 1, 
sin 2 A + Bin2B + sin 2C = 48inA8inB tin C. 

8. Prove that the lengths of the three straight lines drawn from the 
angles A, B, C, of a triangle A B C, to the points of bisection of the 
opposite sides, are 

{Jbc cos A + Jo*)* (ac cos B + i^)* and (a & cosC + J c*)*. 
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9. Prove that the lengths of the three perpendiculars on the opposite 
sides a, 6, c, of a triangle, are 

b* sin C + c" sin B a* sin C + ^ sin A a" sin B + h* sin A 
■ > m and — — — t 

10. Prove that tlie lengths of the lines which hisect the angles A, B, C, 

of a triangle (being limited by their intersection with the opposite sides) 

are 

26c cos ^A 2 ac cos iB 2 ahco^i C 

— J — . j.and ;— 7 — • 

b •{• c a + c a + 6 

11. Two sides of a plane triangle and their included angle are, 
respectively, ♦(VS— iJV^jVS "" 1> and 15^; find the third side 
without the aid of tables. Ans, Third side = 1. 

] 2. In any plane triangle it is required to prove that 
c»8in (A - B) = (a« - ft") sin (A + B), 
c»cos(A-B) = 2a6 + (a« + 6«)cos(A + B), 

13. The cotangents of the semi-angles of a plane triangle are conse- 
cutive natural numbers ; required the nature of the triangle and the 
proportion of its sides. 

Ans, The triangle is right-angled, and its sides are as 3, 4, 5. 

14. In every right-angled triangle (C being the right angle), 

2 coscc 2 A cot B = -Ti, andtan2 A -^ Bec2B = -r-^- 

15. Prove that if A, B, C, be the angles of a plane triangle, 

(cot A + cot C) (cot B + cot C) 
cosec "C 

16. Prove that if sec 2 B + tan 2 A:=tan (i le +A), and 1-cos 2 C 

cos 2 C — cos 2 A ,, ^. , . .1 1. . 

= 7- ^ . ,v ^^ j: — rr-, thc tnangle is an isosceles one, havinff 

(2cosC+ 1) (2cosC-l) ^ ^ 

each of the angles at the base double of that at the vertex. 

17. If in a plane triangle tan A tan = 3, then cot A, cot By snd 
cot G are in harmonic progression. 

18. The angles A, B, C of a plane triangle are in arithmetic progres* 
sion, and 

sin A V 3 + tan x 

sin C V 3 — tan 05* 

Show that X is the common difference of the angles. 

19. The angles A, B, C, of a triangle are in arithmetic progression, 
and A D, which is perpendicular to B C, divides it in D, so that 
B D : D C : : 1 : 3. Find the angles. Ans. A= 90^ B = 60^ C= 30\ 

20. Prove that if A, B, C be the angles of a plane triangle, 

(sin A - sin B)* + (cos A + cos B)" = 4 sin •* C. 

21. In every scalene triangle 

sin i A sin ^ B sin i C <j., and cos A -{- cos B -|- cos C <|-« 
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THE APPUOATION 07 TBIOONOMETBT TO THE DETEBMINA- 
TIOV OF THE HEtOHTS AMD SISTAMOES OF OBJEGTO. 

28. It is not inteDcled to give in this place any explanations as to 
the measurmg of lines or the observing of angles ; these will be given 
in another part of the Course. The solutions of some examples are 
given to illustrate this mode of calculation, and other examples are left 
for solution. 

Problem I. — To find the height and distance of an inaccessMe 

obfect on a horizontal plane. 

Measure a straight line A B on the horizontal 
plane in the direction of the object C D, and 
let the angles of elevation CAD, C B D, at 
the points A and B, be observed. 

A ■ C 

Put A» = ^, <CAD = ««,CBD =)8; then ADB = fi - a. 

Now by Arts. 20, 21, 

BD = a , "° ^ . , and C D = BD.siniS; hence 




sin {fi — a) 



CD = « 



sin a . sin iS 
sin {fi — a) 



•.(l). 



the height of the object. 

Also, BC = DBcos)8 = a.4^^^li21^....(2), 

its distance from B. 

As an example, let a = 19^ IT 20", fi = 47' 11' 12" and a =412-78. 
By (1) and (2), 

logC D = loga + logsina + log sin i8 — log sin (/3 — «) — 10, 
logBC = log a + log sin a + log cos /3 — log sin ()8 — «) — 10; 



log412-78 = 2-6157186 
log sin 19' 17' 20" = 9 5189498 
log sin 47' 1 1' 12" = 9-865 4426 

22-0001110 
log sin 27' 53' 52" = 9-6701489 

logCD= 2-3299621 
Hence CD = 213-7775. 



log412-78 = 2-6157186 
log sin 19^ 17' 20" = 9*5189498 
logco8 47''iri2" = 9-8322610 

21 • 9669294 
log sin 27' 53' 52" = 9-6701489 

logBC = 2-2967805 
Hence BC= 198 0526. 



Scholium. — If the object C D be accessible, measure from C a distance 
BC = 6 on the horizontal plane, and observe the angle of elevation 
C B D = i8 ; then to determine the height of the object, we have 

CD = 6tan/3. 

II. To determine the height of an object situated on an eminencey 

and seen from a horizontal plane. 

Let C D be the object, and A B a given line 
in the horizontal plane, measured in a ver- 
tical plane passing through the object. At 
A take the angle of elevation of D, and at B 
the angles of elevation of D and C. 




1 
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Put AB = o, < DAE = a, DBE = i8, C B E = y ; then by the 
last problem, 

^-^ Bin a sin fi /,x «t^ Bin oc cob fi ,^. 

ED = a -. — r^ — ~ ... .(1), EB = «-::r77-5 — ^^ (2). 



Hence 



sin (fi ^a) 
CE = BEtan7 = a 



gin (y8 —a) 
sin ci cos /3 tan 7 



■ • • . ( *')• 



sin {fi — a) 
Whence by (1) and (3), we can find D C. 

Ex. Let a = 88' 45' 6", /3 = 51^ 5' 12", 7 = 40^ 10' 20", a = 200. 

To find E D and E C by (1) and (3) : 
log E D = log a + log sin a + log sin )8 + log cosec (/8 — a) — 30, 
log E C = log a +log sin a+log cos fi + log tan 7 + log cosec (/3 — a) — 40 : 



log 200 = 2-3010300 

logsin 33^45' 6" = 9' 7447579 

logsindF 5' 12" = 9-8910337 

log cosec 17' 20' 6" = 10-5258449 

logrED = 2-4626665 
or, ED = 290-1793 



log 200= 2-3010300 

log sin 83^ 45' 6" =, ,9^7 147579 

log cos 51" 5' 12" =*>#^980593 

log tan 40" 10' 20" = 9*9264632 

log cosec 17' 20' 6" = 10-5258449 




logE = 2-2961553 
or, EC= 197-7677. 

Hence, DC = ED - EC = 92*4116, the height of the object. 

HI. To determine the height of an object as in the last problem^ sup- 
posing the plane on whichAhe observer is stationed is not horizontal. 

Let C D be the object, and A B a given part 
of the line in which a vertical plane passing 
tlirough C D meets the plane of the observer. 
At A and B take the angles of elevation of D ; 
let these be a« /3. Also put A B = a and the 
angle of inclination of AB to the horizon = 7. 
Then it will be obvious that 

<CBD = i8-7,'CAD = a-7, ADB = CBD-CAD 

= i8-a, DCB = 90" + 7andBDC = 90^-/3. 

Now DC = DB '^"^^""'^\ andDB = a '^f'^l '^ 

cos y sin (/3 — a) 

hence. pc , ^ «i°(c»-7)8in(/3 - t) 

cos 7 sin {p — a) 

or, log D C = loga + log sin (a — 7) + log sin 08 — 7) 
+ log sec y + log cosec ()8 — a) — 40. 

Ex. a = 18-04 feet, i8 = 37^30' 15", « = 30^2' 12", 7 = 15° 6' 9"; 
then a - 7 = 15^*6' 3", fi - y = 22' 24' 6", ^ - a = 7<^ 18' 3". 
Hence, log 1 8 * 04 = 1 • 2562365 

logsinl5' 6' 3"= 9-4158386 

log sin 22- 24' 6" = 9 • 5810358 

• log8ecl5° 6' 9" = 10-0152651 

log cosec 7'' 18' 3"= 10-8959261 

logDC = 1-1643021 
or, DC = 14-5983 feet, the height of the object 

VOL. I. R 



...(1). 
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IV- To find the diHance between two maceesnUe dbjeeU situated in 

the same plane with the observer. 

Let A B be a given line in the same plane with the 
objects H and M, and at A let the angles M A B, 
H A B, and at B the angles H B A, M B A, be ob- 
aenred. 




Put angle H A B = a, 
MAB = f3, 



A B 

MBA = y. I BHM + AMH=/3+a = 2iJi, 
HBA=a, |BHM-AMH = 2e; 
then BHM = m + &, AMH = m-d, AHB = 180 - (a + a), and 
A M B = 180' - (i8 + y). Hence by Art. 21, 

HC sin (m - 6) AC 8in(« + g) BCsin^ MC 8in(y-a) 
MC " sin («i + »)• HC ~ sin (« - fi)' A C "sin 3' B C~sin (^8+7)' 
Whence by multiplication, 

sin («i — 6) ^ gin {g^ fi) %m£ sin {fi + y) . . 

sin {m + 6) sin (a + 5) sin /3 sin (y — 5) * " 

«> , -r^^x ^ * , /* sin (m — 6) tan «i — tan 

But by (20) of Art. 16, -r-^ — —^ = p- — - ; 

-^ ^ ^ • Bin (« + 0) tan m + tan e ' 

sin (a — B) sin 3 sin (fi-h y) ^ , /^v 

hence, putting ) _^ V\ a ■ T 5\ = tan A ... . (2), 

sin (« 4- c) sinp sin (y —0) 



the equation (1) becomes 



tan m — tan 



= tan A; 



tanm + tan6 

from which we readily get by (37) of Art. IS, and (16) of Art. 16, 

tan = tan (45^ — h) tanm .... (3). 
If A be > 45^ and tan m positive, 6 will be negative. Hence, to find 
H M the required distance, we have by Art. 21 (putting AB =a), 

XT W TJ A «'« (a — i^) J TT A "° ^ 

H M = H A -r-r ^» and H A = a -7—7 — r-r-v, or 

sm (m — 6) Bin (a + o) 

HM=a^?l$4^f%,....(4). 
Sin (of 4- a) sm (m — 0) ^ ^ 



Cor. By (4), 



aorAB = HM 



sin {a + 3) sin (m — 0) 



sin i sin (a — )8) 

which is a solution of the converse problem to find the distance between 
the stations A and B, when H M and the angles at A and B are 
given. 



Let 



then 



a = 95^ 20' 10", 
i8 = 58"20' 12", 

a-fi= S6^ 59' 58", 
y- >= 45^15' 9", 
/5 + y=157' 5' 27", 



Example. 

a =600-07, 



7 = 98^45' 15", 
>«6S^30'6"; 

a + «=148^50'16", 
+ 8=lir5O'18", 
m=-4(/8 + a) = 55°55'9". 
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9-7794574 

9-9051881 

9' 5902524 

10-2861208 

10-0699953 

10-1486095 



To find e by (3) :— 

log tan 13' 57' r'-74 = 9*3951694 
tan55^55'.9" =10-1696916 

log tand = 9-5648610 

Hence = 20 9' 41". 



To find h by (2) :— 

log Bin 36' 59' 58" 
logwn 53 30' 6" 
log sin 157^ 5^27" 
logcoBcc 148^50' 16" 
logcosec 58^20' 12" 
logcoflec 45' 15' 9" 

logtanA= 9-7796235 
Hence h= 31" 2' 58" -25, and 
45' - A = 13' 57' 1"- 74. 

Finally, to find H M by (4) :— 

log 600-07 = 2-7782019 

sin 53' 30' 6" = 9 9051881 
sin 36' 59' 58" = 9*7794574 
cosec 148' 50' 16" = 10-2861208 
cosec 35' 45' 28" = 10-2333196 

logHM= 2 9822878 
Hence HM = 960*036, the distance required. 

Another Method. 
By Art. 21. 

sin i , , , . sin y 



HA = a 



and M A = a 



(5), 
(6). 



sin (a + ^y Bin (/3 -f 7)' 

or log H A = log a + log sin 2 + log cosec (a + ^ ) — 20 . . . 
log M A = log a + log sin y + log cosec ()8 -f 7) — 20 . . . 

From these, H A and M A can be determined, and as their included 
angle, H A M = a ^ /8, is given, the third side H M can be found by 
Art. 22 or Art. 24. 
By Art. 24 we have 

logHM = log(MA-HA) + log8ec0- 10 (7), 

2 log tan ^ = log 4 + log M A + log H A + 2 log sin i (« - /3) 

- 2 log (M A - H A) (8). 



To determine H A by (5) : — 

log 600 -07= 2-7782019 
log sin 53'30' 6"= 9*9051881 
log cosec 148' 50' 1 6" = 10 • 2861208 

logHA= 2-9695108 
or HA = 932-2036 



To find M A by (6) :— 

log 600-07= 2.7782019 
logsin 98^45' 15"= 9-9949110 
logcosec 157° 5' 27" = 10-4097476 

logMA= 3*1828605 
or MA= 1523*563 



Hence M A - H A = 591 • 3594. 



Next, to find by (8) :— 

log 4= 0-6020600 
logMA= 3-1828605 
logHA= 2*9695108 

2 log sin 18' 29' 59" = 19-0029402 

25*7573715 
2 log 591 • 3594 = 5 - 5437030 

■ 2 log tan = 20 .2136685 
log tan ^ =10-1068342 
or0 = 51° 58' 37" 



To find HM by (7):— 

log 591 -3594 = 2- 7718515 
log sec 5r58' 37" = 10-2104328 

log H M = 2-9822843 
or H M = 960-03, the same as 
before nearly. , 



r2 



1^ 
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V. Given the cUslances of three remote objects P, Q, R^from each 
ether^ and the angles they subtend at a station Sj in the same hori" 
zontal plane^ to find the distance of the station S from each of the 
objects. 

Denote the distances R Q, P Q, and P R, by a, 6, c, and the angles 
P, R, Q, by A, B, C, respectively. Put also 
angle RSP = «,Rr^S-fRQS = B-(a+/3) = 2»i, 

R:S^^^,*RS-RQS = 20; 
then RPS = »i+e,andRQS = »i- e. ^^ 

RP sin a RS sin(in-"e) R^ 



Now 



RS sin(»i + ©)'RQ 
sin A 



sin/3 



sin C' 




* ■♦• 



ProceeditiCv^ith these as with the similar expres- 
sions in4»e iPst problem, we get 

sin'^ siiffC , .,. ^ ,.i.-> ,x. /rt\ 

. ^ . » . = tan A .... (1), tan e = tan (45 -A) tan m ... . (2). 
sin a 8in A 

From (1)» A can be found, and thence 9, by (2). 

Whence finally 
pg^^.in(m+e+,) .in(m+fl)^^g^^,in(m-e+/»)^3) 

Sin a sm a sm p 

If A be greater than 45^ and tan m positive, B will be negative. 

Cor, 1. When S is anywhere in the angular space formed by R P, 
R Q (or these produced in the direction R P, R Q), then 2 m = 360^ 
- (a + /8 + B). 

Cor. 2. Let D be the point in which the line S R meets the circle 
which circumscribes the triangle P S Q ; join P D, Q D. Then the 
angles P Q D, P S D are equal, being in the same segment, as are also the 
angles Q P D, Q S D. Hence this geometrical construction : — 

Describe the triangle P Q R so that its sides may be equal to the three 
given distances. At Pand Q make the angles QPD, PQD, equal, 
respectively, to the angles Q SR, P SR, and describe a circle about the 
triangle P D Q. Produce D R to meet this circle in S ; then will S P, 
S Q, S R, be the distances required. 

Example. 

Let a = 262, b = 404, c = 213, « = 13' 30', /3 = 29"^ 50'. 
The angles A, B, C are found to be 

A = 35^ 35' 54", B = 1 1 6^ 9' 27", C = 28^ 14' 39"- 
Hence m = * {B - (« + iS} = 36^ 24' 43". 
First, then, to find h and 6 by (1) and (2) : 



log sin 29^50' 0''= 9-6967745 
log sin 28M4'39"= 9*6750723 
logcoseclS^ 30' 0"= 10-6318147 
log cosec 35^ 35' 54" = 10 • 2350029 

log tan A « 10*2386644 
Hence A= 60 0* 21" -34 
and 45^- A = - (15 0' 21" -34; 



As h is greater than 46^, Q is 
negative. 

log tan 15^ 0'21"-34=9-4282321 
log tan 36^ 24'4o" = 9* 8678124 

log tan e = 9 * 2960445 
Whence = - (IP 11' 3") 
and m+ e + a = 38' 43' 40" 
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Next to find P S by (3) :— 

log 213 = 2 '3283196 
log Bin 38^43' 40"= 9-7963112 
log cosec 13' 30' = 10-6318147 

log P S = 2 • 7565055 = log 570-828, 
or PS = 570-828. 

The distances R S, Q S are found in a similar way. 

VI. To find the height of an object from angles of elevation taken on 
a horizonUd plane, at three given stations in a straight line, not in the 
direction of the object. 

Let A O be the object perpendicular to the plane D O C in which are 
the given stations D, K, C, in the same straight 
line. Denote the angles of elevation at C, K, D, 
that is, the angles AGO, AKO, A D O, by a. iS, 
7; andputCK = a, KD = ^, andAO = a:. Then 
\C = x cosec ay A K = x cosec /8, A t) = 2; cosec y. 

Henceby (l)of Art. 23, 




cos 



_ c^+a^ cosec'os—a::' cosec *fi _ (a+6)*+a:*cosec*a— x'cosec'y 
"~ 2a X cosec a 2 {a-^-b) x cosec a ' 

or {(a+b) (cosec "os— cosec *fi) + a (cosec 'y — cosec *a)}a^ = ab {a+b). 

This equation, by means of (21), Art. 16, reduces to the following: — 

{(a+6)sin {fi +a) sin jfi^a) sin *y +0 a in (grj jy) sin («— 7) sin *fi] 3^ 

j0m\[i -4- 5) sin "a sin */3 sin '7, 

or (l+X)a» = /i . .' . . (1), 

- ^ asin (a + 7) sin (« — 7) sin ^fi ab sin "« sin ^fi 

where A = -. — ,. . .^ — v . ^^ v . , , /x = 



(a + 6)8in(/3+o)8in(/5-a)sin«7' '^ sin(i8+a) sin (iS-a/ 

Now if X and/i be both positive, as in (1), by assuming 

X = tanV (2), 

we get by means of (1), the equation 

ac* sec V = A*5 or ^ = /^ cos *0 • • • • (3), 

which is in a form for logarithms. The subsidiary angle is deter- 
mined by (2). ^ 
Again, if \ and /li be both negative ; then by assuming 

X = sec '0 . • • • • • • (4), 

we get 

as" tan V = /*> ®^ ** == /* ^®*^ '^ • • • • (^)- 
Hence in this case x is determined from (4) and (5). 

Lastly, if X be negative and ^ positive (these are the only cases that 
can arise*), by assuming . 

X = sin«0 (6). 

we get for x the equation 

as" cos '0 = /li, or ac* = /i sec '^ . . . . (7). 



' lb 

* The aignt of X and « depend on s, /3, ^, and as these can be combined, two and i 
two, in three ways only, toe three cases that have been discussed are the only cases that '*^ 
can arise. It is possible to redace two of these to the same, but tlie solution seems to j 
be mure easily effected by the formula given in the text. 
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Let a»50, 6=^60, flr = 30 40', i8 = 40 33', y = 50' 23'. 
Nov 

a + 6 = 110, a + T = 81 3', /3 + a = 71' 13', 

a - 7 = - (19' 43'), /3 - a = 9 53*. 
Hence as X is negative and ft positiTe, the fonnulae of solution are 
(6) and (7). 

To find f by (6) :— ' To find x by (7) :— 

k^ 50 = 1 -6989700 log 50 =^ 1 -6989700 

logain 81 3'= 9-9946798' log 60 = 1-7781513 

log m 19' 43' = 9-5281053 . 2\ogmn 30 40' = 19*4152128 

2 log sin 40 33' = 19*6259756 ] 2 log sin 40 33' = 19-6259756 



log cosec7r 13' = 10-0237679 ' 2 log sec ^ = 20-4735852 



log coaec 9' 53' = 10-7653751 
2 logcosec 50^ 23' = 202266488 

21-8635225 
log 110 = 2-0413927 



logcosec 7r 13' = 10" 0287679 
1<^ cosec 9 53' = 10-7653751 

2 log a; = 3-7810379 
logx= 1-8905189 



2 log sin f = 19-8221298 

1<^ sin ^ = 9-9110649 | or x = 77- 7175, the required \ 
Hence f = 54 34' 12" -61 \ height ' 

Exercises. 

1 . A t what horizontal distance from a column 200 feet high will it 
subtend an angle of 31^ 17' 12" ? Ans. 329 - 1 14 feet. 

2. A staff one foot in length stands on the top of a tower 200 feet 
high. Find the angle which it subtends at a point in the horizontal 
plane 100 feet from the base of the tower. Ans. 6' 51" nearly. 

3. Two observers on the same side of a balloon, and in the same 
vertical plane with it, a mile apart, find its angles of elevation to be re- 
spectively 15' 17' 18" and 62" 30' 20". Find the height of the balloon. 

Ans, Height = 560*89 yards. 

4. A tower A B stands on the summit A of a sloping hill A C, which is 
inclined to the horizon in an angle of 30 ; the length of the bill A C is 
225 yards, and the elevation of B above the horizon when observed from 
the middle D of the hill A C is 34"^ 18' 30". Find the height of the 
tower. -4«*. Height = 10-2315 yards. 

5. A column stands on the opposite bank of a river, and from two 
stations in a line with its base, and distant 100 yards, the angles of 
elevation of its top were observed to be 58" 5' 18" and 32' IT 30". 
Find the height of the column and the breadth of the river. 

^iw. Height = 104-2073 yards, breadth = 64-89 yards. 

6. From the bottom of a building, 100 feet high, the angle of eleva- 
tion of the top of a tower in the same horizontal plane was 45° 17' 20", 
and at the top the angle of depression of the same was 8~ 10' 6". Find 
the height and distance of the tower. 

24n*. Height = 87 5582 feet; disUnce = 86-6796 feet 

7. A tower B C is in the 'same straight line with .two objects A and 
D (A and D being on opposite sides of the tower), and the distance A B 



/ 
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18 found to be 236*759 feet : also the angles of depression of the two 
objects A and D from the top of the tower C are 42=* 10' 38^ 
58^ 12' 39". Find the height of the tower and the disj 

^ii«. Height = 214- &08feet^^||[^nn65 feet. 

8. From the top of a tower 50 feet high, st^H^near the edge of a 
clifip, the angle of depression of a ship's hull wasobserved 14^ 20' 24", 
and from the base of the tower the angle of depression of the ship's 
hull was 12^ 30' 18'' * find the horizontal distance of the ship from the 
tower and the height of the tower's base above the level of the sea. 

Ans. Distance = 1476*92 feet; height =: 327* 562 feet. 

9- At noon a column in the direction E.S.E. from an observer cast 
^ upon the ground a shadow, the extremity of which was in the direction 
N.E. from the same : the angle of elevation of the column being 45% 
and the distance of the extremity of the shadow from the base of the i( 
column 80 feet; determine the height of the column. 

Ans. Height = 80 V ( 2 - V 2 } = 61 -229 feet 
10. Two ships of war, a mile apart, find that the angles subtended 
by the other ship and a fort on the opposite cliff, are 56^ 19' 20" and 
63^ 41' 18''. Find the distance of each ship from the fort. 

Ans, 1-0352 and * 96101 mile. 
^ 11. Prove that the following rule for finding the distance of the 
horizon at sea is very nearly correct : — Take the number of feet in the 
height of the station above the level of the sea, and increase it by half 
that number, the square root of this quantity will give the distance of 
the horizon in miles. 
J, 12. A person standing at the distances 130 and 218 yards, re- 
spectively, from two towers, and in the same straight line with them, 
observes their apparent altitudes to be the same; he then walks 120 
yards towards the towers, and finds that the angle of elevation of one is 
double that of the other. Find the heights of the towers. 

Ans. 47 * 3969 and 79* 481 yards. 

13. Show how the angle between two visual rays A B, A D, in the 
direction of two objects M and N, can be determined without any 
instrument for measuring angles. 

14. A person wishing to determine the length of an inaccessible 
* wall, places himself due south of one end, and then due west of the 

other, at such distances that the angles which the wall subtends at the 
two positions each = 20^ 17' 18". Find the length of the wall, the dis- 
tance between the two stations being 121 yards. Ans. 44* 731 yards. 

15. At each end of a horizontal base A B, 112 yards in length, the 
^ angle which the distance of the other end and an inaccessible object C 

subtends is observed, as also the angle of elevation of the object at one 
end of the base, viz., angle B A C = 20' 18', A B C = 32' 16', and 
C A O ~ 10^ 29'. Find the height and bearing of the object. 
Ans. Height 0=13*7 yards, bearing, or < B A O = 17^ 28' 56". 

16. A person standing on the sea-shore can just see the top of a 
mountain, whose height he knows to be 1284 * 8 yards. After ascending 

^ vertically in a balloon to a certain height, he observes the angle of 
depression of the mountain's summit to be 2' 1 5'. Now, assuming the 
earth's diameter to be 7986*4 miles, it is required to find the height of 
the balloon at the time of the observation. Ans, 3 miles. 
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17. Having given the angle whicb the earth's radius (r) sabtends at 
the sun 8" * 58, to find the circular measure of this angle, and thence the 
distance of the sun iirom the earth. 

Ans, Cir. measure = * 000041597, distance = 24040 r. 

18. Show how the diameter of an inaccessible circular basin is deter- 
mined without any instrument for measuring angles. 

19* Two objects M and L of a fortified town are seen from a station 
N. The distances M N, N L, are known to be 1020 and 1680 yards, 
respect! velyy and the angle M N L = 49 25'. Fiud the distance be- 
tween the two objects. Ans. The distance = 1277*97 yards. 
% 20. A church-steeple C, and a tower D, are observed from the extre- 
mities of aline A B, 6265*88 feet in length, in the same horizontal 
plane, and the following angles were measured : — 

C A B = 139' 15' 45", D A B = 53 30' 23", A B C = 31=^ 49'. 

ABD = 114 24' 55". 

Find the distance between the church and tower. 

Ans. Distance = 33336-4 feet. 

21. From a convenient station, P, there could be seen three objects, 
A. B, and C, whose distances from each other were A B = 8 miles, 
A C = 6 miles, B C = 4 miles ; also the horizontal angles A P C and 
B P C were 33^ 45' and 22' SO'. Required the respective distances of 
the station P from each object. (The station P, and the object C, are on 
opposite sides of the line A B.) 

Ans. A P = 7-10199, B P = 9*34285, C P = 10-4252 miles. 

22. If in the last, A B = 275405, B C = 190826, A C = 184335 
feet, and angle A P C = 136' 48' 38", B P C = 84' 54' 13", what is 
the distance of P from each object ? 

Am. P A = 114476, B P = 179207*4, C P = 83392 6 feet. 

23- From Plymouth the Lizard is distant 54*44 miles; from the 
Lizard the Start Point is distant 71 * 15 miles; and from the Start 'Point 
to Plymouth the distance is 23*31 miles. 

From Eddystone Light, Plymouth bears N. 25"^ 4' 5" E. 

,, Lizard ,, S. 70M3' 15" W. 

,, ,, Start ,, N. 83- 52' 20" E. 

Find the distance of Eddystone Light firom each of the other places. 
Ans. The distances are 13* 10, 44*42, and 27*22 miles. 

24. Three stations A, B, C, are in a straight horizontal line, such that 
A B — 80 ,and B C = 75 yards. At A, B, and C, the angles of eleva- 
tion of an inaccessible object D (not in the direction of the line A B C), 
are found to be 72^ 19', 1^" 16', and 70' 10'. From these data it is 
required to find the height of D above the horizon of the line of obser« 
vation. Am, Height = 286*321 yards. 

EZFAIT8I0N8 AKD BEVIZLOPMENTS OF TBIGONOMETBZOAL 

EXPBi:8SI0N& 

29. The following jormtiiiP^ involving an arc a and multiples of 
cr, are used in Astronomic and some other branches of Mathematics : — 

Produce Q B (fig. to Art. 2) to meet the circle again in 7, then the 
four arcs A B, Q E,^ £, and A 6, are evidently all equal. Hence the 
A B, A C Q9 kO q^ and A 6, may be denoted by a, cr — cr, 
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fST + a, and — a ; consequently by (13, 14, 28, 29, 32, 33) of Art. 15, 
sin a = sin (isr — • a^ = — sin (tsr + «) = — sin (— a) . . (1), 
cosa = — cos (cr — a) = — cos (cr + «) = cos (— a) . . (2). 

These relations will also hold, if we add to each arc, or take from it, 
any number of circumferences ; for the resulting arcs will have the 
same extremities as at present. Whence, adding 2 n cr to each in (1), 
we get 

sin a = sin (2 n CT + a) = sin { (2 » + i) ^ — a } 
= — sin { (2 « + 1) cj + a } = — sin (2 n tsr — a) 

= ± sin (2 « tsT ± Of) = ± sin { (2 « + 1) tjy + a } . . . (3). 

By taking away 2 n lu from each arc, we get, in a similar way, ^ 
sin'a = ± sin (— 2n«y ± a) = ± sin {— (2« — 1) w + a} . . (4). 

Hence if j9 be a positive or negative integer of the series, 0, 2, 4, ... , 
and q a positive or negative integer of the series 1, 3, 5 . . ., we have 
by (3) and (4), 

sin (p tsj + a) = sin <x . . . (5), sin (pw — a) = — gin cr . . (6), 
sin (^r CT + a) = — sin a . . . (7), sin (9 or — a) = sin a . . (8). 

Also, by (2), we get in a similar way, 
cos (j»CT + a) = cosa . . (9), cos (per — a) = cosa • . (10), 
cos (5^ t!T + a) = — cosa , . (11), cos (j' CJ — a) = — cos a . . (12). 

30. To develop the sine and cosine of an angle x in a series of 
ascending powers ofx, 

I/et sina: = e^ + ex + e^oi^ + e^7^ '\' etc (1), 

cos a; = Co -h c a; + c, a" + C3 a:" + etc (2) ; 

then by changing x into — x, and remembering (Art. 15) that sin (—a?) 
= — sin a, and cos (— a?) = cosa:, we obtain 

— sin a; = e© — c a: -f c, a:* — ^a a:* + etc (3), 

cos a; = Co — c a; + <?g a* — Cg x" -f etc (4). ' f 

By taking half the difiPerence of (1) and (3), and half the sum of (2) 
and (4), we get 

sin X = «« + «8 as* + ^5 aJ* + etc (5), 

cos a: = Co + Cga:" + C4X* -f c^a:* -h etc (6). 

Again, by (23, 25) of Art. 16, we have the relations 

sin a; — sin 2r = 2 cos i (a: -^ 2) sin i (a; — z)^ 

cos z — cos X = 2 sin i (x -^ 2r) sin 4 (a: — z)^ 

which by (5) and (6), become 

c (a; — 2r) + C3 (a:* — 2") + etc = 

2cos4(x-f^){e(^^Vc/^\ + etc }, 

c^{;x^ - z^) 4- C4 {x* - 2r*) + etc = 

-28in4(a: + 2r)|c^'^) + c,(^)» + etc }. 

Dividing bo^h sides of each of these by a; — 2r, and taking js = a; in the 
results, we get 

c cos a; = c + 3 ^3 x* + 5 C5X* + etc , 

— « sin X = 2 c,x + 4 r^x' + 6 Co X* + etc ; 
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HDd by substituting in these the values "of sin x and cos x given iu (5) 
and (6), we obtain 

e {co+Ct3i^+c^x!^+c^3i^+ ..etc.) ^e-^Se^a^-^-b e^x^-^^Jefaf +. .tic. 

— eijex + e^a^ + e^x^ -f etc. ..) =2 c^x+Ac^x^-^ 6c^a^+ et(*. .. 

Since these two equations are identical^ we have (Algebra, Art. 135), 
e = ec^ Se^ = ec„ 5^1 = ec^^ 1 e^ = ece, etc, 
2 <?t = — c", 4 C4 = — tf ^a, 6 c, = — c ^to etc. ; 

hence, .. = 1, .. = « 1-, e. = - ^^, c, = -^-^ 

^*'" 1.2.3. 4.5 • ^* ^ 1.2.3.4.5.6'^^^' 

Substituting these values in (5) and (6), we get 

Bin X = €x h ■ etc ( 7 1. 

1.2.3-1.2.3.4.5 ^ ^' 

coa«= 1 - -p^ + -p^^^ - ^ a.3.4.5.6 +'^- * ^^^ 
To find the value of «, let ar = — ; then we have by (7),* 

or, -= 51--2958.... = 



sin 



e i^ 

Hence - is the unit of circular measure, as in Art. 4. If, then, we take 
e 

- = 1, ore = 1, the equations (7) and (8) become 
e 

co,«=l- -^+_|L__ (10). 

in which it is to be understood that x is an arc of the circle to radius 
unity. The sine and cosine of an angle A^ will be obtained from (9) 
and (10), by writing for x in the right-hand members of these equations 

the expression (Art. 4) A^. 

yo 

This elegant method of deducing sin x and ens x is due to Mr. W. 
Finlay« Professor of Mathematics at Manchester. — {MathemtUieian^ 
page 299, vol. iii.) 

Bill X 

Cor. Since tan x = , we see by the preceding expressions fof sin x 

cos mJ 

and cos a;, that the development of tan x begins with a;. Hence assume 

sin a; , . , 

tan X = =x4-as*+«8ar+ 

cos X 



* ktx may be any augle iu (7), whatever value is found for « for aiiy value of x, 
the same value of e will belong to the series iu geueraK 
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Id this write the values of sin x and cos x, already given, multiply 
*% out, and equate the coefficients of the like powers of x; we then get 

sin a: ^ , 2 a^ , 2* ac* 

= tan a; = X 4- J- . . . 

cos a: ^1,2.3^1.2.3.4.5^ 

Similarly 

cos a: 1 2 a: 2* as" 

= cot ac = 



smx X 1.2.3 1.2.3.4.5.6 

31. To prove Demoivre^s Theorem^ thai for all values of n, 

(cos ± V — 1 sin 0)" = cos n ± V — 1 sin n e. 
By multiplication, 

(cos e ± V— 1 8»n 0) (cos © ± V— 1 sin ^) 
= cos*© — Bin*6 ± V-T^ 2 sin e cos e, 
or (cos e ±V--^1 sin 0)* = cos 5 e ± V-^ sin 2 0, by (5, 6,) of Art. 16. 
Also, by multiplication and the preceding, 

(cos e ± sf^l sin 0)" (cos ± a/ ^ sin 6) 

= (cos 2 ± V- 1 sin 2 0) (cos ± V - 1 sin 0) 

= cos 2 cos — sin 2 sin ± V — 1 (sin 2 cos +cos 2 sin 0), 

or (cos ± V^ sin 0)' = cos 3 ±/^ sin 3 0, by (15, 16), Art. 16. 

Hence when the inde x n is a positive integer^ 

(cos ± V — 1 sin 0)' = cos n ± V — 1« sin n 0. 
Next let the index be a negative integer ; then because 1 = sin '0 + cos '0, 

/ 1 \" / co8"0 + sin*0 \" 

(cos ± V- 1 sin 0)-= ( ——==--7— j = ( — ^ ) 

^ ^ \co8 0±V— 1 sm 0/ \cos0±V-lsm0/ 

= (cos 4! V "~ 1 sin 0)", by actual division. 

Whence (cos ± V -^HTsin 0)- = (cos + V^^l sin 0)* 

= cos « + V " 1 sin « 

=n cos (- « 0) ± V"-~l sin (- « 0), by (33), of Art. 15. 
This proves the theorem for negative indices. 

Again, * (cos ± V — 1 sin 0)" = cos » ± V — 1 sin w 0, 

(71 — — — n \** -^i«^ 

cos — ± V— 1 sin — ) = cos » ± V — 1 sin w 0. 
m m J 

Hence (cos ± aT^I sin 0)" = ( cos - ± V^^l sin - J", 

V- ^ . / . ^ 

or (cos ± V - 1 sin 0)" = cos ~ ± V - 1 sm — ; 

^ ^ ^ m tn 

which proves the theorem ioi fractional indices. 

I 

OONSTBXTCmON OF TBIGOKOMETBIOAL TABLES. 

32. In the construction of trigonometrical tables, the numerical ex- 
pressions of some function (sine or cosine) for certain values of the arc 
or angle, at large intervals, are first determined, as in Art. 15, and tabu- 
lated ; and then the intervals are filled up by the calculation of those 
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values of the function that belong to the intermediate values of the arc 
or angle. To secure accuracy, which is of the greatest importance in 
tables for \xWyformtdcB of verificatian^ as they are called, are employed, 
by which the value of any function already computed is again calcu- 
lated by some independent method. The agreement of the value thus 
found, with that obtained by the other method. Lb the test of accuracy. 
As all the tables referred to in this Article have been computed already 
to the gpreatest accuracy, it will be sufficient to describe here, as briefly 
as possible, the mode of computation usually employed ; and first to find 
sin 1'. 

By (9) of Art. 16 (A being less than 45^0, 

sin A = i { V (1 + sin 2 A) - V (1 - wn 2 A) }. 
Let A = 15""; then we have by (36) of Art. 15, 

sin 15^ = 4 {V (1 + sin 30 ) - V (i - sin 30^)} = 4 (Vf - V*)- 
Hence sin 15^ or sin -— - is known, and thence cos 15^ by (1) of Art. 15. . 

In a similar way we find, 

. 30^ . 30^ . 30^ . 30^ . ^^ Ho^o»,i^ 

8'^ 15r» ^^^ ~^y **° "m"' • ' • • 81° "TT^"* or sin 52^ •734375. 

Now, by noticing the sines of the last of these and its double, it will 
be found that the sines of small arcs are nearly as the arcs themselves. 

30^ 
Hence if sin —^ be denoted by #, 

2 * 

arc 52" -734375 : arc 1' :: * : sin 1'. 
This gives sin 1', and thence cos T by (1) of Art 15. The values of 
sin V and cos 1', found in this way, are 

sinl' = • 0002908882, cos 1' = '9999999577, nearly. 
The tangent or any other function may now be obtained, as 

sinr 
cos 1' 

It will be seen by this that the sine and tangent of 1' agree to ten 
decimal places. 
The sine of 1' may also be calculated by the formula (Art. 29), 

sm a; = X — 1- •: — etc. 

• 1.2.3^1.2.3.4.5 

Again by (15) of Art. 16, 

sin (« + 1) B = 2 sin n B. cos B — sin (» — 1) B. 

Hence, if in this we put n = 1, 2, 3, . • •, and B = T, we shall be 
able to calculate the sines of all angles from 0^ to 30\ for every minute 
of a degree, and consequently all the other trigonometrical functions. 

After proceeding as far as 30^ the labour of computation is con- 
siderably reduced by the' formula (11), Art. 16, By transposition that 
formula becomes 

sin (A + B) = 2 eiu A cos B - sin (A - B). 
In this let A = 80'; then remembering (Art. 15) that sin 30° = 
cos 60^ = 4, we have 

sin (30" + B) = cos B - sin (30^ - B). 



tan r = — -Trt = -0002908882, etc. 
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Hence writing T, 2', 3', etc., for B, we get 

Bin 30M' = cos r - sin 29^ 59', 
sin 30^ 2' = cos 2' - sin 29' 58' 
etc. etc. 

Consequently the values of the sines of all angles from 30^ to 45^ 
may be found by simply taking the differences of previously found 
values. And similarly for the corresponding values of the cosines, by 
means of the formula (12), Art. 16, 

It is unnecessary to carry the operation beyond 45^, as the sines of all 
angles less than 45^ would give the cosines of their complements, etc. 
By this method, then, the functions of the entire quadrant are computed. 

The labour of ** filling up the intervals " is very much reduced by the 
method of differences. (See Algebra^ Art. 169.) 
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SPHEHICAL TRIGONOMETRY. 



1 




DEFINITZ0M8 AUD FIRST PBINOZPLES. 

Art. 1. Spherical Trigonoinetry is. that part of mathematical science 
which investigates the relations that enst hetween the sides and angles 
of triangles, formed hy the intersections of three planes with the surface 
of a sphere. It may also he defined (from the mode of investigation 
employed) to he the science which investigates the relations hetween the 
sevenu parts of a solid angle, formed hy three planes. 

2. Let O be a solid angle formed hy the three planes, A O B, B O C, 
and A O C. With O as centre, describe a sphere, in- 
tersecting the three planes in A B, B C, A C ; then the 
portion of the surface of the sphere intercepted by the 
planes A O B, B O C, A O C, is called a spherical tri- 
angle. The arcs A B, B G, A C, are the sides of this 
spherical triangle, and the three dihedral angles formed 
by the ptanes, taken two and two, are its angles. Thus, 
the dihedral angle formed by the planes B A O, C A O, 
is the angle A ; and so on. 

Cor, The sides of a spherical triangle are arcs of great circles 
(Geo. of the Sphere). 

3. Since AB, BC, AC, are arcs of circles whose radii are equal, 
they are measures o£ the angles A O B, B O C, A O C, at the centre, 
and hence when the side of a spherical triangle is spoken of, the angle 
which that side subtends at the centre of the sphere is meant 

4. The sides of a spherical triangle are usually denoted by the letters 
a, 6, c, and the opposite angles by A, B, C, as in plane trigonometry. 

5. The inclination of two great circles is the angle made by-their 
tangents at the point of intersection. Since each of these tangents is 
perpendicular to the radius in which the planes of the circles intersect ; 
the same angle measures the inclination of the planes of the circles 
(Geo. of Planes). 

Other definitions and principles referred to in the subsequent investi- 
gations are given in the Geometry of the Sphere, 

THE BIOHT-iLKOtia) SPHERICAL TKIAKGLE. 

6 . Properties of the right-angled spherical triangle, 

IjCt A B C be a spherical triangle, 
right-angled at C, so that the planes 
(O being the centre of the sphere) 
AOC, B O C, are perpendicular to 
each other (Art. 2). Take any point 
E in OB, and draw E F perpen- 
dicular to O C ; from F draw F D 
perpendicular to O A, and join E D. 
Then (Geo. of Planes) E F is perpen- 
dicular to the plane AGO, and D E 
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to A. Hence the plane angle £ D F, which measurea the inclination 
(Geo. of Planes) of the two planes A O B, A O C, is equal to A (Art. 5), 
and the plane angles EOF, DOF, DOE, are respectively equal to 
a, 6, and c^ (Art. 3) ; the notation being as in Art. 4. 
Now (Plane Trig. Art. 14), 

EF OF EF 

*^^^= 0E*"^«^= OE''*^^^ 

• JL FD - OD - 

"" "^ "Fo '^^ ^ oHF' *^" " 

ED OD 

"""^^ EOT' co»^--oE'^*''^ = 

. . EF . DF 

""^= DE' ^" ^ == DE ' *^^ "^^^^ DT- 

Hence the following relations : — 

DO DO FO 



FO* 


DF 


DO' 


DE 


DO' 


EF 



cose = 



Bin a = 



tan 6 = 



tana = 



EO FO EO 

EF _ DE EF 

EO "" EO * DE 

DF ^ J)E^ DF^ 

DO "■ DO ' DE 

EF EF FD 



= cos 6 cos a . . 


..(1). 


= sin c sin A • . 


. . (2). 


= tan c cos A • • 


• . (3). 


= tan A sin 6 • . 


. . (4). 



FO FD FO 

Each of the last three has a similar one deduced from the other side^ 
viz. : — . 

sin 6 = sin c sin B . . • • (5), 
tan a = tan c cod B . • • • (6), 
tan 6 = tan B sin a • • • . (7). 

Again, by (4) and (7), 

, . „ . . , sin a sin ^ 

tan a tan o = tan A tan B sin a sin 6 = =;, 

cot A cot B 

- sin a sin 6 . 

or, cotAcotB = r = cosacQpft; 

tan a tan 6 

hence by (1), 

cos <? = cot A cot B • . . • (8). 
Also, by (2) and (6), 

sin a tan c cos B «B sin tf sin A tan a, 

_ sin c tan a , . cos c . . 

or, cos B = — : sin A = sin A ; 

sin a tan c cos a 

whence, by (1), 

cos B = cos 5 sin A ... . (9). 

Similarly, cos A «: cosasin B . • . . (10). 

These equations comprehend every case of right-angled spherical 
triangles. They are all expressed by the two following general rules, 
which are Cd\\^\ Napier* 8 Rules for Circular Parts^ via. : — 

Sine middle part = product of tangents of adjacent parts ; 
Sine middle part » product of cosines of opposite parts. 
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But by (1), 

1 - tan 4 A tan i B = : — ^^ ^ (5). 

sin * ^ 

Consequently by (4) and (5), 

tan i A + tan 4 B i p _ •'" (* — *) + "n {s — a) 

1 — tan i A tan ^ B sin « — sin (* — <?) ' 

or, by (1*7, 22, 23) Art. 16, of Plane Trig., 

tan * (A + B) = "^l^^^Z^^. cot 4 C (6). 

cos i (a + 6) 

Similarly, 

. . ,A „v tan 4 A - tan 4B 
tanMA-n) = t + t^^^t^^B 

^ .in( s-b)-^n(s^a) ^ !|E±^£LZ*) cot * C . . (7). 

Sin * + sin {s — c) sin i(a + 0) ' 

Cor. Dividing (6) by (7), 

tan 4 (A + B) _ tan 4 (g + &) 
tan 4 (A - B) ■" tan 4 (a - i)* 

The furmulte (6) and (7) constitute what are called Napier*s F%rsi 
Analogies. They are employed in the solution of a spherical triangle 
when two sides and the included angle are given. 

When two sides and the included angle are given, it is sometimes de- 
sirable, as in Plane Trigonometry, to find the third side without finding 
the opposite angles. The formulae of solution in this case are the fol- 
lowing : — 

Let a and b be the given sides, and C the included angle; then by 
Art. 7, 

cos c = cos a cos b + sin a sin b cos C 

s= cos (a — ft) — sin a sin ft (I — cos C). 
But 
cos c = 1 — vers c, cos (a — ft) = 1 — vers {a — ft), etc. ; hence 

..vers c = vers (a ^ ft) -f sin a sin ft vers C ; 

or, since (Plane Trig., Art. 16) vers c? = 2 sin '4 c, etc., 

. • ■, / j;\ f 1 I sinoFin ft sin ^4 Cl 

sin «4 <? = am "4 (« - ft) < 1 H ^-7^-7 rr^f • 

I Bin "4 (« — ft) ' 

, . sin a sin ft sin "4 C ,.. 

Assume tan '0 = — : — r^--7 rr — .... (8) ; 

sin 4 (« — ft) 

then 

sin 4 ^ = sin 4 (« — ft) sec . . . . (9). 
Tiie third side c may therefore be found from (8) and (9). 

. 10. To find expressions for the sum and difference of two sides of a 
spIiericcU triangle in terms of the oilier side and the sum and difference 
of the opposite angles. 

Applying the formulae (6^ and (7) of last Art. to the polar triangle, 
or, which is the same thing (Geo. of the Sphere), replacing A, B, C, a, 
ft, <?, by T — a, T — ft, IT — e, T — A, r ~ B, » — C, we get 

, , ... cos 4 (B — A) 



i 
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tan 4 (a - 5) = - . T;. ^ J, tan * c, •"'J 

^ ^ sin i ( A + B) 

the required relations. These formuls are Napier^s Second Analogies. 
The following are left as exercises : — 

8in4(A+B)= — -^ — r^ ^— ,sin4(A-B)= — ^ . [ , 

^ ^ cos i c - /^ ^ ' tin i c 

WA . n\ cos4(a4-&)c ^iO ... _. sini(a+ft)sin JC 
co8i(A+B)= — ^ — /^-^ ,cog4(A-B)= — - . / — ^ , 

cos 4 c . ' Binjc 

• w . i\ cos4(A — B)sinic . ,, .. sini (A— B)8in4c 
8in4(a + &)= -j^^-^ ,sin4(a - 6)= ^^^^-^ , 

1/ . r\ cos4(A+B)coB4e? ,, .. 8in4(A + B)coB4c 
eo8Ha + ft) = \^^ ,cos 4(a - *)= ' eos 4 C • 

soLunoN or sphsbioal tbxanoles. 

1 1 . The right-angled spherical triangle. 

The solutions of all the cases of right-angled spherical triangles are 
given in Art. 6. Before proceeding to the solution of numerical 
examples, it will be well to examine whether any of those solutions are 

Now if the value of any quantity is to be determined by its cosine, 
tangent, or cotangent, there will be no ambiguity ; for each quantity is 
supposed to be less than 180^, and therefore the sign will show whether 
it is greater or less than 90^ (Plane Trig. Art. IS.) If, however, a 
quantity is to be found from its sine^ there will in general be two values 
(Plane Trig. Art 15,) which will satisfy the equation. It will be suf- 
ficient therefore to examine those solutions only in which a quantity is 
determined by its sine. 

And first let A and a be given ; then to find c, hj and B, we have by 
(2), (4), and (10) of Art. 6, 

sin a . , tan a . _ cos A 

sm c = -: — T-, Bin b = ^ — r, sin B = . 

sm A . ' tan A cos a 

Hence in each of these the solution is ambigtuntSf as there is nothing 
to enable us to determine whether the smallest corresponding .angles, or 
their supplements, are to be taken. 

The same also follows when B and b are griven. 

Next, let A and c be given, then to find the other parts,, we have by 
(2), (3), and (8), of Art. 6, 

sin a = sin c? sin A, tan 6 = tan c cos A, cot B = cos c tan A. 

Hence a only is given by its sine^ and in this case there is only one 
solution ; for by (4) of Art. 6, 

tan a = sin 6 tan. A, 

and sin b is always positive^ since b is supposed to be less than 180"* 
hence tan a and tan A must have the same sign^ that is (Plane Trig. Art. 
15), a must be greater or less than 90% as A is greater or less than 90^ 
Consequently as A is known, there can be no ambiguity with respect to 
a. If a and c be given there will also be only one solution. Hence in 
right-angled spherical triangles, the only case which is really ambiguous is 
tonen the data are a side and itt opposite angle. * 

82 
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Examples. 

1. Giren b = 78 20', A = 37^ 25', and B = 90' of a spherical tri- 
angle A B C, to find e. 

Take 90^— A for the middle part; then by the first of Napier's rules 
(Art. 6), 

sin (90' - A) = tan c tan (90' - b\ 

sin (90^ — A) cos A 

or tan c = 7-^- rr = —-—i = cos A tan 6 : 

tan (90 — b) cot b 

cos 37 25'= 9-8999506 
tan 78 20' = 10 '685 1149 

tan c = 10-5850655 
orc = 75' 25' 37" 
This problem, by the preceding discussion, is not ambiguous, and e is 
acute (Geo. of the Sphere). 

2. Given a = 36^ 31', A = 37' 25', and B = 90\ to find c. 

Let c be the 'middle part; then by the first of Napier's rules, 

sin <? s tan (90 — A) tan a = cot A tan a : 

coi37^25' = 10-1163279 
tan 36' 31' = 9 8694731 

sine = 9-9858010 
ore =75' 25' 42". 

As the side a and its opposite angle A are given, the problem is am- 
biffuaus. Whence c = 75 25' 42'S or 104^ 34' 18". 

Scholium,'^ A quadranial spherical triangle which has one of its sides 
equal to 90° may be solved in the same manner by means of the polar 
triangle. 

Exercises. 

1. Given a = 48^ 24' 16", c = 70' 23' 42", and C = 90\ to find the 
other parts. Am. b « 59' 38' 27", A = 52 32' 55", B = 66' 20' 40". 

2. Given c a 50^ 30' 30", A = 47' 54' 20", and B = 90^ to find b. 

Am. ft = 61 4' 56". 

3. Given a = 148' 27' 10", c = 37' 10' 20", and C = 90', to find 
the other parts. Ans. A = 59' 59' 17", B = 144' is' 40", b = 159^ 13' 46". 

4. Given a = 40' 30' 20", A « 47' 54' 20", and B = 90', to find c. 

Afu, c = 50' 30' 31", or 129' 29' 29". 

5. Given a « 98^ 20' 20", B = 57' 43' 12", and C = 90', to find 
the other parts. Ans. ft = 57 '26' 40", c = 94' 28' 83", A = 97 2' 35". 

6. Given a = 51^ 30', A = 58 35', and B = 90', to find c. 

Ans. c = 50' 9' 51", or 129' 50' 9" 

7. Given a = 104^ 12' 40", b = 97^ 29' 15", ank C = 90', to find 
the other parts. Ans. c = 88'10','A= 104 5'42'\ B = 97' 15' 40". 
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la. OBUQXTB^ANOLia) 8PHEBZ0AL TBXANOIE8. 

Case L 

(1.) Given two sides (a, b) of a spherical triangley and one of the 

opposite angles (A), to find ike other parts i 

(2.) Or given two angles (A, B) and one of the opposite sides {a\ 

to find the other parts. 

[This is usually divided into two cases, according as there are given two 
sides and an angle, or two angles and a side, but as both are solved by 
the same formulae, it seems better to include both in one general case, 
as in the analogous one of Plane Trigonometry.] 

When €1, 6, and A are given, then by Art. 8, 

. . . sin A . . 

sin B = sin 6 . -: .... (or). 

sm a ^ ' 

This will give B, and then by (6) of Art. 9, 

cot*C = tan + (A + B).^5^1|5^±-^. . • . 08), 

^ ' cos J (a — 6) ^^ 

which will give the angle C. The remaining side c may then be found 
by Art. 8 ; or the side c may be found independently of C by Art. 10. 

Since sin B = sin (180 — B), the solution is sometimea ambiguous^ 
as in the corresponding case of plane triangles (Geo. of the Sphere). 

If two angles and a side be given, the mode of solution is exactly 
similar. 

Examples. 

1. Given a = 115" 20' 10", b = 57" 30' 6", and A = 126" 37' 30'\ 
to find the other parts. 

To find the angle B by (a) : — 

b= 57^30' 6" sin = 9-9260372* 
A= 126" 37' 30" sin = 9*9044761 
a = 115" 20' 10"co8ec= 10*0439214 

sin B = 9-8744347 
or, B = 48' 29' 48" 

As a is between b and 180" — 6, the solution is not ambiguous, 
(Geo. of the Sphere) ; and since Band b are of the same kind, the value 
of B is acute, as given above. 
To find C by (j8) :— 

i (a 4- ft) = 86" 25' 8" cos = 8*7956130 
^ (a - M = 28" 55' 2" ecc = 10-0578335 
i (A + B) = 87" 33' 39" tan =; 11 '37062 10 

cot i C = 10-2240675 
Hence * C « 30" 50' 5" 
orC = 61 40' 10". 

/ , — 

* A somewhat different method of putting down the work to that employed in 
Plain Trigonometry is adopted in this and some of the subsequent examples. B^ 
«i», co&ec, etc., are meant log sin 6, log cosec a, etc. 
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Tc find c by Art. 8 .•— . 

h = 51^30' 6" sin = 9-9260372 
C = 61^40' 10" sin = 9' 94*15934 
B = 48^29'48"coBec = 10-1255663 

sincnz 9-9961969 
or c = 82' 25' 42" 

2. Giv«a a = 24^ 4' 12", h = 30\ and A = 36' 8' 20", to find the 
other parts* 
To find B from the relation : — 

sin B = sin A -: = sm A sm h cosec a : 

sin a 

A = 36' 8' 20" sin = 9-7706640 
h = 30' sin = 9 6989700 

a = 24' 4' 12" cosec = 10-3894d69 

sin B = 9-8591309 
or B = 46' 18' 6". 

The value of a is not comprehended between h and 180^*&, and hence 
(Geo. of the Sphere), the solution is ambiguous ; whence, 

B = 46' 18' 6", or B' = 180' - 46^ 18' 6" = 183' 41' 54"- 
Consequently to find C and C\ we have (Art. 9), 

COS i (o — o) 

cot * C = tan HA + B') ^2L*#^. 

^ COS i (o — a) 

By means of these and the formula of Art. 8, each of the triangles 
A B G, A B' C may be solved. 

8. Given A = 51^ 30' 6",B = 59' 16' 10", and a = 63' 50' 30", to 
find b. 

By Art. 8, 

. - sin B . _, . 

sm 6 = sm a • — : — ;— = sm a sm B cosec A: 

sjin A 

sin 63' 50' 80" = 9-9530728 

sin 59' 16' 10" = 9*9342862 

cosec 5^30' 6" »= 10-1064455 

sin 6 = 9-9938045 
or * = 80' 20' 42". 

As the value of the angle A does not lie between B and 180^^B, the 
solution is ambiguous (Geo. of the Sphere), and therefore 

b = 80^ 20' 42", or = 180° - 80° 20' 42" = 99' 89' 18". 

If C and c were also required, the former could be obtained from the 
formula of Art. 9, and the latter from that of Art. 8. As b has two 
values, it will be obvious that G and c have also two values ; that is, there 
are two triangles A B G, A B C', that fulfil the conditions. 

Exercises. 

1. Given a = 80^ 5' 4", b = 109' 49' 30", and A = 83° 15' 7", 
to find B. Ans. B := 148^ 25' 22"-3. 
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2. Given A = 47' 19' 10", B = 51' 32' 15", knd a = 56' iT 12", 
to find b. Ans. b = 62' 22' 25"-6, or 117' 37' 34"-4. 

3. Given b = 80' 19', a = 63' 50', and A = 51' 30', to find B. 

Am. B = 59' 15' 57", or = 120' 44' 3". 

4. Given A = 34' 15' 2", B = 42' 15' 13"-25, and a = 40' 0' 10", 
to find h. Am. b = 50' 10' 30". 

5. Given a = 40' 36' 37", C = 50' 17' 5", and A = 36' 57' 15", 
to find c. Ans. c = 58 30' 56". 

Case II. 

(1.) (riven two tides (a, b) cf a spherical triangle and the in- 
cluded angle (C), to find the other parts: 

(2.) Or given two angles (A, B) and the included side (<r), to find 
the other parts. 

When two sides and the included angle are given, A + B and A ~ B 
can be determined, and thence A and B, by (6) and (7) of Art. 9. The 
sidec may then be found by Art. 8. The side c may also be obtained in- 
dependently of the angles A and B, by means of (8) and (9) of Art. 9. 

If two angles (A, B) and the included side (c) be given, by taking 
the polar triangle, there will then be two given sides and the included 
angle of a spherical triangle, which may be solved as the preceding. 
Or the formulae of Art. 10 may be employed. 

The sub-cases (1) and (2) constitute one general case for the reason 
stated in Case I. 

Examples. 

1. Given b = 80- 19',c = 120' 47', and A = 5r30', *)find B, C, 
and a. 
By (6) of Art 9, 

Now because i{e + b) is greater than 90', cos 4 (c + b) is negative, 
and hence (Trig. Art. 15) i (C + B) is obtuse. 

To find C + B and C — B by the preceding formuhe : — 
i(c-A)=s 20' 14' cos = 9-9723380 sin=: 9*5388804 

i (c + ft) = 100° 33' sec = 10 • 737327 1 cosec = 10 ' 0074043 

*A= 25^ 45' cot =10-3166443 . cot = 10-3166443 

tan *(C + B) = 11 -0263094 tau*(C-B)= 9-8629290 

Prom these we get * (C + B) = 84' 87' 23", and * (C - B) 
= 36^ 6' 17". But i (C + B) is obtuse^ and therefore the supplement 
of this value must be taken, that is, 4 (C + B) = 180^ - 84^ 37' 23" 
= 95° 22' 37". Whence, 

C = 131^28' 54" and B = 59' 16' 20". 
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Liastlj, to find a by the formula of Art. 10, viz , 

;<? - b) = 20- 14' tan = 9-5665424 

C + B) = 95- 22' 37" ein = 9-9980848 
;C - B) = 36' 6' 20" coBCC = 10-2296909 

tania = 9-1943181 
or * a =r 3r 54' 46" and a = 63' 49' 32". 
To verify this result, and to apply the formuls (8) and (9) of Art. 9, the 
side a may now be found independently of the angles C and B. 



To find <|> by (8) :— 

c =r 120^47' sin = 99340482 

6= 80M9' sin = 9-9937679 

iA= 25M6' sin* =19-2758702 

i(c-6) = 20' l4'coscc« = 20-9222392 



To find a by (9) :— 
}(c-*) = 20"14'8in= 9-5388804 
=49 8' 19" -7 sec = 10- 1842703 

8in*a= 9 7231507 
oria = 3r54'46" 
Hence a = 63' 49' 32", 



2 tan ^=20-1259255 
tan ^ = 1 ' 0629627 h the same as before. 

or0=49^8'l9"-7| 

2. Given A = 5P30', C = 13r 30', and 6 = 80^ 19', to find the 
other parts. 

Let a', b\ c', be the sides, and A', B', C, the angles, of the polair 
triangle, then 

a' = ISO"* - A = 128' 30', c' = 180' - C = 48' 30', 

B'= 180^- 6 = 99' 41'. 

Whence there are given of the polar triangle A' B' C, the two sides a' and 
c'f and the included angle B , from which by the preceding method, 
its remaining parts may be found, and thence the remaining parts of the 
primitive trinigle. 

To find the angles A' and C by the formulas, 

. tan i (A' - C) = . 1^. ,_^ ,; cot i B'. 
^ sm i (a + c') 

Now i (a' - c') = 40^ i (a' + C) = 88' 30', *B' = 49' 50' 30" ; 



cos 40'= 9-8842540 

sec 88^ 30' = 11-5820810 

cot 49' 50' 30" = 9-9262497 



sin 40'= 9.-8080675 

cosec 88 30' = 10-0001488 

cot 49' 50' 30" = 9-9262497 



tan i ( A' - C) = 9 • 7344660 



ton * (A' +C') = 11-3925847 
Hence ^ (A' +C') = 87' 40' 51", * (A' - C) = 28' 29', 
and A' «116^ 9' 51", C = 59' 11' 51". 

Whence a = 180' - A' = 63' 50' 9", c = 180' - C = 120 48' 9". 
The third side b' is now found in the same way as a in the last ex- 
ample, and thence B by the relation B = 180' — b. 

This example may also be solved by means of Napier's Second 
Analoffies^ given in Art 10. 
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Exercises. 

1. Given a = 84' 14' 29", b = 44^ 13' 45", and C = 36' 45' 28", to 
find the angles A and B. Ana. A = 180^ 5' 22", B = 32' 26' 6". 

2. Let A = 39^ 23', B = 33' 45' 3", and c « 68' 46' 2", to find the 
other parts. Ans. a = 43 3T 36", h=^zr 10', C= 120' 59' 46". 

3. Given A = 31' 34' 26", B = 30' 28' 12", and c = 70' 2' 3", to 
find C. Am. C = 130° 3' 50". 

Case III. 

(1.) Given the three sides (a, b^c) of a spherical triangle^ to find 
the angles : 

(2.) Or given the three angles (A, B, C) to find the sides. 

When the three sides are given, the angles are found at once from 
(4), (5), or (6), of Art. 7. 

When the three angles are given, the same formulae may be applied to 
the polar triangle. This, however, never occurs in any applications of 
Spherical Trigonometry. Professor De Morgan remarks (in his Ele- 
ments of Spherical Trigonometry), ** Delambre, who probably calcu- 
lated more spherical triangles than any man of his day, says, he never 
met with this cas€f (the three angles given to find the sides) but once, 
and then he could have done without it.'* 

Example. 

1. Given a = 63' 50', b - 80' 19', c = 120^ 47', to find the angles 
A, B, C. 

The formula (6) of Art. 7, i^ employed in preference to the others, for 
the reason given in the analogous case of plane triangles (Art. 23). 

To find A:— 

s = 132' 28' cosec = 10- 1321377 
s- a= 68' 38' cosec = 10-0309254 
«-*= 52' 9' sin = .9-8974181 
*-c= 11' 41' sin = 9-3064303 



2 tan ^ A = 19-3669115 
taniA= 9-6834557 
oriA = 25' 45' 19" 
andA= 51' 30' 38" 

The angle C is found in a similar way. 



To find B : — ^ 



cosec = 10-1321377 
sin = 9-9690746 

cosec = 10-1025819 
sin = 9*3064303 



2tan4B = 19-5102245 
taniB = 9-7551122 
or 4 B = 29' 38' 24" 
and B = 59' 16' 48" 



Exercises. 

1. In a spherical triangle A ^ C, a = 120' 28' 10", 6 = 83' 10', and 
c = 96' 50'; to find the angles. 

Ans. A = 120', B = 86' 4' 13", C = 93^ 55' 47". 

2. Given a == 68' 46' 2", ft = 43' 37' 38", and c = 37' 10', to find 
the angles. 

Ans. A = 120' 59' 46", B = 39' 23', C = 33' 45' 2". 

3. The three sides of a spherical triangle are 48' 24' 16", 59' 38' 27", 
and 70' 23' 42", what are the angles ? 

Ans. 52^ 32' 54", 66' 20' 40", and 90\ 
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4. Given a = 40' 0' 10", h = 50' 10' 30", c = 76' 35' 36", to find 
' Ans. A = 3i' 15' 2", B = 42' 15' 13" -26, C = 12r 36' 20". 

THE ABSA OF A SFEEEZOAL TBIANGLE. 
13. To find the area of a spherical triangle. 




Let the planes of the great circles CAD, CND, intersect in the 
diameter C D, and let A N be the arc of another great circle whose 
poles are C and D; then O being the centre of the sphere whose 
radius O A or O D is r, we have by the Mensuration, Art. 13, and 
Euc. vi. 33, 

Lune ACND : surface of sphere :: arc AN : 2 isr r 

: : angle AON: 360^ 
Denote the angle at C, or the angle AON(Geo. of the Sphere) by A^ then 
because the surface of sphere = 4 cj r* (Mensuration, Art. 13), we have 

Lune^CND = 3^. • 4 tsr ,^ = ^,. 2o ,^ . . . (1). 

By means of this expression for the lune, the area of a spherical 
triangle maybe found in terms of its angles and the radius of the sphere. 

Let AC B be a spherical triangle on the surface of the sphere whose 
radius is r. Produce the sides A C, B C, 
till they meet again in c in the opposite hemi- 
sphere ; then (Geo. of the Sphere), the trian- 
ides A B C, a 6 c, are equal in all respects. 
The whole hemisphere A B a 6 is there- 
fore equal to the sum of the lunes A B 6, 
B A a, C <?, minus twice the triangle 
ABC, or ahc. Hence, if 2 be the area 
of the triangle ABC, and A, B, C, be iU 
angles, we have by the preceding expres- 
sion for the lune (since 2 tsx r* is the 
measure of the hemisphere). 




or, 



180° 



r^ 
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Hence, since the surface of the hemisphere is 2 f7 r", the area of a 
epherieal triangle is to the eurface of the hemisphere as the excess of 
its three angles above two right angles is to four right angles. 

The expression A + B + C — 180^ is called the spherical excess, 
heing the excess of the angles above two right angles. 

Cor, If A be a spherical triangle, and £ the spherical excess, then 

A=E.— ,orE=A.^. 

Exercises. 

1. The angles of a spherical triangle, measured on the surface of the 
earth, are 83' 10' 57", 66' 15' 16", and 30' 33' 48}" : find the spherical 
excess, and the area of the triangle, the earth's diameter being 7957*5 
miles, and its form being taken as spherical. ^ 

Ans. E = IV; area = 115*1223 miles. 

2. The area of a spherical equilateral triangle is one-fourth of the 
surface of the sphere ; what are its angles ? 

3. Prove that if £ be the spherical excess, ^ 

Bin t E s ; sin C. 

cos^c 

4. Prove that 

, -, cos i a cos i 6 + sin i a sin } & cos G ^^ % ^v 

cosiE^ ; . • \ 

cos i c 

5. Deduce from Exercises 3 and 4 the area of a spherical triangle in 
terms of two sides and the included angle. 



/ 
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A C 



B 



Upon A B describe the 



The term mensuration is applied to those methods or formulae by 
which the lengths of curve lines, and the areas and volumes of superficial 
and solid figures, are determined. 

FASALLELOOBAM Ain> TBIANOLE. 

1* To find the area of a sqiiare, a rectangle^ or any parallelogram. 

First let A B, A D, be two adjacent sides of a rectangle, and A £, 
A G, each equal to the unit with which A B ^ 
and A D are compared ; then the square 
A E F G, described on A £ or A G, ^ill he 
the square unit with which the area A B C D 
is compared. And since the parallelograms 
ABC O, A E F G, are equiangular, they are 
to one another (Euc. vi. 23) in a ratio com- 
pounded of the ratios of their sides ; that is, they are to one another 
as AB.AD to AE.AG. But AEFG = AE.AG = 1; hence 
ABCD = AB.AD. Consequently, if the adjacent sides of the 
rectangle be denoted by a and 6, 

area = ab,* 

Cor. The area of a square is found by squaring one of its sides. 

For in this case, a = 6, and a 6 =: oi*. 

Next, let A B D C be any parallelogram, 
rectangle A B F £, so that this rectangle and 
the parallelogram A B D C may be on the 
same base* and between the same parallels. 
Then, by Euc. i. 35, and the preceding ex- 
pression for the area of a rectangle, 
ABDC = ABFE = AB.AE=AB.CG. 

But (Plane Trig., Art. 20), G C = A C sin C A B. Hence denoting 
the sides A C, A B, by 6 and c, and the included angle by A, we have 
for the area of the parallelogram A B D C, 

area = c j9 = 6 o sin A, 
p being the altitude of the parallelogram. 

2. To find the area of a triangle. 

Since the triangle ABC (fig. to last Art), is half the parallelogram 
A B D O (Euc. i. 41), we have, 

ABC = iAB.CG = *AB.ACsinA, 
or, A =z i c p =. i b c nin Aj 

in which 6, c, are two sides of the triangle, A their included angle, 
p the perpendicular on c from the opposite angle C, and A the area 
of the triailgle. 

* This proof, it will be noticed, applies only to cases in whicb the two sides of 
the rectangle can be exactly measured by a common linear unit. It is easily extended^ 
however, to those cases in which the sides are incommensurable with the linear unit. 
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Cor, Since A = -)- 6 c siu A, and (Plane Trig., Art. 21) 6 : c : : sin B, 

sin C, or 6 = c -; — - = c sin B cosec C ; the expression for the area 

sin C ^ 

may be thus written, 

A = i c' sin A sin B cosec C. 

This is a convenient formula for the area of a triangle when two 
angles and their included side are given. 

When the three sides of a triangle are given^ the formula for the 
area is, 

A = V * (* — o) (* — ^) (* — ^) ; 
in which a, 6, c are the sides opposite, respectively, to the angles 
A, B, C, and * = ^ (a + ft + c). The investigation of this expres- 
sion is given in the Application of Algebra to Geometry y Problem vll, 

TBAPXZIUM KtTb TBAPEZOZD. 
3. To find the areas of a trapezium and a trapezoid,* 

(1.) Divide the trapezium or quadrilateral into two triangles by a 
diagonal, find the areas of these triangles by Art. 2, and then add them 
together for the whole area. 

(2.) Let A B C D be a trapezoid, of which A B, C D, are the 
parallel sides, and E A or C F the perpendicular 
distance between them. Put A B = a, D C == ft, 
and A E = C F = cf . Then by the preceding 
Article, 

ABCD = ABC+ADC = iFC.AB4-4AE.DC, 

d 
or area = x (^ + ^)' 

Scholium. — For all irregular polygons lines must be drawn to reduce 
the figures to quadrilatends, triangles, or trapezoids, and the several 
areas found by the preceding formulae. 

Exercises. 

1. Find the area of a square whose side is 11 chains 54 links. 

Ans. 13 acres 1 rood 10*7 poles. 

2. Find the area of a square whose diagonal is 5 feet. 

Atis. 12*5 square feet* 

3. The two adjacent sides of a rectangular board are 5 feet 7 inches 
and 7 feet 4 inches ; what is its area in yards ^ 

Ans. 4 • 549382 yards. 

4. One side of a rhombus is 2 feet 4 inches, and its perpendicular 
height 3 yards ; find its area in square feet. Ans, 21 square feet. 

5. Two adjacent sides of a parallelogram are 4 chains 82 links and 
5 chains, and their included angle 15^ 10^; find its area. 

Ans, 2 roods 20*88 poles. 

6. How much paper, \ yard wide, will be required for a room that 
is 22 feet long, 14 feet wide, and 9 feet high, if there be 3 windows 
and 2 doors, each 6 feet by 3 feet ? Ans, 82| yards. 




* A trapezoid is b quadrilateral f gure, haririg two of its sides parallel* 
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7. The length of a certain railway is 47^ miles, and the average 
breadth of land required for its formation 57 yards; what will be the 
amount of purchase of the land at 50/. per acre ? 

Am. 49227/. bs. 5K 

8. What is the area of a triangular field, the base and perpendicular 
of which are 8568 and 1589 links? 

Afu. 28 acres 1 rood 15*6 perches. 

9. What is the area of a triangle, two adjacent sides of which are 
24 and 17 -6 feet, and included angle 30""? Ans. 105 *6 feet. 

10. Find the area of a triangle whose three sides are 1350, 672, and 
and 1460 links. Ant. 4 acres 2 roods 3*5 poles. 

11. The three sides of a triangular garden are 400, 348, and 312 
yards ; find its area. Ans. 10 acres 3 roods 8 perches 12-)- yards. 

12. The area of an equilateral triangle is 4 acres 1 rood 10 poles; 
what is each side? Ans. 9*98 chains or 998 links. 

13. Two sides of a triangle are 3 — V2 and 3 + V2, and the area 
is V 10 ; find the third side. Ans. 2 j^ 1 or 4. 

14. How many square feet are contained in a plank whose length is 
10 feet 10 inches, and breadths at the two ends 3^ feet and 2^ feet? 

^Mf. 31*1458 feet. 

15. Of a field, the following measures were taken :^- 

The diagonal A C measured 1 1 chains 82 links, and perpendiculars 
from this to the corners B and D (the former to the right, and the latter 
to the left, of A G), 4 chains 18 links, and 5 chains 32 links, respectively. 
The straight line from A to D falling within the fence, perpendiculars 
57, 61, 78, and 184 links, respectively, were measured to bendings in 
the fence at the distances 2 chains 4 links, 3 chains 40 links, 4 chains 

5 links, and 4 chains 90 links, from A ; and the line A D measured 

6 chains 81 links. Find the area of the field. 

Ans. 6 acres roods 13*6 poles* 

THE BXSaVLAB FOLTGON AND OZBGLE. 
4. To find the perimeter and area of a regtdar polygon ofn sides : — 

(I.) When it is inscribed in a given circle ; 

(2.) When it is circumscribed ahout the same. 

l^et A B be a side of the inscribed polygon, C D a side of the circum- 
scribed one, and O A = r the radius of the given 
circle. Now there are as many equal angles at 
the centre O as sides (n) of the polygon, and as 
all these equal angles are together equal to 360^, 

the angle A B = , and, consequently, if 

the radius OE be drawn meeting AB in F 
(£ being the point of contact), there evidently 
results 




hence. 



AB = 2 AF = 2 A 0. sin A OF = 2r.sin 

« . A B = 2nr %m. . . . . ( I ), 

n ' 



180^ 



n 



is the perimeter of the inscribed polygon ofn sides. 
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180^ 
Also, CD = 2CE = 2EOtanCOE = 2rtan ; 

180^ 
whence n C D = 2 « r tan • . . • (2), 

is the perimeter of the circumscribed one. 

Again, for the areas. As there are n inscribed triangles each equal to 
the triangle AO B, therefore by Art. 2, and (5) of Art. 16, Trig., 

« A O B = «AF.FO = «r sin .r cos = *«r"Bin . .(3)* 

is the expression for the area of the inscribed polygon. 
Similarly, 

180^ 

nCOD = nEC.EO = «r«tan •...(4), 

n 

is the area of the circumscribed one. 

5. To find the area of a regular polygon of n sides in terms of its 

side (a). 

Since (Rg. of last Art.) AF = iAB = ^a,andFO = FAcotAOF 

180^ 

= i a cot ; hence» if the triangle A O B be denoted by A , 

n • 

n A=« AF.FO = -T a" cot , 

4 n 

is the required expression for the area of the polygon. 

BATIO 07 THE QEBOUMFEBEITOE OP A OIBOIJES TO ITS 
DIAMSTEB AMD ISirGTH OF ABa 

6. To find the circumference of a circle of given radius. 

Let A B (see fig. to Art. 4) be a side of the inscribed polygon of 
n sides, C D a side of the circumscribed one of the same number of sides, 
and A O s r the radius of the given circle. Then the circumference of 
the circle is evidently greater than the perimeter (p) of the former 
polygon, but less than the perimeter (P) of the latter, whatever be the 
number (») of the sides. Moreover, the number of sides of the poly- 
gons may be taken so large, that P and p may differ by less than any 
given quantity. For put O F = A, then by similar triangles, 

P : ;? :: CD : AB:: OE(r) : OF(A); 

p (r ~ A) 
or by division, P — p : P :: r — A : r ; or, P — j» = — . 

Hence, by increasing the number of sides of the polygons, A approxi- 
mates to r, and consequently P to p. Now because the circumference 
of the circle is always comprehended between P and p, to the same 
numbei of decimal places as the perimeters of the polyg^ons agree, for 
any value of n, to the same extent will the circumference of the circle be 
obtained. 
By Art. 4, 

» = 2 « r sm , and P -^ 2 n r tan . 



j 
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180^ 
Let n = 2*.3^.5*: then (Art. 32, Trig.)) >ince in this caae-^r — =1\ 

n 

180^ 
p= 2r.2".3».5*8in— ^--5 = 2r X 3141592653616 . . . 

)P = 2r.2*.3».5«tan^j-^^ = 2r x 3 141592653576 . . . 

Hence the circumference of the circle to radius r, or diameter d^ 

iB2rx 3.141592653 . . .; or, cf x 3.141592653 . . . 
Whence the diameter of a circle is to its circumference as 1 to 3 * 141 59 . . • 

This approximate value of the ratio which the circumference of a 
circle bears to its diameter is denoted by C3 (Trig., Art. 5), and the value 
of it commonly used is 3*1416.* 

Cor, If a be the length of an arc of a circle to radius r, and A^ the 
degrees which the arc subtends at the centre, then by the preceding 
expression for the circumference (2r:zr), and £uc. vi. S3, we have 

A^ 

360"^ : A° :: 2rtsj : « = Ir^a . 



360 • 

Hence if any two of the quantities a, A"*, r, be given, the third can be 
found by this formula. 

ABEAS OF dBOLi:, SXXTTOB, SEGMENT, ^KD AKKULUS. 

7. To find the area of a circle of given radius. 

The area of the circle is obviously contained between the areas of its 

inscribed and circumscribed polygons, whatever be the number of sides 

of the polygons. Hence it will be measured by the expression to which 

each polygon approximates, as the number of sides of the polygons is 

continually increased. Let the notation for the circle and circumscribed 

polygon be as in Art. 4; then we have for the area of the circumscribed 

polygon (Art. 4), 

«. 180" ^ , 180" , *^ 

area = n r* tan = 2 n r tan — ^ X i r. 

n n 

Now the expression to which the factor 

180" 
2 n r tan -^ — 
n 

approximates, as n is continually increased, is 2 r cr, the circumference 

of the circle, by Art. 6. Hence the area of the circle is, 

^ ^" 

area = 2r«ij.4r = r*ar= — ot'= - — ; 

4 4 or 

in which r is the radius, d the diameter, c the circumference, and 

xa = 3*14159 . . . ., as in Art. 6. 

The form 2r t? • ^r, or half the product of tlie radius and circum- 

ference (from which all the others are derived), should be committed to 

memory; 

* Other methods for the computation of VJ by means of the series to which P and 
p approximate as we increase the number of sides of the polygons have been 
employed by different mathematicians. Dr. Rutherford has calculated its value to 
208 places of decimals by means of the formula, 

— =.: 4 tan-* i - tan-* —- -|- tan-» — . 
4 5 70 99 



>f 
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Cor, 1 . Since by Euc. vi. 33, the sectors of a circle are as the angles 
corresponding to them, we have 

360^ : A^ :: r'cj : area of sector = -^^t^*"'^? 

in which A^ denotes the degrees which the arc of the sector subtends at 
the centre. 

Cor. 2. In the eimression just deduced for the area of the sector, write 
the value of A^ in Cor. to Art. 6, then 

area of sector ~ \ar\ another convenient form. 

Cor. 3. The area of an annulus^ or the surface enclosed by the circum- 
ferences of two concentric circles whose radii are r^ and r,, is obviously 
area = (r^* — r/) tsr = (r, + r^) (rj — r,) w. 

Cor. 4. The area of the segment A E B A (fig. to Art. 4) is the dif- 
ference of the areas of the sector ABO and the triangle ABO. Denote 
the arc AEB by a and perpendicular AM hyp; then because the 
sector AO B = ^ar, l»y Cor. 2, and the triangle AOB = ir/?, the 
area of the segment is 

area = - (« - p)* 

or the area of the segment of a circle has for its measure the half of the 
radius multiplied by the excess of the arc of the segment above the per^ 
pendicular from one extremity of the arc on the radius passing through 
the other extremity. 

If the segment be greater than a semicircle, the formula for the area is 

area = ^ (« + P)- 

Exercises. 

1. Find the areas of a regular pentagon, hexagon, heptagon, and 
octagon, each of whose sides is 15 feet.' 

Ans. 387-11, 584-568, 817-635, and 10864 square feet.. 

2. The* area of a regular hexagon is 400 ; find the length of its side, 
and the radii of its inscribed and circumscribed circles. 

Ans, 12-40806, 10*7457, and 12-40806. 

3. The diameter of a circle is 20 inches ; find the area of a regular 
pentagon inscribed in it, and a regular hexagon circumscribed about the 
same. Ans, 1 '651 1397 and 2*40562 square feet. 

4. If the diameter of a circle be 4 feet 2 inches, what is its circum- 
ference? Ans. 13*08996 feet. 

5. If the circumference of a circle be 8 chains, what is its radius in 
feet? -47W. 84*03 feet. 

6. What is the length of an arc of a circle wliich contains 26^ 17' 4", 
the radius of the circle being 2 feet? Ans, 11 inches. 



^ Let «j and p^ be the length of the arc and sine to radius unity, corr^onding 

to a and/) to radius r; then (Plane Trig., Art. 14), 

« = r «j, and p ■=. rp^. 

Substituting these in the expression for the area of the segment, we have 

a convenient form when the arc is given in degrees, more especially with a table of 
circular arcs for degrees, minutes, etc, to radius unity. 

VOL. 1. T 
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7. How many square feet are coDtained in a circle whose circum- 
ference is 18*17 yards? Ans. 236 459 square feet. 

8. How much will the pavinB; of a circular piece of ground come to 
at 2s. Sd. per square foot, if it be 126 feet round ? Ans. 168/. 9«. Id, 

9. The paving of a semicircular alcove with marble, at 2^ . 6^. a-foot, 
came to 10/. ; what was the length of the semicircular arc? 

Ans. 22 42 feet. 

10. What is the area contained between two concentric circles whose 
radii are 2 feet 2 inches and 4 feet ? Ans, 35 ' 5174 square feet. 

11. What is the area of the sector of a circle of radius 8 feet, if the 
arc of the sector contain 159'? Ans. 88*802 square feet. 

' 12. The length of an arc of a sector is 18 inches and radius of the 
circle 2 feet ; find the area of the sector. Ans. H square feet. 

13. Find the area of a sector whose arc of 40^' 2 is 8 feet long. 

Ans. 45 * 6 square feet. 

14. If the radius of a circle be 3 feet, what is the area of that seg- 
ment of it whose height is 13 inches ? Ans. 3*476 square feet. 

15. The chord of a segment is 2 feet and height 8 inches ; find the 
area of the segment. Ans. 138*74 square inches. 
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TEQB PBISK AND PTSAMID. 

8 . To find the content of a cube, rectangular paraUelopiped^ or any prism . 

Let a, 6, c be respectively the number of linear units contained in 
the three adjacent edges of a rectangular parallelopiped ; then the cube 
described upon the unit with which these are compared will be the unit 
of volume or content. Now (Geo. of Solids) this unit of volume and the 
rectangular parallelopiped are to one another in a ratio compounded of 
their bases and altitudes. Hence proceeding, as in the analc^ous case 
for the rectangle (Art. 1), the content of the parallelopiped is found to 
be equal to a o c, or the area of the base by the perpendicular height. 
And since (Geo. of Solids) prisms and parallelopiped s which have equal 
bases and altitudes are equal to one another, the volume of any prism^ 
parallelopipedj or cylinder^ is expressed by the area of its base into its 
perpendicular lieight ; that is, in a prism or cylinder, if a* be the area 
of its base, aud h its perpendicular height, 

volume •= a* A. 
Cor. The content of a cube is found by cubing the length of one of 
its edges ; for in this case a = 6 = c, and hence abc = c?. 

9. To find the content of a pyramid or cone. 

If a* be the area of the base of the pyramid or cone, and h its perpen- 
dicular hei«^ht, then 

volume = -Ja**. 
This ezpreseion is deduced at once from the preceding Article and the 
Geometry of Solids. 

10. To find the content of the frustum of a pyramid or cone. 

Let A B G be the frustum of a square pyramid whose vertex is V and 
altitude V m. Let V m meet the other end of the frus- 
tum ill the point n, and join n F, nt B. Then (Gko. of 
Planes) B m and F n are parallel, as are also B A, E F. 

Put B A = a, E F = ft, V 11 = c, and the height m n 
of the frustum = A. Then by similar triangles 

c + h : c :: V B : Y F :: a : by OT ac =: b (^c -{• h). 
From this we get 

c = =-, and by addition, c -4- A = r. 

a — ft' ^ a—b 

Again, because the volume (V) of the frustum is 

equal to the difference of the volumes of the pyramids 

A B V, E F V, we have, by Art. 9 and the preceding 

values of'c and c + A, * 

a— o a— o 

= iA(a« + aft + ft'). 
It will be seen by this formula that a' and ft* are the areas of the two 
ends of the frustum, and a ft the mean proportional between tLem. 
A similar demonstration is applicable whatever be the figures of the ends. 
Cor. 1. If the base of the frustum of a pyramid be any regular 

T 2 
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polygon of n sides, and a denote one side at the greater end and b one 
side at the less ; then the altitude of the frustum being A, 

V = Vt« A («• + a* -f A') cot—. 

n 

This is deduced in a similar way by means of Art. 5. 

Cor. 2. If the frustum be that of a cone, the diameters of the two 

ends being d and d then 

4 

or if the circumferences c and c^ be given, 

11. The surfaces of solids bounded by plane figures (and the surfaces 
of cylinders and cones), are found by the appropriate methods given in 
the Mensuration of Planes. The following formuls will be obvious : — 
(A). In a parallelopiped, if a, 6, c be the ed<res, 

surface = 2 {ab -{- ac + be): 
(B). In a prism or cylinder, if p be the perimeter of either end, and 
h the height, 

curve surface = ph : 
(C). In a pyramid or cone, iip be the perimeter of the base, and / the 
slant height, 

curve surface = ^pli 
(D). In a frustum of a pyramid or cone, if p and q be the perime- 
ters of the two ends, and / the slant height, 

curve surface = i (/> 4* 5^) ^. 



12. Before proceeding to the mensuration of the sphere, it is necessary 
to establish the two following lemmas : — 

Lemma 1. — Let A Z. B C, be two lines in the same plane not parallel 
to each other ; B 6, C c, ])crpendicu1ur to tbe former, and M O perpen- 
dicular to the latter, M being the middle of B C : then if the plane in 
which are the lines A Z, B C, be supposed to revolve about A Z as an 
axis, the line B C will generate a conical surface which has for measure 

S = 26c.MO.itr. 
For produce C B to meet A Z in L, and join B O, C O ; then by 
similar triangles, 

Cc : B6 :: L C : LB ; hence (Euc. v. 18); 
Cc-hBo:B&::LC-hLB :LB::2LM:LB, 
or(Cc4-Bft)LB = 2LM . B6 . . . . (1). 
Also, LM :MO:;LA: B6, or LM.B6 = MO.L6, 
and hb : LB :: be : BC,orL6 . BC=LB .be. 
Whence by multiplication 

LM . B6 . BC = MO.LB.^c (2). 

Comparing (1) and (2), 

(Cr4-B6) BC = 2M0 . 6c .... (3). 
Hence (Art. 11), 

S = (Cc + B6)BC.ro» = 26c.MO.tn, 
is the measure of the surface generated by B C in a 
complete revolution round A Z. 

* It will be obvious tbat the sur&ce generated by B C is that of a conical frustum, 
the radii of whose ends are C c and Bo. 
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Lemma 2. — The volume (V) generated by the triangle B O C, in 
revolving round A Z, has for measure tlie expression 

V = \0W ,hc .^. 

Since the volume V is evidently equal to the difference between the 
cone generated by the triangle L C c and the cones generated by C O c, 
B 6 O, B6 L, we have, by Art. 9, 
V = iLc.Cc».w-iOc.Cc«.fXJ - {\0b,Bb\vj-{'^Jub,Bb\'G5) 

= iLO(Cc«- BZ>')CT = iLO(Cc-h V^b){Cc^Bb)7a (4). 

But by similar triangles, and Euc. v. 17, 
Cc-Bft : B A::BC : LB,orCc-Bft : BC::B6:LB::MO : LO; 
hence (Cc- B6) LO=BC . MO. 

This gives by means of (3), 

(Cc-B6)(Cc4-B*)LO = 2MO*. 6c.... (5). 

Whence by (4) and (5), 

V=|MO». be . m. 

13. To find the surfaces of a spherical segment^ zone^ and sphere. 

The segment of the sphere may be conceived to be generated by the 
revolution of the arc A D about the diameter 
A Z. Inscribe in this arc and circumscribe 
about it two regular polygons, A B C D, 
A' B' C D', similar to each other. Represent 
by A and A' the areas of the surfaces of re- 
volution generated by the inscribed and cir- 
cumscribed polygons in turning round A Z ; 
by r and R, the perpendiculars O G, O H, ^n 
the sides A B, A' B'-, from the centre O ; and 
by h and A', the distances A d. A' d (D d, 
D' rf'j etc., being perpendiculars on A Z). 
Then the whole surface generated by the 
inscribed polyiron, by Lemma 1, is (the per- 
pendiculars OG, OM, etc., being equal), 

A=2(Ab-^bc+cd)GO.'cy = 2h.r.w..{l). 
Similarly, A' = 2 A' . R . t^ . . . . (2). 

A' R h' 




Consequently, — = 



.(3). 



Now by increasing the number of sides of the polygons, all the quan- 
tities in these equations will vary with the exception of R, the radius of 
the circle ; and these equations will still hold good whatever be the 
number of sides. Moreover, the number of sides of the polygons may 
be taken so large that r and R, as well as h and A', may differ by less 
than any given quantity. Hence the value to which the expression (3) 
approximates as the number of sides of the polygons is increased, is 

A' 

-r- = 1, or A =A'. 

A 

If it can now be shown that the surface of the segment is always com- 
prehended between A and A', whatever be the number of sides of the 
polygons, it will obviously follow that the expression for the area of the 
spherical segment will be iHe same as that of the iuscribed polygon (1), 
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when R is written for r; for the resulting expression for A in (1) is what 
the inscribed and circumscribed polygons approximate to, as we increase 
the number of sides. 

Now the surface of the segment is evidently greater than A« since 
every convex surface is less than any other surface which wholly en- 
velopes it. It is moreover less than A' ; for if we draw to the point D 
the tangent D K, it is clear that the surface generated by A' B' C K will 
be greater than the surface of the segment. But the surface generated 
by A' B' C K is less than A' ; for these surfaces have a common part, 
produced by the revolution of A' B' C' K ; and the surfaces of the frus- 
tums of the cones generated by D K, D' K, are (Art. 11), respectivdy* 
(Kk + Dd)m. KD and (Kk + D'd')fn . KD', of which Dd < 
I>' d\ and K D < K D'. Hence the surface of the segment lies be- 
tween A and A'. Consequently if S be the surface of the segment, h its 
height, and R the radius of the sphere, 

S = 2 «T R A, 
or the area of the spherical segment equals the circumference of a great 
circle multiplied by the height of the segment (Art. 6). 

Cor. 1. The surface of a zone 6 B C D ef is equal to the circumference 
of a great circle multiplied by its height. For the zone is tha difference 
of the two segments A B 6, A D ef, and hence it has for measure the cir- 
cumference of a great circle multiplied hy Ad — Ab, or hy b d. 

Cor. 2. The surface of a sphere is equal to the circumference of a 
great circle miiltiplied by its diameter; for it may be regarded as a 
segment whose height is equal to the diameter. Hence, m a sphere 
whose radius is r, 

surface = 2ror x 2r = 4tsyr*. 

14. To find the volumes of a sphere and spherical sector. 

The volume of the sector may be conceived to be generated by the revo- 
lution of the sector A C D O (fig. to Art. 13) round the radius A O. Then 
if V denote the volume generated by the polygonal sector A B C D O, we 
have by lemma 2, Art. 12, 

v=^i7*{Ab'hbc'hcd)m = if*htj . . . . (I), 

in which r is the perpendicular on each of the equal sides A B, B C, etc., 
from the centre O, and A, as in last Article. 

Similarly «' = + R* A' tsr ... (2), 

is the volume generated by A' B' C D' O. 

Hence — =--.—. . . , (3). 

V r* h ^ ' 

Reasoning with these equations as in the preceding Article, it is easily 
shown that by increasing the number of sides of the polygons, v and v' 
may be made to differ by less than any assignable quantity, and that the 
volume of the sector is always comprehended between v and v'* Conse- 
quently if V be the volume of the sectpr of a sphere whose height is h 
and radius of sphere R, 

V = 4R«Atir. 

Cor. In a sphere whose radius is R, 

volume = t w R*. 

In this case the height h-2R. 
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15. To find the volufnes of a spherical zone and spherical segment 

The zone or slice may be supposed to be generated by the revolution 
of the segment on B C, and the trapezoid B c, round the diameter A Z 
(see 6g. to Art. 13). 

Put B b = j7, Cc = g, and bc = m; then because the volume generated 
by the segment on B C is equal to the difference of the volumes generated 
by the sector B O C and triangle B O C, and that the trapezoid B c 
generates a conical frustum, the radii of whose ends are p^ q, and height 
niy we have by Arts. 10, 13, 14, 

V = 46B".m«T-4MO*. mw -{- im{p^'^pq + q^)isf 
^iBC^mm + -tm(p^-\-pg -k-^)^' 
But B CV=B N* 4- N C" = m« + (p-?)'. 

Substituting this value of A B* in the preceding, we get for the volume 
of the zone, 

of which Pj q^ are the radii of the two ends, and m the height. 

Cor, 1. Let/> = 0; then 

V = + CT !»• 4- T »» ^y ^ = i «T m (tw* + 3 ^) , 
which is the expression for the volume of a spherical segment whose 
hei(;bt is m, and the radius of whose base is q. 

Cor. 2. Since ^=Cc' = A<? . cZ = m(2R — i»); hence, by substi- 
tution, 

V = i€T»i"(3R -«i). 

This is a convenient expression for the volume of a spherical segment 
when the height {m) and radius (R) of the sphere are given. 

Exercises. 

1. A ship's hold is 100 feet long, 50 feet broad, and 4 feet deep; 
how many bales of goods, each 2 feet 4 inches long, 2 feet 1 inch broad, 
and 2 feet 1 inch deep, can be stowed into it, leaving a gangway of 3 feet 
broad and of the same length and depth as the hold ? Ans, 1856-I-. 

2. A stone 18 inches long, 17 broad, and 7 deep, weighs 278 lbs. ; 
how many cubic feet of this kind of stone will freight a vessel of 230 tons 
burthen ? Ans, 229 7 i feet, nearly. 

3. The diagonal of a cube is 300 feet ; what is its solidity ? 

Ans. 5,196,152 cubic feet. 

4. How many gallons will a cistern hold whose length, breadth, and 
depth are respectively 5 feet 2 inches, 3 feet 4 inches, and 1 foot 
10 inches ? Ans. 196 ' 77 gallons. 

5. The length of a sack is 3 feet 10 inches ; what must be its breadth 
that it may contain 3 bushels of flour? Ans. 21 * 318 inches. 

6. Find the content of a prism whose length and perimeter of its base 
are, respectively, 12 feet and 42 inches, the base being a regular 
hexagon. ^n«. 10 '6088 feet. 

7. Find the whole superficies and solid content of a square pyramid 
each side of the base beins 2f yards, and the perpendicular height 2 feet. 

Ans. Surface = 15*96 yards, volume = 45-J- feet. 

8. Find the superficies and volume of a square pyramid, eacti side of 
the base being 4 feet and the slant height 24 feet. 

Ans. Surface = 192 feet, volume = 127 '5 feet. 
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9. Find the content of a conic frustum, the diameters of the two ends 
being 4 and 9 inches, respectively, and its altitude 12 feet 7 inches. 

Ans. 3*042 cubic feet. 

10. How many cubic feet of water can be contained in a ditch of the 
form of an inverted frustum of a pyramid, if it measure 300 feet by 30 
at the top, and 200 by 15 at the bottom, the depth being 5 feet ? 

Ans, 28660 cubic feet. 

11. What quantity of canvas is necessary for a conical tent, the altitude 
of which is 7 feet, and radius of base 5 feet ? Ans. 135 * 124 feet. 

12. Find the surface and volume of a sphere whose radius is 6 feet 
9 inches. Ans. surface = 572 * 55 feet ; volume = 1288 feet. 

13. If the diameter of the earth be 8000 miles, and the interior to the 
depth of 5 miles were known, how much of the earth^s interior would 
still be unknown ? Ans. iH^ part, nearly. 

14. Admitting the height of the atmosphere to be 45 miles, what 
would be its solid content ? Ans. 9,149,976,000 cubic miles. 

15. If the pressure of the atmosphere at the earth's surface be 15 lbs. 
to a square inch, how much weight of atmosphere does the earth support ? 

Miscellaneous Exercises. 

1. The diagonal of a rectangle is 5 yards, and one of iis sides is 4 yards ; 
what is its area? Ans. 12 square yards. 

2. A room, having a surface of 150 square yards, is to be papered. 
The paper is in rolls of H y^fd wide and 12 yards long ; how many of 
these rolls will be required, and what will be the expense at 3s. 9d. per 
roll ? Ans. 8| rolls, expense = 1/. 1 Is. 3d. 

3. A drawing is to be copied on a sheet of paper of half the size of that 
on which it is represented; in what ratio must we diminish the dimen- 
sions of the objects ? 

4. When w^e copy a drawing by doubling its dimensions, in what ratio 
is its surface augmented ? 

5. What must be the side of an equilateral triangle, so that its area 
may be equal to that of a square of which the diagonal is 180 feet ? 

Ans. 193-442 feet. 

6. The three sides of a triangle are 6» 6 + V 2, and 6—^/2; fiud 
ito area. Ans, 13 * 747727 1. 

7. What is the side of that equilateral triangle whose area and peri- 
meter are expressed by the same number ? Ans. 4^3. 

8. Find the area of a right-angled triangle whose sides are in arith- 
metical progression, the sum of the sides being 48 inches. 

Ans. 96 inches. 

9. Having given the lengths (a, 6, c) of three lines drawn from a point 
within a square to three of its angular points ; to find the area of the 
square. 

Ans. |[a* + «• ± V {4 (a*^»" + a"c» + ^V - b*) - (a* + c»)"f]. 

10. In a right-angled triangle A B C, C D, CE are drawn from the 

right angle C, making angles C D A = a, C E A.= fi, with the hypothe- 

a* b* • 
nuse ; prove that the area of the triangle C D E = — j (cot a — cot )8). 

11. Having given one side (c) of a triangle, the opposite angle 

= 120% and the line (d) joining the given angle with the point of 

bisection of the opposite side ; to find the area of the triangle. 

. c*-4rf* ,„ 
Ans. — v3» 
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12. A triangular field is bequeathed to three persons, whose respective 
ages are 20, 30, and 50 years, and it is to be portioned out to them in 
proportion to their ages by means of two fences drawn parallel to one of 
the fides ; find the positions of the fences, the sides of the triangle being 
a = 60, 6 = 70, and c = 80 chains. 

Ans, If the fences be parallel to the side <?, they will meet C B 
or a in D and E,8o that CD = 12V5, CE = 30V2chains. 

13. Compare the areas of au equilateral triangle, a square, and a 
regular hexagon, of equal perimeter. 

14. Prove that the area of the pentagon (Euc. iv. 11) is 

Area = ^^ r.C E, r beings the radius of the circle. 

15. The extremity of the minute-hand of a clock moves 5 inches in 
3 minutes ; what is its length ? Ans. 15' 91 inches. 

16. Prove that the area of the ring contained between two concentric 
circumferences is equal to the area of the circle which has for its diameter 
that chord of the larger circumference which is tangent to the smaller one. 

17. From the arc A B of a circle whose centre is O an arc A C is cut 
off equal to the sine of A B ; prove that the area of the sector C O B is 
equal to the area of the segment A C B. 

18.. If in a circle whose diameter is 180 feet, the chord of an arc 21 
yards long be 15 inches shorter than the arc ; find the area of the 
segment. Ans, 26 square yards. 

19. If a cubic foot of iron weigh 4 cwt, what will be the weight of a 
water-pipe of that material the length of which is 10 feet 4 inches, the 
interior diameter 8 inches, and thickness of metal half an inch : also 
what will be the cost of two miles of such pipe, at 10/. per ton? 

Ans, 3' 8 cwt., and 1958*26/. 

20. Given the surface (not including the base) of a square prism 
580, and the square of its diagonal 344, to find the volume. Explain 
also the meaning of the double result. 

Ans. Volume = 1200, or 1206*677. 

21. Compare the contents of a triangular and hexagonal pyramid, one 
side of the base in each being 5 feet, and their altitude 31 feet. 

Ans. Ratio 1 : 6. 

22. A regular triangular pyramid is contained by four equilateral 
triangles, the side of each triangle being 24 inches ; find the content of 
the solid in feet. Ans. • 9427 feet. 

23< If from a right cone whose slant height is 21 feet and circum- 
ference of base 8 feet there be cut off by a plane parallel to the base a 
cone of 5 feet in slant height; find the surface of the remaining frustum. 

Ans. 79 • 238 feet. 

24. What is the radius of a sphere of gold which weighs 1000 oz., a 
cubic foot of gold weighing 19,000 oz. nearly ? j _ / 3 N^- 

ns.r^ V76w/ * 

25. The height of a conical frustum is 31, and the radius of one 
end 10 ; determine the radius of the other end, so that the frustum may 
be equal in volume to a right cylinder whose height is \ and radius of its 
base 62. Ans. Radius =2. 

26. Of two cylinders, one^ contains 154 lbs. of water, and its dimen- 
sions are half those of the other ; how many cubic feet of water will the 
latter cylinder hold, a cubic foot of water weighing 1000 ozs. nearly? 

Ans. 19 '7 12 cubic feet. 
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COORDINATE GEOIVTETRY OF TWO 

DIMENSIONS. 



EZFOSXnOK OF FBINOZPLES AXTD FUIIDAMENTAL THEOBEBCS. 

1. Thb ordinary process, in the application of algebra to geometry, of 
putting letters for lines, etc., and then solving the questions algebraically, 
though of occasional use, is not calculated to extend the boundaries of 
geometry or improve our modes of investigation, inasmuch as it is nut 
founded upon any general principle. Each question requires its own 
peculiar method of solution, and therefore such solution, can furnish but 
little aid towards the investigation of other questions. It is hence 
desirable that investigations of this class should be based on one general 
principle. It is, moreover, .necessary that not only the absolute magni- 
tudes of geometrical quantities, such as lines, angles, areas, etc., but also 
the position of points should be represented by symbols, in order that 
geometrical properties which involve the ideas of figure and position, as 
well as magnitude, may be investigated by the language and notation of 
algebra. These omissions in the old system are completely supplied by 
coordinate geometry, which may with propriety be denominated general 
geometry. 

As an instrument of research, too, the coordinate theory is unequalled 
for power and facility, and therefore it is now extensively used in every 
branch of mathematical science. The limits of this treatise, however, 
will admit of little more than the development of the method ; some of 
its applications will be found in subsequent parts of the course. 

Coordinate geometry is said to be of two or three dimensions, accord- 
ing as the points and lines are in the same or different planes. 

It will be necessary first to consider the position of a point in a 
plane, and then proceed to the consideration of a series of points which 
constitute a straight line or curve. 

2. The position of a point in a plane is determined by finding its 
situation relatively to two fixed lines in 

the plane called the coordincUe axes. 

Thus if a: Ox' and y Oy' be two lines 

which intersect in O, and P any point 

iu the same plane with these lines ; then 

if P M be drawn parallel to O y and 

PN to Ox, the position of P will be 

known, when OM and ON, or OM 

and M P are known. The line O M is 

named the abscissa of the point P ; O N 

or its equal M P, the ordinate; O M and M P together, the coordinates 

of P ; and the intersection O, the origin of coordinates. Moreover, 

the lines xOx' and yOy' are the coordinate axes, and they are rectan- 

gular or oblique, according as the angle at O is a right angle or an 

oblique one. 
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3. Any distance described from O along Ox\s generally denoted by 
the letter a;, and any distance along Oyhyi/. Hence O x is sometimes 
named the axis of x, and Oy the axis of ^. 

4. If the abscissas measured to the riirht of the axis of y be positive^ 
those measured in the opposite direction are negative : also if the ordi«> 
nates above the axis of x be positivey those below it are negative ; and 
vice versd. Throughout this treatise. Ox. O^ will be considered the 
positive, and Ox', Oy' the negative, directions.* 

5. The point whose coordinates are x and y is simply denoted by 
(a?,y). When a point is given, and consequently its coordinates are 
known, these are usually represented by a, 6, etc. ; or by x', y't etc. ; and 
such point is designated (a, b), or (x', y')y etc. Hence, (0, 0) denotes 
the origin of coordinates; {Ojb) a point in the axis of y; (a,0) a 

point in the axis of x; and f 7Cf ^)^ point at an infinite distance. 

6. Hence if x = a, and y = b^ the point (x,y) or (a, b) is determined 
by making OM = a, ON =6, and then drawing MP parallel to Oy 
and NP to Ox. The intersection P in this case is in xOy. If 
X = _ a, y = ^, be the coordinates of P, O M must be taken to the left 
of the origin ; the point P in such case is in y Ox'. If a; = — a, 
y = — ft, P is in x' Oy' ; and if x = a, y = — ft, P is in x Oy'. If, 
moreover, x = 0, y = 0, the point P is at the origin. 

7. Another method of determining the position of a point in a plane, 
that oi polar coordineUes, remains to be explained. 

Let O be a given point, O A a fixed line, and P any point in a plane 
passing through O A. Join O and * P ; 
assume OP=r, and angle POA=©: ^^^^^ 

then r, e, are the polar coordinates of the ^ 

point P, and P is known when r and d are o-^^:— a 

given. The point O is named the pole; 

O P the radixis vector ; O A thejortme Yadius; and the angle P O A the 

vectorial angle, 

* Thii law of the algebraical aigns of the coordinate!, which is also the same as that 
of the sine and cosine in Trigonometry, is shown thus : 
Let O or, O y be rectangular axes which originate at O, 
and (V any point in Ox. Draw (Y^ perpendicular 
to O x. and cut off from O'x and O^ () equal distances 
CyAandO'B. PutOO' = a,0' A = O'B = 6,and i 
denote the distances O A, O B referred to the origin O, 
by X. Hence, then, in reference to the origin O and 
the points A and B, 

It must be kept in mind that though the abscissas O A, O B are each denoted by jr, 
it does not follow that they are equal to one another. As has been stated in Art. 3, any 
distance taken along O x when unknown is denoted generally by x, and therefore the 
abscissas of two points, though they are denoted by the same letter jr^ are equal only 
when the two pinnts coincide. 

Let the axis Oy be now supposed to coincide with O'y'; then a becoming xero, 
there remain for the abscissas of the points A and B in reference to theoriijin O', 

ar « -f- 6, and ar = — 6. 

In the one case x is measured from O* to the right, and in the other it is measured in 
tlie contrary direction ; and similarly for the ordinates. 
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8. WheD one equation only is given between two variable quantities 
X and y, to one of them, as x, innumerable values can Be given, and for 
each value of x there will be a corresponding value of y (real or ima- 
ginary), determined by the given equation {Algebra^ Art. 133). Now 
the values given to x may differ as little as possible, and therefore it will 
be obvious that in general some straight line or curve will be given by 
the values of y, or by the extremities of the ordifuUes, in reference to a 
system of coordinates as in the preceding articles. This straight line 
or curve is called the locus of the equation. And conversely, the equa^ 
turn which expresses the relation of the abscissa and ordinate for every 
point of a curve j is ccdled the eqtuUion of the curve. 

9. Hence if A and h be quantities which being substituted for xand y 
in an equation between x and y, satisfy that equation ; then (A, A) is a 
point in the locus of that equation. And conversely, if (A, A) be a point 
in a line or curve represented by an indeterminate equation between x 
and y ; then if A and A be substituted for x and y, the equation will be 
satisfied. Thus, since tbe values x = 3, ^ = 4, satisfy the equation 
5x — 6y + 9 = 0, the point (3, 4) is a point in the locus of the equa- 
tion 5x— 6y4-9 = 0; and so on. 

10. Equations are said to be of different orders according to the 
highest degree of either of the coordinates (x or y), or the product 
of these. Thus a x -f ^ x 4- <? = 0, is an equation of the first order, 
ay"-|- ftary + ex" 4-c?y 4-cx +y = 0, an equation of the second 
order, etc. 

1 1. Tof.nd the distance between two points^ and the angle formed by 
the axis of x and the line which joins these points^ the axes being 
rectangular. 

Let (x,y) and (ar',y') be the two points P and P', referred to rectan- 
gular axes Ox and Oy. DrawPN, P'N' 
perpendicular, and P'Q parallel to the 
axis of X ; and put P P' = rf, angle P P' Q 
= a. ThenPQ = PNr-QN=PN-P'N' 

= y -y, P' Q = N N' = O N - O N' 

= X — x' ; hence (Euc. i. 47, and Art. 14, 
Plane Trio:onometry) 

rf = ±V{(a:-x')«4-(y-yT}, 

and tan e = ^ ^ ^ , , 

X — X . 

which express the distance and angle of inclination required. 

Exercises. 

1. Prove that the distance {d) between two pointe (A, A) and (A', A'), 
in reference to axes which make an angle = with each other is 

rf = ± V { (A - A')* + (A - A')« + 2(A -A')(A - A')cob0 } . 

2. Prove that the distance {d) between two points {r,0) and (r', 0'), in 
reference to polar coordinates is 

rf = V { r« + r'« - 2 r r' cos (0 - 0') } . 

3. Find the distance {d) between the points (2, 3) and ( - 5, 7), and 
the angle which this line makes with the line of abscissas. 
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000BDINATE8. 

12. To find the eqtuUion of a straight line, in reference to rectangular 
axes. 

Let A B be the line referred to the rectanscular axes O x and O y ; and 
P any point in it, the coordinates O N, T^ P, 
of which are x and y, respectively. Draw 
B M parallel to the axis of x \ then whatever 
be the position of P, the ratio P M : B M 
= tan P B M (Art. 14, Plane Trigonometry) 
= tan B A O = a, suppose. Hence (putting 
0B = 6), PM =PN -MN =PN -BO 
= y — 6, and B M = O N = x, therefore 

= a, ory = aa:+o... 




X 



(1), 



which is a relation between the variable coordinates {x and y) of any 
point in the line, and therefore it is the equation required (Art. 8). 

In general, therefore, the equation of a straight line is of the first 
degree (Art. 10), and contains two constants a and h\ the former is 
the tangent of the angle which the line makes with the axis of x, that 
is, the angle formed by the part of the line above the axis of x, and the 
axis of X itself taken in the positive direction ; the latter (6) is the part 
of the axis of y, intercepted between the line and the origin.* 

The student must render himself familiar by frequent and varied 
exercise with the geometrical signification of all the algebraic circum- 
stances proper to this fundamental equation, which will represent every 
straight line in the plane by attributing to the arbitrary constants a and o 
suitable values. The following are modifications of the general form (i), 
for particular positions of the line :. — 

If the line pass through the origin^ then b = 0, and its equation is 

y = ax (2). 

If it be parallel to the axis ofx^ and meet the axis of y at a distance 
= h from the origin ; then a = 0, and the equation of the line is 

y = b (3). 

Similarly x = c (4), 

denotes a line parallel to the axis of y^ hi a distance = c, from the 
origin. 

Again, if the line coincide vnth the axis ofx, then a = 0| and 6=0; 
hence the axis of x is denoted by the equation 

y = . . . . .. (5). 

Similarly a; = .... . (6), 

represents the axis of y. 

The following additional form of the equation of the line is fre- 
quently used : — 



* The number of constants (a, -b), or parameters as they are sometimes called, cor- 
responds, geometrically, to the number of points through which a line must pass,in 
order that its position may be completely determined. As a is angular , and 6 Jinetirf 
a is frequently called the angular, and b the linear coefficient or parameter. 



286 COORDINATE GEOMETHY OF TWO DIMENSIOHS. 

"R O h 

Put O A = €? ; then tan B A O = a = -r-7^ = ~. The equation (1) 



consequently becomes 



AO 



This is the dymmetrical htm\ c and 6, it will be seen^ are the 
portions of the axes of x and y, between the line and the origin. The 
negative value of e merely implies that the intersection of the line with 
the axis of x is to the left oftne origin. 

Scholium. — In Art. 6 it is shown that the equations x — a and 
y = b give the point P. These are sometimes said to be the equations 
of the point P. This point may also be represented by the single 
equation 

(a: - a)« 4- (y - *)* = 0, or f» (x - of 4- «(y - bf = 0, 
as no other values of x and y, except x = a^ y = b, will satisfy these 
equations. The symbols m and n denote any finite quantities. 

13. To prove that the locus of the general equation of the first 
degree between two variables x and y^is a straight line. 

The equation of the first desree between two variables x and y is^ in 
its most general form (Art 10), 

Ax + By-fC = (1), 

in which A, B, C, are independent of x and y. 

Let (A, A), (Ji\ A') be any two points in (1) ; then A, h and h\ k\ 
being put for x and y respectively, must (Art. 9) satisfy this equation. 

Hence AA-fBA + C = 0, AA'+BA' + C =0. 

Eliminating C between these, we get 

A(A - A') + B(* -A') = 0, or A = _ *^. 

But if B be the angle which the line joining the points (A, A) and 
(A', A'), makes with the axis of x, then (Art. 11), 

A — A' A 

tan d = -7 rr-, hence tan = — ^ • 

A — n D 

The same result will be obtained by taking any other two points in 
(1). It follows, therefore, that whatever two points be taken in (I), 
the line which joins these points makes the same angle with the axis 
of Xj which could not be the case unless (I) were a straight line. 

14. To construct a line from its equation in reference to given cO' 
ordinate axes. 

If in the equation of the line we put x = 0, and find the value of y 
in the resulting equation, and again in the original equation put y = 0, 
and find x; the values of y and x thus found will be, by (7) of Art. 12, 
the portions of the axes of y and x between the line and the origin. 
Hence, as a straight line is determined when any two points in it are 
known, we can, .by means of this property, construct any line whose 
equation is of the form y = ax + b^ orAx-f- By + C = 0. The 
points in the axes found in this way must be taken along the positive 
or negative directions of the axes, according as the value of x in the one 
case and that of y in the other are positive or negative. 

There is one form of the equation of the line to which this method 



THE STRAIGHT LINE REFEBBED TO RECTANGULAR COORDINATES. 287 

does not apply> that is, the form (2), Art. 12, or ^ = aa?; for when 
X = 0, ^ = 0, and therefore this merely shows that the line pa&ses 
through the origin. A second point, however, may be fonnd, by giving 
to X some determinate value as 1, and then finding the value of y from 
the resulting equation. The construction of the line whose equation is 
of the form (3) or (4), Art. 12, will be obvf9us. 

15. T%e equations of two lines referffd to the same coordinate axes 
being given^ to find their point of intersection. 

The variable coordinates of the lines {x and y) are identical at their 
point of intersection,* and hence it will be sufficient and necessary to 
resolve the two equations for x and y, for the coordinates of the required 
point. 

Exercises. 

1 . Construct the following equations to the same scale : — 



(1.) 3x4.5^ + 12 = 0, 
(2.) 5x- 7y+10 =0, 
(3.) 7x-8y -10 = 0, 



(4.) 2x + 6y- 9 = 0, 
(5.) 5y+ 8 = 0, 

(6.) X = 10. 



2 Find the angles which the lines (1) and (2) of the preceding 
make, respectively, with the axis of x. 

3. Find the points of intersection, respectively, of the lines (1) and 
(2), (3) and (4), and (5) and (6)» of Ex. 1. 

16. To find the equation of a line subject to the condition of passing 
through one given pointy or two given points. 

Let g = ax+ b (1), 

be the equation of the line to be determined, and (A, h) one of the given 
points; then, because (A, h) is a point in (1), we have, by Art. 9, 

k ^ ah-^b (2). 

This is the condition that (A, A) is a point in (1). If this condition 
be combined with (1), the resulting equation will be that of a line 
passing through the point (A, A). Now this can be done by eliminating 
either a or A between (1) and (2), and as the elimination of A is efiected 
by a simple subtraction, it is the one which is most easily performed. 
Hence 

y ^ A = a (a; — A) (3). 

This is the equation of a line subject to the condition of passing 
through a given point (A, A). 

Again, let (A', A') be another point in the line ; then (3) must be 
satisfied when A' and A' are written for x and y, 

A' — A 
or A' — A = a (A' — A), that is, a = . , ^ - . 

This condition being combined with the equation (3), gives 

A' — A 
y - * = jr^Tj (« - *) (4), 

which is the equation of a line passing through the two points (A, A) 
and (A', A'). 

* It must be kept in mind that, in reference to the equations of two or more lines, a 
point (Xf y) in one is not the same as a point (x, jf) in another, except at the point qf 
miereectum (f the linee, though the x ana y seem to be the same in w>th. 
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Cor\ If m be any arbitrary quantity {Algehray Art. 97), the equation 

y — oa? — 6 = »»(y — a'ar — 6') (5), 

denotes any line passing through the intersection of the lines 

y =^ ax-{-by y - a! X '\-h^ (6). 

For (5) is a straight line by Art. 13, and as it is satisfied by the 
simultaneous equations 

y — a a; — & = 0, y — a' a: — ^' = 0, or y = a x 4- ft, y = a* x -\' h\ 

which give (Art. 15) the point of intersection of the equations (6), it 
obviously represents an indefinite number of lines, all passing through 
the intersection of the equations (6), as m admits of all possible values.* 

17. To find the conditions that the two lines 

y = ax-\-b^ and y = a' x -|- ft', 
may be parallel or perpendicular to each other. 

When the lines are parallel, they make equal angles with the axis of 
ar, and hence, by Art. 12, 

a=a' (1). 

Again, if the lines be perpendicular to each other, and 6, B' be the 
angles they make with the axis of x, then 6' = + ^tt : hence, Art. 15, 
(Plane Trig.), . 

tan e' = tan (e + i tt) = — cot e = ; 

^ tan e * 

or (Art. 12), a' = (2). 

The required conditions are contained in (1) and (2). 

18. To find the perpendicular distance of a given point from a 
given line. 

Lety = ax+ b (1), 

be the equation of the given line A B, and (A. k) 
the given point P. Draw P B perpendicular to 
A B ; then because P B passes through the point 
(A, k), and is perpendicular to A B, whose equa- 
tion is (1); its equation by Arts. 16, 17, is 

y_A=-i(a:-A) (2). 

Also, if the point B be denoted by (x, y), and 
the distance PB by <^, we have, by Art. 11, 
d= ±^{{x^hy + {y^ky} (3). 

If now x and y be eliminated from these equations (the point B 
whose coordinates are x and y being common to all), the resulting 
equation will contain d and known quantities. Equating, then, the 
values of y in (1) and (2), and then subtracting a h from both sides of 
the resulting equation, we have 

g(A-gA-ft) 
^"^= l+g' • ^^^' 

* It will be obvious that every locus whose equation is formed by the combiDation 
of the equations (6), in any way whaieoer, passes through the intersection of these 
lines ; for it is tacitly assumed that a point (:r, y) is common to the two lines, and 
the equation which results from their combination. 
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» 

Hence, by (2), y - A = y ^^7 (^)- 

Substituting these values in (3), there results for the required distance 

^ A — ah — b 

/ = - vo+pr; 

the upper or lower sign to be used - according as the numerator is 
positive or negative. For as d represents the distance of two points, 
and is not susceptible of opposition of direction, being an absolute mag- 
nitude, it is necessary to reject that of the two signs which will give a 
negative value for d. 

Exercises. 

1. Find the equations of the lines which pass through the following 
points, taken two and two : — 

(3, 4). (2, - 5), ( - 6, 7), and ( - 1, - 2). 

2. Find the equation of the line which passes through the point 
(5, — 3), and makes an angle of 60^ with the line whose equation is 
7y + 6ic-8 = 0. 

3. Determine the equation of the line which meets the axis of a; at a 
distance = 4 from the origin, and makes an angle of 45° with the line 
whose equation is3y — 6a:-|-'7 =0. 

4. Find the equation of the line which meets the axis of y at a 
distance = 3 from the origin, and is perpendicular to the line which 
passes through the points (3, 4) and ( — 5, 2). 

5. Find the angle included by the lines whose equations are 
2'y — 5 x — 7 = 0, and 3y + 6 X — 10 = 0. 

6. Determine the distance of the point (2, — 3), from the line which 
passes through the points (1, 2) and (6,7). 

OBLIQUE COORDINATES. 

Modifications necessary to adapt the preceding results to oblique axes. 

19. To find the equation of a straight line in reference to oblique 
axes^ 

Let AB be the line referred to the 
oblique axes Oa;, Oy, which make an 
angle = la with each other; and P any 
point in the line, the coordinates ON, 
NP, of which are x and y. Then putting 
O B = 6, and the angle B A O = 0, we 
have, by Art. 21, (Plane Trig.,) 

MP __ sinPBM __ sinBA O 
MB ~ sinBPM ~ sin ABO' 

y — b sin 




or 



X sin (ai — 0) ' 



TT sin , • 

"""** y = 8in(a,-9) '" + ^ <^>' 

is the equation required. 

It appears, then, that if y = a x -f 6 be the equation of a straight 

VOL. I. u 
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line referred to oblique axes, a, the angular coefficient, expresses the 
ratio of the sines of the angles which the line makes with the axes of x 
and y ; and b, as in rectangular coordinates, is the part of the axis of 
y between the line and the origin. Moreover, if be the angle which 
the line makes with the axis of x, and « the angle of ordination, or the 
angle contained by the axes, then 

sin 6 sin e tanO 

sin (jif — 0) sin w cos ^ tmO cos ta nn w — cos u tan 6 * 

a sin M ._^ 

or tan e = -— (2). 

1 + a cosw 

The forms (2), (3), (4), (5), (6), i^nd (7), of Art. 12 are the same 
for oblique axes, except the form (2), in which a is the same as in this 
Article. 

Scholium, This Article contains all the modifications necessary to 
adapt the results in Arts 12 ... 16, to oblique axes. 

20. To find the eondiiiofu thai the two lines 

y = ax -^ b^ and y = a' x + b\ 

which are referred to oblique axes inclined at an angle ~ ia, may be 
parallel or perpendicular to each other. 

The condition of parallelism is obviously the same as for rectangular 
axes, or a = a'. The condition of perpendicularity must be modified 
thus : — 

I^t and e* be the angles which the Nues make with the axis of ar ; 
then by (2), Art. 19, 

a sin 01 , a' sin oi 

tan = —-- — , tan 6^ = 



14-^ cos *>' 1 + a' cos 01* 

But because the lines are perpendicular to each other, 

= 6^ + - w, and hence (Plane Trig., Art. 15), 
tan = tan r e' + - w J = — cot e' = — 



tane^' 



, a sin 01 1 4* <>' c<» ^ r 1 + a cos o» 

whence -r-z = ;t— ; 1 or a = ; , 

I + a cos o» fir sm o» a -f- cos oi 

whi^ is the condition required. 

21. To find the perpendicular distance of a given point firom a given 

line in reference to omique axes, 

Lety ^ ax + b • (1), 

be the equation of the given line A B, and 
(A, h) the given point P, referred to axes O x, 
O y, which make an angle = o> with each 
other. Draw PB perpendicular to the given 
line ; then, because P B passes through the 
point (A, A), and is perpendicular to (1), its 
equation (Arts. 16, 20) is 

- 1 4- ^ cos w , ,. ,^. 

y - A = — (« - A) (2). 

^ a4-cosoi^ ' ^ ^ 
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Moreover, if the point B be denoted by («,y), and the distance PB by 
Py we have, by Art. 11, 

/> = ± V { (a: - A)« 4- (y - ife)* + 2 (a: ^ A) (y - *) COS « } . . . . (3). 
If now we eliminate x and y from these equations (the point B whose 
coordinates are x and y being common to all), the resulting equation 
will contain p and known quantities. 

Equating the values of y in (1) and (2), and taking ah from each 
side of the resulting equation, we get 

(a 4- cos w) (A — a A — ft) 



X — A = 

Consequently by (2), 



a* -j- 2 a cos w -f- 1 



_ (1 4- fl cos ft;) (A — g A -- b) 

a' 4- 2 a cos fti 4- 1 
Hence by (3) the distance P B is 

^ _ (A — a A — ft) sin ci» 

^ ~ + V(a«4.2acos« + l)' 

the upper or lower sign to be used as in the analogous expression for 
rectangular coordinates (Art. 18). 

22. To find the polar equation of a straight line. 

Let O be the pole (Art. 7), O C the prime radius, A B the line whose 
equation is required, and O P = r, angle 
P O C = 0, the polar coordinates of any 
point P in A B. Then if we put O B = a, 
and angle AB C = /3, we have 



OP 



siniS 



sin^ 




r 

OB sin {fi - ey a sin {fi - 0)' 

which is a relation between the polar co- 
ordinates of any point in the line, and hence it is the equation required. 

XirV£ST!EaATI0NOFPSOP£BTIE8F0B ILLU8TBATSON.&£LATIV£ 

TO THE POIMT AND ST&AIOHT UNi:. 

Rectangular Axes. 

23. The coordinates of two points are given to find the coordinates 
of that point which divides in a given ratio 
the line joining the two points. 

Denote the given points A and B by (a, b\ 

{cyd), and the required point C by (ar,y). 

Then if »i : 7t be the given ratio, we have by 

Art 11 and the conditions of the question, 

mV{(x^ay+(y^by} 

= ±nV{(x-.€?)«-f (y-ef)»}, 




or m 



<'-°)''('+^}-*"(-)«'i'+^$}--<>)- 



If, moreover, be the angle which AB makes with the axis of a;, then. 

Art. 11, 

y — b y ^ d 

Un e = ^ = ^ 

X — a X — c 

v2 



(2). 
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Hence by (2) the equation (1) becomes 

m {x — a) = ± n{x — c) 
By (2) and (3) we readily get 



(3). 



X = 



ma ± nc mh + nd 

y = 




the required coordinates. The upper or lower sign must be used 
according as the point (x.y) or C is in the given line AB, or its exten- 
sion. This property is much used in mechanics {^Centre of gravity). 
Cot, If a B be bisected in C, then »i = », and 

a: = i (a 4- ^), y = 4 (ft 4- rf), 
are the coordinates of the middle point of the line which joins the 
points (a, b) and (c, d). 

24. Two lines B A and AC are perpendicular to each other; B w a 
given point t» B A ; R a variable point 
t«AD; BRP w a right angle; and jf 
BR w to R P in a constant ratio \ to m. 
Find the locus of P. 

Since B R P is a right angle, the sum of 
the angles B R A and P R C is equal to the 
sum of the angles PRO and R P M. 
Hence the triangles B R A and P R M are 
similar, consequently 

RM :AB::RP:RB::m:l, orRM=f». AB ... (I). 
AlsoBP = BR«4-RP* = BA» + (AM-RM)«+PM«+RM*..(2). 
Whence putting BA=a, AM=x, MP=y(CA and A B being the 
axes), we have by Art. 11, and (1) and (2) of the preceding, 
{y — a)» + a:" = a*4-(a: — may + y^ + m*c^^ ory = »i(x— f»a). .(3), 
for the equation of the locus, which (Art. 13) t^ a straight line. 

Let y = in (3) ; then a: = »ia = AN,N being the point in which 
the line (3) meets the axis of x. Now the equation of the line which 
passes through the points B and N, or (0, a) and (»ia, 0), is (Art. 16) 

y = - ^ (^ - ^«) (4)- 

Hence (Art. 17) the line (4) is perpendicular to (3). The locus in 
question may hence be constructed thus : — 

Make AN =»i.BA = ma, and draw N P perpendicular to N B, 
then is N P the locus required. 

25. The following theorem may now be proved : — 

Upon B A, AC, the base and perpendicular of a right-angled 
triangle ABC, describe squares A F, A K, 
and join F C, B K ; then will the lines F C, 
B K, intersect on the perpendicular from A 

onBC. 

Take BA and AC for axes, and put 
A B = c, A C = ^, then the points B, K, F, C 
. will be denoted thus 

(c,0), (-6,ft), (c,«c),(0,6). 
Hence (Art. 16) the equations of F C, B K, 
are, respectively, 
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y — X -f- ^> or r + — T X = I • U )» 

6 be (^ H- ^) a: _ .. 

and y = - j— — a; + j-- — . or — ■=■ — '- y 4. - = 1 , . . (2). 

Combine these by subtraction, and we have 

by ^cx = (3), 

which (Art. 12) is the equation of a straight line passing through the 
origin A ; and as it is formed by the combination of (1) and (2), it 
also passes through the intersection of the lines F C and B K. 
Again, the equation of BC is (Art. 16) 

y=- -^ + 6 (4). 

Consequently the equation of a perpendicular to this line from the origin 
A is (Art. 17) 

y = -Xj or by — ex = (5). 

Hence as (3) and (5) are identical^ the theorem is established, viz., FC, 
B K, and the perpendicular from A on B 0, intersect in the same point. 

Scholium, — When the axes are oblique, the mode of investigation is 
exactly similar. In this case, however, the angular coefficients of the 
lines and the conditions of perpendicularity must be interpreted by 
Arts. 19, 20, 21. 

Exercises on the Straight Line. 

1. Prove that the sum of the perpendiculars on BC (Art. 25), from 
the points F and K, is equal to B C, and that if B G and C H be drawn, 
these lines will be parallel. 

2. Prove that the perpendiculars from the angles of a triangle on the 
opposite sides pass through the same point. 

3. In a given triangle A B C a variable straight line M N moves 
parallel to the side B C, so that the points M and N are always on the 
sides A B, AC. From B and C straight lines B N and CM are drawn 
to N and M ; it is required to prove that the locus of the intersection P 
of these lines is a straight line passing through A and the middle of 
BC. 

• 4. In the figure to Euclid, i. 43, let the diagonals A F, H C, and 
BK be drawn, then will these lines meet in the same point on BK 
produced. Prove this by coordinates. 

5. Express the area of a triangle in terms of the coordinates of its 
three angles. 

6. Three lines A B, AC, A D« which emanate from the same point 
A, are given in position. In A D any point P is taken, and lines 
P C F, P E B, are drawn to A B, A C (meeting A B in B, F, and A C 
in E, C) ; then if we draw the lines E F, C B, the locus of their inter- 
section O will be a straight line passing through A, however the point P 
be taken in A D. 

7. Prove that the lines joining the angular points and the middle 
points of the opposite sides of a triangle divide each other in the ratio 
of 1 : 2. 
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8. If L be the point of intersection of the lines drawn from the 
ang\ilar points of a triangle to the middle points of the opposite sides ; 
M that of the perpendiculars upon the sides from the opposite angles ; 
and N that of the perpendiculars from the middle points of the sides : 
then Ly M, and N are in a straight line. Prove this theorem by co- 
ordinates. 

OUKVES OF THE SEOOND OXDEB. 

26. In discussing the curves of the second order algebraically, two 
methods are employed. By the one it is shown that the general equa- 
tion of the second order, 

ay* -{-bx^ + ca^ + dy + ex +f = 0, 

comprehends all those curves, viz., the circle, ellipse, hyperbola, and 
parabola, when certain relations exist amongst the coefficients a, 6, c» 
etc., and then, by a change of origin and direction of the coordinate 
axes, this general equation is simplified for the discussion of each par- 
ticular case. By the other method (that which is adopted in this trea- 
tise) those curves are defined by some of their geometrical properties, 
and from these definitions their equations are deduced. It will be suffi- 
cient to give in this place, for subsequent use, the algebraic elements of 
those curves only, viz., their equations, and the equations of tangents 
and normals. 

THE CIROLE. 

27. To find the equation afthe circle to rectangular coordinates. 
Definition. — The circle is the locus of a point P 

which is always at the same distance (r) from ^ 
a given point C, which is called the centre. 

Denote the given point C by (a, ^6), and the 
variable point P by (x, y), in reference to the 
rectangular axes Ox, Oy. Then, by Art. 11, or 
Euc. i. 47, 

As this is a relation between the coordinates x and y of any point P 
in the circumference, it is the equation in general of the circle to rec- 
tangular coordinates, the origin being any point in the plane of the 
circle, either within or without the circumference. 

28. Hence, in order that the equation in general of the second order 
may represent a circle, in reference to rectangular coordinates, it must 
assume the form 

l/^ + a* + dy + ex+f=0 .... (a), 

which does not contain x y, and in which the coefficients of x* and ^ are 
equal. When these conditions are fulfilled, such equation cannot repre- 
sent any other locus (with two exceptions, which will be noticed pre* 
sently) than a circle. For by completing the squares the equation (a) 
becomes 

(j/'hidy + ix + iey^id'^i^-^f, 

which (Art. 11) shows that the distance of a given point (— ^</, ^ ^e). 
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from a variable one (jXyy\ ia constant^ and hence tbia equation denotes a 
circle, the centre and radius of \rbich are, respectively, 

(- id, - ie), and V(Jd- + i6« -/). 

If, however, there be also the condition 

the equation (a) beoomes 

(f^ + idy + {x + i€y = 0, 
which (Art. 12, Sckolittm) is KpoifU, 

If, moreover, the expression id* + i^— /"be neffotive^ the equation 
in question is not susceptible of geometrical interpretation, for no values 
of X and ^ can make the left-hand member of the equation (a), in this 
case, negative. These are the exceptions to which reference has been 
made. 

29. The form of the equation in Art. 27 suggests a simple method of 
cmutrucdng a circle from its equation. For let the equation of a 
circle be 

y« + «^ + 6y-4x + 9 = 0, 

which takes the form 

(y + 3)« + (x-2); = 9 + 4-9 = 4; 
then comparing this with (1) of Art. 27, we have 

a = 2, ^ = - 3, and r ::= 2, 
which give the position of the centre and radius of the circle. 

30. The following additional forms of the equation of the circle may 
be taken for exercises, as their investigation presents no difficulty : — 

1. The equation of a circle to rectangular coordinates, the origin being 
at the centre, is 

y» + a:« =r». 

2. If the origin be in the circumference of a circle, and a diameter be 
the axis of x, its equation to rectangular axes is 

y«_|-a^ — 2rx = 0. 

3. The equation of a circle to rectangular coordinates, when the origin 
is in the circumference and any chord the axis of a?, is 

^ + 7^'^2ky-2hx = 0; 
h and k being the coordinates of the centre. 

4. Let (A, h) be the centre of a circle, r its radius, and 6 the angle 
contained by the axes ; then the equation of the circle to oblique 
coordinates is 

(y - jfc)i 4. (a; - A)« 4- 2 (y - A) (x - A) COS© = r». 

31. To find the polar equation of the circle. 

Taking any point A, and line A a: in the plane of the circle for pole 
and prime radius (Art. 7), let A P = p, 
< P A a: = 8, be the polar coordinates of 
any point P in the circumference, and A C 
= )8, < C A a = a, those of the centre ; then 
if the radius P C be denoted by r, we have, 
by £uc. ii. 13, 

p' + i8« - 2/8 cos (0 - a) p = r«. 
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which being a relation between p, 0, the polar coordinates of any point 
P in the circumference is the required equation. 

Cor, 1. If fi = r, that is, if the pole be in the circumference, the 
equation becomes 

p — 2 cos (0 — a) r = 0. 

Car. 2. U fi = 0, that is, if the centre be the pole, the equation is 

p = ±r. 

Cor. 3. If fi = r, and a = 0, the equation becomes 

p — 2/8 cose = 0, 

^'hich is the polar equation of the circle when a diameter is the polar 
axis or prime radius, and one extremity of the diameter the pole. 

Cor. 4. If pht the length of the perpendicular from the pole A on 
the tangent at the point P ; 

then »=pcosAPC = p . ^— 4 ^ = ^—^ ^, 

^ ^ ^ 2pr 2r 

or 2|>r = p« + r*-/8«, 

which gives a relation between p and p. 

32. To find the eqitation of a tangent to a given circle drawn from 
a given point in the circumference. 

Definition, — The equation of a tangent to a curve is the limit towards 
which the equation of a secant approximates, as one of its points of 
intersection, supposed to be variable, approaches indefinitely near to the 
other, supposed to be fixed. 

Let (A, k) and {h\ h') be two points in the circle, 

y' + a:* = H (1), 

referred to rectangular axes which originate at the centre, the point 
(A, h) being given. Then as the equation of the line which passes 
through the points (A, h) and (A', h') is (Art. 16), 

h' -^ k 
«-A=^— ^(x-A) . . . , (2); 

the equation, therefore, of the tangent to (I) at the point (A, k) is that 
to which (2) approximates, as h' approaches to k and h' to A. 
Since (A, h) and (h\ h*) are points in (1), 

h* + h* = r*, and A'« + h'* = r«. 
Taking the latter equation from the former, we get 
At - ;t't 4. At « A't = 0, or {k -A') (A + A') + (A - A') (A + A') = ; 

A' - A A 4- A' 

^'^^ A^^rA = "ATr- 

Whence (2) becomes 

_ A-j-A' _^ , ^ 

y - A = - j^~pp (a: - A) . . . . (3). 

Now the limiting equation to which this approximates is 

y - A = - j^ (x - A) . . . . (4) ; 

for as the point (A, A) approaches to (A', A'), or A to A' and A to A', the 
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expression -7 ri approximates to ^ or t« Hence by the definition, 

the equation (4) is that of a tangent to the circle (I), drawn from a point 
(A, k) in the circumference.* It will be obvious that {h, k) in (4) is 
any point in the circumference, and (x, y) any point in the tangent. 

Cor. Since ^ + h* = r", the equation (4) reduces to 

ktf + hx = f*. 

33. To find the equation of the normal at any point (A, K)ofa given 
circle y" 4- a:* = r*. 

Definition. — ^The straight line drawn through the point of contact 
perpendicular to the tangent is called the normaL 

The equation of any line passing through the point (A, A) is (Art. 16), 
y ^ h = K {x -^ h). In the case of the normal, as this line is perpen- 
dicular to the tangent at the same point whose equation (Art. 32) is 

]i 
hy + hx = r*, hence (Art. 17) A = t« 

Consequently the equation of the normal at the point (A, A) is 

y ^ h = T (^ — A), or A y — A X = 0. 

This shows that the normal in the circle passes through the centre, 
and, therefore, the tangent at any point is at right angles to the radius 
drawn to that point. 

SOLUnOKS ILLU8TBATZVE OF THE EQUATION OF THE 

OZBOZJL 

34. To draw from a given point taithout a given circle a tangent to 
the circle. 

Let (a, fi) be the given point P, 
and r the radius of the given circle 
BCD; then the centre A being the 
origin of rectangular coordinates, the 
equations of the circle BCD and the 
tangent to it from P (x, y are the co- 
ordinates of the point of contact) are 
by Arts. 30 and 32, 

y*H-a:'=r« . . . . (1), 

and fiy -^ax = f* . . , . (2). 

Hence the values of x and y given by these equations will determine 
the points (there are evidently two points by the form of the equations) 
in which the tangent meets the circle, and thence the construction of the 
tangents will readily follow. The construction, however, is more elegantly 
effected in the following manner : — 

As the equation 

(yi 4. a^t - r«) - (^ y + a X - r«) = 0, 
or y"-f-as"-)8y- ox = . . . . (3), 

* This method of finding the equation of a tangent to a circle is preferred, 
because it is applicable to any curve of the second order. 
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is satisfied by the simultaDeous equations 

y* H- a:" — r* = 0, and >5y + ox — r* = 0, 
or y* + a:* = f*, and ^y + aa: = r*, 

which give the points of intersection of (1) and (2) ; hence the locos of 
the equation (3) passes through the points common to (1) and (2). But 
(3) is the equation of a circle, the centre and radius of which aie, 
respectively (Art. 27), 

(ia,i)8)andiV(a« + i5*); 
consequently, the centre of this circle is in the middle (M) of the line 
A P which joins the given point and the centre of the given circle. The 
geometrical construction is therefore obvious. 
Cor, 1. The equation 

(^ 4- «;• - r«) - (y« + a* - i5 y - a a?) = O, 
or /ly + ax = r». . . . (4), 

is satisfied by the equations 

y* + a^ = r», andy"-f-a*-;8y-ox = 0, 
which give the points of intersection of (1) and (3), or of the circles 
BCD and PBA; hence (4) is the equation of the chord of contact 
BC. 

Cor. 2. The equation of A P (Art. 12) is 

y = -x^ 

a 

which (Art. 17) is perpendicular to (4), or the line B C ; whence if two 
circles intersect one (mother y the line joining the points of section is per- 
pendicular to the Une joining the centres. 

Scholium. — The points of intersection of a straight line and circle or 
other curve whose equations are given, are found by solving the equations 
for X and y as in the analogous case for two straight lines (Art IS). If 
the resulting values of x or y be imaginary^ the line and curve do not 
meet, and if they be equals the line touches the curve, or is a tangent to 
it. Thus eliminating y between the line y = a x + 6, and the circle 
y« + x« = r*, 
we have (1 +a*)a^ + 2abx + ^ - r« =« 0, 

^ . 2ab . a«5» (i4.o«)f*-6« 
or a^+ T— — ' X H = ^ ^- — . 

l+o" ^(I4.a«)* (!+«•) 

Hence if (1 + a") r" — 6*, be negcUive^ the values of x are imapnary, 
and the line and circle do not meet; and if (I + a*) r* — 6* = 0, the 
values of x are equal, and the line touches the circle. 

35. To find the locus of the points whence the line joining two given 
points is constantly seen under the same angle. 

Join the given points A and B, bisect A B in O^ and take O B and a 
perpendicular O y for rectangtdar axes. Put 
A O = O B = a, and tangent of the given angle 
APB = ^. Then because APand BP pass 
respectively through the points (— a, 0) and 
(a, 0), their equations (Art. 16) are 

y = A (x + a), and y =.A' (x - a) ; 
of which A = tanPAB, A' = tan PBx. And 
since / = tan A PB, we havc^ by Art. 16, Plane 
Trig., 




f 
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A'- A ^ y (a; + fl) - y (g - a) ^ 2ay 
1+A'A ai»-fl?4-y* T^'-a^ + y*' 

hence < (a:« - a« -f- y«) - 2ay = 0, or f y - - 1 + «■ = ^ (1 + <"), 

is the equation of the required locus, which is a circle. 

The coordinates (<z, fi) of the centre, and radius (r) of this circle, are 

^ ^ a AO - <*//*. ^N osecAPB 

AO 

" sin APB* 
When y = 0, a; = ± a, hence the locus passes through the points 
A and B, and since a = 0, the centre is in the aus of y. Also if the angle 
O A M he made equal to the complement of the angle APB, the 
point M, in which A M meets the axis of y, will be the centre. For 

OM«AOtanMAO«=ata» (9(f-P)*acotP*= -^ = )8. 

tan P 

36. To draw a common tangent to two given circles. 
Let the origin of rectangular coordinates be at the centre A of the 
greater circle, and the line which passes through the centres the axis of x. 




Then if r' and r be the radii of the two circles, and d the distance of 
their centres, the equations of the circles (Art. 27) are 

^J^t^^r^ .... (1), y* + (rf - a:)» = r* .... (2). 

Let y « ax -f 6 . . . • (3), 

be the common tangent, of which a and h are unknown. 

Eliminating y between (1) and (3), there results for x the equation 

(l+a*)a:« + 2aAar + 6«-r'««0 .... (4). 

Now (3) will be a tangent to (1), when the values of x in (4) arc 
equal, and this will be the case (Art 69, Algebra)^ when 

(l+a«)(d*-0 =«*^''Or^ = '''^0+«') .... (5). 
Similarly, (3) will be a tangent to (2), when 

{ad + by = f^{l+a*) .... (6). 
Dividing (6) by (5), 

ad -^ h r 

-i--±-, . • . . (7). 

This, therefore, is the condition that (3) may be a common tangent to 
the circles (1) and (2). 

Again, to find the intersection of the common tangent with the axis of 

X, let y = in (3), then x = . Whence by (7), 
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a r' + r 

This gives the followiDg analogies: — 

r' — r : r' :: d : a:, 
and r' + r : r' :: d : x. 

Whence this geometrical construction : — 

Take any raditu KTiof the greater circle and produce ii^ and make 
DE— DF = r; draw the lines E B and F B, and from D draw lines 
parallel respectively to these to meet AB m C and C : these are the 
points in which the common tangents meet the line which joins the 
centres. The problem is consequently reduced to that of ** drawing from 
a given point a tangent to a given circle," which has been done in 
Art. 34. 

Exercises on the Circle. 

1« Find the radii and coordinates of the centres of the following 
circles, and thence construct them to the same scale : — 

2y« + 2ai» - 4 (a: 4-y) - 1 = 0, (a: + 2)x + (y - 4)y = 0, 

y* + a:* - 6a: + 4y = 3, y* + a:* = 4y, 

y*-8y + a:*- 12x + 48 = 0, (y - 4)y -f (a: + 2)x - 4 = 0. 

2. Find the radii of the circles which pass respectively through the 
two following triads of points : — 

(- 6, - 1), (0, 0), (0, - 1), and (- 2, 5), (4, - 6), (- 2, - 6). 

3. Determine whether the points (0, 0), (0, 4), (1, 1), and (1, — I), 
lie in the same circle. 

4. A ladder of given length being placed vertically against a wall, is 
moved to a horizontal position, so that its extremities are always kept in 
a vertical plane perpendicular to the wall ; it is required to prove that 
the locus of its middle point is a circle. 

5. Prove that the locus of the vertex of a triangle, when the base and 
ratio of the other two sides are given, is a given circle. Find also the radius 
of this circle. 

6. Find the locus of a point such that if straight lines be drawn from 
it to the four corners of a given square the sum of their squares shall be 
constant. 

7. The equation of a circle is y* -i- a^ = a (x -{- y) ; what is the 
equation of that diameter which passes through the origin ? 

8. Find the locus of the different points of the vertex of « right-angled 
isosceles triangle, when its other two angles are constrained to move 
upon two fixed lines perpendicular to each other. 

9. Two given circles are seen from points at which they subtend equal 
angles ; prove that the locus of these points is a third circle, having its 
centre in the line joining the other two. 

10. Find the locus of all the points from which equal tangents may be 
drawn to two given circles. 
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TEE ooma SEonoHa 

n general of a conic section to recUmgular 

Definition. — A conic Kction is tbe locuB of a point P whose distance 
S P from a gi?en point S is always pro- 
portional to its perpendiculttr distance 
P M from a line E K, given in position. 

Let the given ratio PS : PMbee : 1, 
BO that PS - e . PM. Draw SE per- 
pendicular to EK, and divide SE in A 
in the given ratio e : 1 ; then by the 
definition A ia a point in tbe curve. 
Take ASxand a perpendicular Ay for 
a»eB, and denote AN, NP the coordi- 
nates of P by xandy; also put AS 

Then we haye 

PM« = EN*= T- -h a:], SP" = SN* + NP* = (x -«»)•-)- j«; 
hence since PS* = e* . P M*. there resulti for the equation of the locui, 

,« + (x-m)» = e-(^^ + xJ, 
or s*-|-(l-«»)^-2»n(H-e)x = .... (1). 

Now this equation will represent three different curves, according u 
e is equal to, leas than, or greater than unity. It will hence be necessary 
to consider each of these casea. 

THE PABABOLA. 
38. To trace the loetu toAen e is equal to unilt/. 

The equation (1) in this case becomes 

y' = 4mx, ory=±2Vn»x. « 

It appears from this equation that for each positive value of x there 
are two equal values of y with contrary signs, and, consequently, that 
the curve ia divided by the axis of x into two parts that are exactly 
similar, that is, the curve is symmetrical with respect to the axis of x. 
And, moreover, as x increases from zero to infinity, y also increases from 
zero to plus and minus intinity, but that no part of the curve is situated 
to the left of the origin, as a negative value of x makes y imaginary. 
Hence tbe form of the curve is evidently that represented in the figure 
(Art. 37). • 

The curve in this case is called the^roWa. 

The given point S is called i\\tfoctu ; A the vertex ; the line E K the 
directrix; A. X lite axis, or principal diameter ;' and e the ecc^ilricity. 

Cor. 1. Draw the double ordinate B S C through the focus. Then at 
B we have by the preceding equation 

jf»orBS' = 4ffl.3: = 4in.AS = 4m', ory= ±2m. 

HenceBS = CS = 2m, and therefore EC =4»i. 

curve, will be flillj explained in a sab- 
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/f " \ 

M B « 



The double ordinate drawn throngii the focus is called the laius 
rectum or principal parameter of a conic section, hence the latus rectum 
of the parabola is 4 m. 

Cor. 2. The construction of a parabola by points whose latus rectum 
(4 m) is given is effected in the following manner : — 

Make (fig. of Art. 37) AS = A£ = m, and in £ AS produced take 
any point N ; with S as centre and radius £N = MP = SP, describe 
a circle, cutting a perpendicular PP' to AS through N in P and P'; 
then P and P' are obviously points in the curve; and similarly for other 
points. 

39. To find the equation of the parabola^ the origin being mny point 
in the curve. 

Let A be the vertex of a parabola and C any point in the curve. 
Take C B, which is perpendicular to 
the axis A B of the parabola, for the 
axis of X ; and let C M = x, MP 
== y, be the rectangular coordinates 
of any point P ; also C B = .a, B A 
B fi , those of the vertex A. 

Then, by Art. 38, we have the 
relation 

PN* = 4m.AN^ 
or (a — xf = 4m.(i8 — y\ 

which, since B C* = 4in.AB, or o^ ^ Amfiy reduces to 

u ' ^ 
V = — X — — : 
^ 2m 4f»* 

the required equation. 

This form of the equation of the parabola is frequently used. 

Exercises on the Parabola. 

1. Upon any line A B describe a semicircle A C B ; from A B cut off 
a Mne A D of given length, and draw the ordinate D C ; then if a parallel 
C P to A B be drawn to meet a perpendicular B P to A B in P, the point 
P will be in a parabola whose vertex is D and latus rectum A D. Prove 
this, and thence show how a parabola of given parameter rmay be con- 
structed graphically by means of this property. 

2. Let A B be the diameter of a circle A C B, and D G any ordinate. 
Join A C, and produce D C till D P is equal to A C ; then is the locus of 
P a parabola whose parameter is equal to the diameter of the circle. 

3. Find the equation of the parabola to rectangular coordinates ; 
(1) when the origin is in the directrix ; (2) when it is in the focus; 
the axis of x in each case coinciding with the principal axis. 



40. To trace the curve represented by (1), Art. 37, when e is less 
than unity. 

The equation (1) takes the form 
and because e is less than unity, 1 — « is positive, and therefore when 



2m 



X = 



THS KLLIPffi£. 803 

, the value of y is zero, that k, the curve meets the axis of x 

2m 



again in a point A' such that « « A A' 



1-tf 



. Put, €or brevity, A A , 



2m 



= 2a; then we have for the equation of the locus 



1-c 

y* + (1 - <■) Q^ - 2aa:) - 0. 
Bisect A A' in C, and in the last equBtion let x « AC » a; 

then y" = (1 - «*) a", 
or y = ± « V(l — ^)- 

Hence if we draw BOB' per- 
pendicular to A A\ and make C B 
= CB' = flV(l -«*), B and B' 
will be two points in the curve. 
Assume again, for brevity, 

then 1 — €" « — , and the equa* 

tion (1) of Art. 37, becomes in terms of a and &, 

y*= -(2ax-x«) . • . . (1), 




in which a = A C = 






^ 



1 — e ^ a* 



It must also be kept in mind that 

i9» = A S, and e = 



AS 
AE 



The equation of the curve in this case may be simplified by removing 
the origin to the point C ; this will be effected by writing x + a for x in 
equation (1).* 

&• . . -v y* iK" 



Hence 



y«=-(a«-a?),or2i + -i=l • 



From this 



6» 



y= ±-V(a'-a?); 



. (2). 



hence as x increases positively from zero to a, the two values of y are 
real, and diminish from b to zero, giving the portion of the curve B A' B' ; 
but when x exceeds a, the values of y are imaginary, and therefore no 
part of the curve is to the right of A'. Also since the portion of the 
curve to the left of B B' (given by negative values of x) is evidently 
similar and equal to B A' B', the form of the curve is that represented in 
the figure. 

The curve in this case is called the ellipse. It will be obvious from 

* This simple tranaformatioii will be readily nnderstood from the Note of Art 4. 
Thus it will be seen that when x + a is written for x, the origin is transformed 
from the point O to the point O'. An article on Dranrformation both in reference 
to the origin and the directions of the axes, was prepared for this work, as was 
also another on Coordinate Geometry of Three Dimeneums, bat want of room pre- 
vents their insertion. 
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irs form that there are two foci, S and H, and two directrices, MK» 
M' ky equally distant from the point C. 

The point C is called the centre ;* A A', B B', the principal axes^ or 
major and minor axes; and the points A, A', B, B', the vertices of the 
curve. 

Cor 1. If y' be any ordinate of the circle described on A A' as a 
diameter (radius a), corresponding to any ordinate y of the ellipse ; then 
by (2) of the preceding, and Art. 30, 

y* • y'* •• -i («■ — ac") : fl^ - a? :: ft* : «*, 

or y : y' :: b : a. 

Whence it follows that the ellipse may be derived from the circle by 
diminishing proportionally, in the ratio a : 6, all the ordinates relative 
to the same diameter. If the ellipse be compared with the inscribed 
circle, baring for diameter the minor axis, it will be found in a similar 
way that the ordinate of the inscribed circle is to the corresponding 
ordinate of the ellipse as 6 : a. From this double comparison the con- 
struction of the ellipse by points, when the two axes are given, is easily 
effected by the aid of the two corresponding circles. 

Cor. 2. Since A C = a = , hence o (1 — e) = m = A S = A' H, 

X ^~ e 

and therefore CH = CS = a — a(l— «)=atf. Whence to find the 
lotus rectum L L', let x = a e, in (2) ; 

then y*=^(a^-«*«*)=*'(l-«*) = ^. 

or y = — = a (1 — ^), since ft» = a* (1 — «•). 

a 

Hence the latus rectum L L' = 2 a (1 — e*). 

Cor. 3. When a = ft, the equation (2) becomes 

y* + a:* = a*, 

which represents a circle; hence, when its axes are equal, the ellipse 
becomes a circle. 

Cor. 4. By Cor.2^ AS = a(l — c), and by the def., AS = c . AE, 

hence A E = — ^^ ^, and E C = a -f — ^^ = -. Wherefore 

e e e 

SF = e . PM =e(EC-|-CN) = ef- + xj = a + ex. 

Similarly, HP = a ^ ex. 

Consequently SP-fHP=2a. 

that is, the sum of the focal distances of any point in the ellipse is 
constant, and equal to the major axis. 

This property furnishes a simple method of determining any number 
of points in an ellipse of which the foci and principal axis are given. 
For if in A A' any point G be taken, and with centre S and radius A G 



* The terms centre and cuces will be explained in a snbseqaent Article. 
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ti circle be described, also with centre H and radius A' G another circle 
be described, then the points of intersection of these circles will evidently 
determine two points in the curve. 

Exercises on the Ellipse. 

1. Prove that the sum of two lines drawn from the foci to a point in 
the plane of the ellipse is greater or less than 2 a, according as the point 
is without or within the cuive. 

2. Prove that (fig- to Art. 40) A S . A' S = A*. 

3. Show that the square of any ordinate of a given ellipse varies as the 
rectangle of the corresponding segments of the major axis. 

4. Deduce the equation of the ellipse from the property established in 
Cor, 4, and show that it is identical with that deduced in Art. 40. 

5. Find the equation of the ellipse when the origin is placed at one of 
the foci. 



41. To trace the curve represented hy {X) Art. 37, when e is greater 
than unity, 

• Since 1 — c and 1 — e* = (1 — e) (1 -f- e), are both negative, the 
equation of the curve may be written in the form 



y._(^_I)^a-+^jx) = 0. 



' Proceeding with this equation as with the analogous one of last Article, 
there results for the equation of the y\ 

locus in this case, A being the 
origin, 

y' = r.(^ + 2ax) .... (1), 



o" 



m 



in which a = AC = : 6 = B C 

€— 1 

= aV(6«-l); ^ =6"-l. 

Remove the origin to the point C 
by writing a; — a for a: in (1) ; 




then 



(2). 



is the equation of the curve when the middle point C of the line A A^ is 
the origin of coordinates. 

It may be shown, as in the preceding Articles, that the curve in this 
case is symmetrical with respect to the axes of x and y^ and that it has 
two foci, S and H, and two directrices, as in the case of the ellipse. It 
differs, however, from the ellipse in this respect, that the coefficients of a:* 
and \^ have opposite signs, which correspond geometrically to this, — 
that of the two right lines round which the "curve is symmetrical* the 
one continues to meet the curve, but the other does not cut it ; so thai 
.there exists only a single couple of vertices instead of two. And, more- 
over, the curve extends indefinitely to. the right and left of the limits 

VOL. I. X 
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X = Of and x = ~ a, that is, it is composed of two parts with infinite 
branches, as in the figure. 

This curve is called the hyperbola,* 

The point C is the centre; A A', BB\ the axes, or transverse and 
eonfugate diameters; and A, A' the vertices. 

The curve does not meet the axis of y, as has been stated, for when 
X = in (2), jf is imaginary. Hence B B' is sometimes called the 

impossible axis. Also because ~ =: s* — 1, and as e may be of any 

magnitude greater than unity, it is obvious that b may be either greater 
or less than a. 

Cor. When b = a^ the equation (2) becomes 

a:« - / = a«. 

The curve in this case is cafied the reetangttlar hyperboiay and it is tp 
the ordinary hyperbola what the circle is to the ellipse. 

ExsacisKs ON THE Htperbola. 

1. Prove that the latus rectum of the hyperbola is = 2 « («^ — 1). 

2. Prove that the difference of the focal distances of any point in the 
hyperbola is constant, and equal to 2 a. 

3. Show that the square of any ordinate of the hyperbola varies as the 
rectangle of its distances from the extremities of the transverse axis. 

42. To find ike polar equation of the parabola^ ellipse^ and hyper^ 
bola. 

Let S be the pole and S x the prime radius (fig. to Art. 37). Put 
S P =r, angle P S x =^ 0, and let the other lines be denoted as in Art. 37 ; 
then because SP = « . PM, and PM = EN = EA + AS + SN 

= — ' 4- aw + r cos 0, we have 
e 

f» ( 1 4- e) . . 

r = m(l+tf)-f ^^cose, orr = -J— ^-^ .... (1), 

which is the polar equation in general of the three curves. 

2m 
In the parabola^ since e = 1, r = -. 

^ 1 — cos e 



* Developing the equation (2) by the biDomial theorem, 

.h f. a»\i ,h r. a* a* \ 

weget y=±;^'(^l-iij=±i'(^^"ni-"8P J- 

Now the larger at becomes, the more jr tends to beoome equal to it - jr, and irhem 

ft 

T = infinity, y = ± - *. 

a 

Hence if two lines be drawn through the origin, making angles whose tsugents 
are respectively ~ and ^ -, with the axis of x, the carve will continually aj^roxi- 

mate to these lines, but will meet them only at an infinite distance. These lines are 
called the euymptotes to tht hyj^erhola. 
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In the ellipse^ m = a (I — e) : hence r = -. 

■^ ^ ' 1 — « cos d 



In the hyperbola^ m = a (« — 1) ; 



r = — i ^ 

I — C C08 d 



AT V 1 \ m 



TiOTaSNTa AND N0B1CAL8. 

43. Tojind the equation of ike tangent to the parabola^ ellipse^ and 
hyperbola. 

[The definitions of tan^^ent and normal are the same as for the circle, 
Arts. 32, 33.] 

Let (A, A) be a point P in the parabola 

^ = imx . . . . (I), 

referred to rectangular axes wh ich 
originate at the vertex (Art. 38). 
Then if {h\ k'') be a point ia 
the same parabola near to the 
point (A, A), the equation of the 
tangent to (l)at the point P ^r 
(A, A) will be (Art. 32) that to 
which the equation 

approximates, as A' approaches to A 
and A' to A. 

Proceeding with these equations as with (1) and (2) of Art. 32, there 
results for the tangent to (1) at the point (A, A), the equation 

Ay = 2m(ar + A) . . . . (3); 

in which (A, A) is the point of contact, as has been stated, and (x, y) any 
point in the tangent P T. 

Similarly, ci*Ay + d*Ax = o"^ .... (4), 

is the equation of the tangent to the ellipse c^ y* -{- b* 3if = <f 6^ (Art. 40) ; 

and (fky — l^hx = — €^b^ .... (5), 

is the analogous equation to the hyperbola fl^w* — ^a:'= ^ a^h* 
(Art. 41). 

Definition^ — The straight line intercepted between the ordinate P N 
and the point T, ia which the tangent meets the axis of Xj is called the 
subtangent, 

Scholium.'-^Afi the normal P G by the definition is perpendicular to 
the tangent, and passes through the point of contact, its equation follows 
at once iirom that of the tangent and Arts. 16, 17. 

The equations, therefore, of th« normals of the preceding curves at the 
point {k, A) are, respectively, 

y — A = — ~— (a: — A) 
y - A = m (« ^ '0 



... 



6«A 
g'A 
b*h 



i^-^=-s-l(«-^) 



• . • • 



. • . • 



(6), 

(7) 
(8). 



x2 
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DefifnHon. — The line 6N intercepted between the mdinate and 
nonnal it called the subnormai. 

Car. 1. In (3), let y = 0, then x=— A = — AN; hence the tub- 
tattffoU in the parabola is bisected m tke vertex. The negative sign 
meiely implies that the intenectkm T is to the left of the origin A. 
Whence this simple method of drawing a tangent to a parabola from a 
given point P : — 

Take in V A prodttced, AT = AN, the abscissa of the given poisd^ 
and join T P, then is TP the required tangent. 

Cor. 2. The equation of the perpendicular S Y from the focoa ^^ 
or (m, 0)9 on the tangent PT whose equation is (3), is, by Arts. 16» 17, 

y = - — (x - m) . . . . (9). 

Eliminating y between (3) and (9), we get, since ifc* = 4mA by the 
equation ( 1 ) of the curve, x == 0. Hence a perpendicular firom the jbcus 
of a parabola on ang tangent intersects that tangent in the tangentjrom 
the vertex. 

Cor. 3. In (6), lety = 0; then x — A = 2m, orAG — AN =2w. 
Hence, in the parabola, the subnormal N 6 if egtial to half the UUus 



Cor. A. Since ST = AS + AT = AS + AN = w-fil,andSG 
= SN + NG=A — «i + 2m=A + m; hence ST = S6. 

But by Art. 38 (fig. to Art- 37), SP = PM = EN = » -f *• 
Whence if P 6e a point in the parabola^ S the focus, and Q, T the 
points of intersection of the normal and tangent at the point P with 
theaxuofx^thenS? = SG = ST. 

Cor. 5. Let a line Px" be drawn parallel to the axis ; then because of 
the equals SP, ST by Cor. 4, and the parallels Px', Ax, the angle 
<Px'=STP = SPT; and consequently since G P is perpendicular to 
the taueent P T, G P x' = G P S. Hence the tangent and normal at any 
point of a parabola make equal angles with the focal distance of that 
pointy and with a line drawn through it parallel to the axis. 

In a similar way are all the properteis of the conic sections esta- 
blished. 

ExEKCiftBS ON Tangents and Normals. 

1. Prove that the tangents at the points B and B' in the ellipse 
(Art. 40) are perpendicular to the minor axis. 

2. Let the ordinate N P (Art. 40) meet the circle described on A A' 
in Q, and let T be the -intersection of the tangent to the ellipse at the 
point P, with A A' produced ; then will the tangent to the circle at Q 
also pass through the point T. 

3. Prove that the normal at any point of an ellipse bisects the angle 
contained by the focal distances of that point, and that the focal distances 
make equal angles with the tangent. 

4. Show that in the hyperbola the normal at any point bisects the 
exterior angle between the focal distances of that point. 
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44. To find the centre of any curve of the second order. 

Definition, — The centre of a carye is a point such that every secant 
passing through it meets the curve in two points which are equidistant 
from the point in question. 

It follows immediately, from this definition, that if the origin of co- 
ordinates be placed at the centre of a curve of the second order, the 
equation of the curve will be such as to give equal values of x when 
y » 0, or equal values of y when x = ; that is, the equation will not 
contain the first powers of x and y. This property furnishes a simple 
method of finding the centres of such curves from their equations. 

Thus taking the equation (1) of the ellipse (Art. 40), viz. : — 

remove the origin to a point (oy fi)^ by writing x + aforx and y + fi 
for y ; then the equation becomes 

a*(y + fiy =6*(2aa; + 2aei-a:"- 2ax-a*), 
or aV + **«» + 2a»i8y + 26*(a-a)x = 6*(2aa - «•) - a«i8*. 

Now in order that (oc, fi) may be the centre, the coefficients of x and 
y in this equation must vanish ; 

hence 2 a' yS = 0, a — a = 0, or ^8 = 0, and a = a. 

The equation of the curve consequently becomes 

which is the same as the equation (2) of the ellipse (Art 40) when the 
centre is the origin. And similarly for the hyperbola. 

Next in the equation of the parabola (Art. 38), write a; + a for a; 
andy.+ ;8 fory; 

then (y + fiy = 4«i(a: + a). 0Ti^ + 2fiy + fi* = 4mx + 4ma. 

Now the coefficient of x cannot vanish, for then fit = A S = 0, and 
consequently, the parabola has not a centre. 



OF OCTBVES. 

45. To find the equation of a diameter to any curve of the second 
order. 

Definition, — ^The diameter of a curve is the locus of the middle pomts 
of a series of parallel chords. 

Let y* = 4mx (1), 

be the equation of a parabola, the vertex being the origin (Art. 38), 

and y^^px-^-q .... (2), 

the equation of a given straight line; then (Art. 12) the equation 

y =px + q' . . . . (3), 

represents any straight line parallel to (2), q' admitting of all possible 
values. 

Eliminating y between (1) and (3), there results for the points of 
intersection of the parabola (1), and the line (3), the equation 

2 o'* 

2*+ -^{pq'-2m)x+ ^ =0 . . • . (4). 
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Hence i( Xi^x^ be the roots of this equation, aud x', y' the coordinates 
of the middle point of the chord which joins the points of intersection of 
(1) and (3), we have, by Art. 23, and Art. 125, Algebra^ 

«' = *(*.+ai) = - ^^y*" .... (5). 

But {x\ y*) being a point in (3), 

y* = px' + q' . . . . (6). 

Eliminating q* which varies for different positions of the parallel 
chords, between (5) and (6), there results for the locus of the middle 
points of the parallel chords, the equation 

y' = — , or (suppressing the doih) y = .... (7), 

which (Art. 12) is a straight line parallel to the axis of x. Hence all 
diameters of the parabola are parallel. 

Similarly, the equation of a diameier to the ellipse 

a*y^ + b*3i^ = a*b\ 

which bisects all chords parallel to (2), 

is y = r- X . . . . (8). 

a*p * 

Also, y = ^ ^ • • • • ^^^* 

is the analogous equation for the hyperbola. 

Hence all the diameters of the ellipse and hyperbola pass throngh the 
centre. 

Cor. 1. Let a diameter of the parabola (1) pass through the point 
(A, k) in the curve. Then because it is parallel to the axis of x its 
equation (Art 12) is 

y^k (10). 

But if y ^ ax + fi . . . . (11), 

be one of the chords which this diameter bisects, its equation by (7) is 
also 

y = — • . . . (12). 
Hence k = — , or a = -r— • Consequently (11) becomes 

0C It 

y ^ -^x + fi . . . . (13). 

Comparing this with the equation of the tangent at the point (A, ^), 
Art. 43, it is easily seen that the tangent and the chord (13) are parallel ; 
and similarly fur the ellipse and hyperbola. Hence the chords bisected 
by any diameter are parallel to the tangent at the extremity of thai 
diameter. 

Definition, — Two diameters of the ellipse and hyperbola so related 
that each bisects the chorda parallel to the other, are called conjugale 
diameters. 

Cor. 2. Since the angular coefficients of the equations of tangents to 
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the ellipse and hy|)erbola at the point (A, *), Art. 43, remain the same 
when — h and — k are written for h and k, it follows that the tangetUs 
at the extremities of any diameter are parallel. 

Miscellaneous Exercises on the Conic Sections and other 

Curves. 

1. Prove that if a circle he described on the radius vector of a para-- 
bula, the tangent at the vertex is a tangent to the circle. 

2. Find the condition that the line y =^ ax + fi may be a tanRent to 
the parabola t^ = 4mx. Ans. ap ^ m, 

3. Show how you can find all the geometric elements of a conic section 
(focus, vertex, directrix, etc.) from a ^iven portion of its arc. 

4. Find the locus of the centre of a circle which constantly touches a 
fixed straight line, and passes through a given point not in the line. 

' Ans. A parabola. 

5. Prove that the locus of the centre of a circle which touches a given 
straight line and a given circle is a parabola. 

6. Prove that if P be any point in an ellipse whose foci are S and H, 
taniPSHtaniPHS= \^. 

I. The length of the perpendicular upon the tangent from the centre 

of an ellipse is equal to a(l ^ e* cos' 9) , in which is the inclination 
of the tangent to the major axis. 

8. Prove that the locus of the foci of all the parabolas having the 
same directrix, and a point common to all, is a circle. 

9. If in an ellipse there be taken three abscissas in arithmetical pro- 
gression, the radii vec tores drawn from the focus to the extremities of the 
ordinates at those points will also be in arithmetical progression. 

10. What is th^ locus of the vertices of parabolas having the same 
tangent and the same directrix ? Ans. A straight line. 

II. Given the major axis of an ellipse, and also a fixed point on the 
minor axis, from which a normal is drawn to the curve, what is the locus 
of the points of intersection of the normal and ellipse ? 

Ans, The locus is a circle. 

1 2. Prove that two tangents to a parabola drawn from the same point 
in the directrix are at right angles to each other. 

13. Prove that the tangent at any point of a parabola meets the 
directrix and latus rectum produced in two points equally distant from 
the focus. 

14. Draw in a parabola a chord of given length, and find the locus of 
its middle point. Ans. A curve of the fourth order. 

15. At what point in the ellipse a*i^ ^1^3^ = a'ft* does the tangent 
make an angle of 45^ with the radius vector drawn to the same point ? 



Ans, X 






16. Find the condition that two tangents drawn from the same point 
(a, /3) to the parabola ^ » 4 m x, may be equal. Ans. fi - 0, 
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1 7. Let A C B be a semicircle of which A B (2 r) is the diameter^ 
B D an indefinite straight line perpendicular to A B, and A C D a 
straight line meeting the semicircle in C and B D in D ; then if P be a 
point in A C such that A P = C D, the locus of P is the Cissoid of 
Diocles. Find its equation, and thence show that BD is an asymptote 
to the curve. Ans. The equation is y* (2 r — x) — a:* = 0. 

18. The Conchoid ofNicomedes is thus generated : A B is an indefinite 
straight line, and C a given point without it ; from C a perpendicular 
CDP is drawn to AB meeting it in D, and straight lines CD'P', 
C D"V\ etc., are drawn in such manner that DP, D'P', D"P". etc., 
are all equal, D', D", etc.,* being in AB, then the locus of the points 
P, P', etc., is the Conclioid, find its equation, when C D = a, and 
DP = 6, and thence trace the curve. Atis, a^y" = (^— ^) (a+y)*. 

19. If M Q be an ordinate to the semicircle A Q B (radius = r), and 
it be produced to P so that MP: MQ::AB: AM; then the locus of 
P is a curve called the Witch of Agnesi. Find its equation, and 
thence deduce some of its geometrical properties. 

Ans, Its equation is^x = 4r*(2r — x\ 
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ELEMENTS OF THE DIFFERENTIAL AND 

INTEGRAL CALCULUS. 




I. THE DIFFERENTIAL CALCULUS. 
XTLEMENTABT PBINdPLES AMD ILLUSTBATIONS. 

1. The algebraic processes which have been already inYestigated 
enable us to solve a large number of the questions which arise in prac- 
tice, but for the solution of others they are inconvenient, and often 
inadequate. In the annexed figure, let A B represent a curved line, 
supposed to be described in accordance 
with some given law, by which its dis- 
tance from the straight line C D is con- 
stantly varied. It may be desirable to 
determine the point in C D at which the 
distance, as E F, is the greatest, or as G H, 
the least, and the measure of these distances, and also to determine the 
area of E FG H, and consequently the side of a rectangle which would 
give the same area, or the measure of the average distance between the 
two lines ; but to effect these, in every case, exceeds the power of algebra, 
and we must have recourse to a new calculus adapted to inquiries of 
this nature. 

The difference between the case which is here assumed and the cases 
to which the usual processes of algebra are applicable, may be easily 
traced. By these processes we are enabled to ascertain the values of 
particular quantities which are dependent on each other, when as many 
distinct conditions with reference to some known quantity or quantities 
are given, from which as many equations can be obtained as there are 
unknown quantities, while the cases for which a new calculus is required 
appear to be tliose in which variable quantities, as the ordinate F £, and 
the area £ F G H, dependent on the value of another variable quantity, 
as C F, have tabe dealt with. The general principles on which a cal- 
culus adapted to such investigations has been formed will be explained 
presently. 

2. The study of algebra leads to that of variable quantities, in which 
a letter is considered as assuming all possible values betweeii given 
limits^ and the results of that supposition are developed in the differ- 
ential and integral calculus in which all quantities are considered either 
constant or varidble. 

A constant quantity is one whose value or magnitude remains 
unchanged throughout the operation or investigation in which it is 
employed. 

A variable quantity is one which admits of an unlimited number of 
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values. Let A C B be a circle whose centre is Q and diameter A Q B ; 

draw Q C at right an.^Ies to A B ; take any point 

P in the circumference, and draw F M at right 

angles to A B. Now if we conceive the point P 

to move from B to C, the line P M will vary in 

magnitude from to Q C, the radius. Thus A M, -y p mi 

B M, Q M, and "M P are all variable quantities, \ J \ 

and the radius Q C or Q B is a constant quantity. 

Constant quantities are usually represented by the 

earliei^ letters, a^h^^ d\ and those that are variable by the later ones, 

as tt, r, a:, y, z^ In the expression a -J- ^a: + co^^a^b^c^ are constant 

quantities, ^ffnc is the variable. 

3. K function of a variable quantity is an expression involving that 
variable, and usually one or more constant quantities. Thus the ex- 
pressions 

a a:* -f- ^f « sin x, a -f- a' — log (h 4- x) 

arc severally functions of the variable quantitv x. 

If the value of a quantity depend on that of another which is variable, 
the former is termed h function of the latter. Thus if 

u = a7^ + b^ « = asinx, « = a + a* — log (ft + a?) ; 

then, in each of these equations, u is a function of a;. It is not to be 
understood that u is the same function of tlie variable x in all these equa- 
tions, and as the term *'* function " may be denoted by a single letter, aa 
f 4*i y> F' ^^^"> ^^^ pieceding equations may be written symbolically, 
thus 

« = fx » M = 0a:, ti = Fa:: 

where the different letters y, 0, F denote different functions of the 
variable. The quantity x is called the independent variable, and u the 
dependeTU variable. 

A quantity may be a function of several independent variables, as in 
the expression 

u = aa:"-f6a;y-fcy*-fmx-|-ny-|-p. 

Here » is a function of the independent variables x and y, and may be 
written u = / (x, y). 

Functions are distinguished into algebraic and transcendental. An 
algebraic function is one that may be expressed in a finite number of 
terms, and in which the variable is subjected to some of the elementary 
operations of nlgebra, as addition, subtraction, multiplication, division, 
involution and evolution. Thus, if m and n be finite, « = a af* + 
(6a:"— 2 car) (a" -ho*)" is an algebraic function. A transcendental 
function is one that cannot be expressed in a finite number of terms, as 

u = log (1 — a;), u = a', u = sin x. 

Functions are likewise either explicit or implicit. An explicit function 
is one in which the value of the dependent variable is exhibited in terms 
of the independent variable and constants, as 

u = ax* + bx r^ c, 

A function is implicit when some operation is necessary for exhibiting 
its value in terms of the independent variable or variables. Thus in the 
equation 

u* + 2xu + c^ = 0, 
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t 

f ^^ tt is an implicit function of x. Resolving this equation for u^ gives 

i^ u ^ -^ X ±, tj {p^ — d^)^ and in this fotm u is an explicit function of x, 

\ 4. A variable is said to be continuous when in passing from one 

I assigned magnitude to another it passes through all the intermediate 

_i_j ones, and a function of a quantity which varies continuously is said to 

be continuous between two assigned values, if in passing from one of 

them to the other it passes through all the intermediate values. Thus 

an angle may be made to vary continuously, increasing or diminishing by 

degrees, minutes, or seconds, or even the minutest fractions of seconds. 

rose. A discontinuous variable, and a discontinuous functian of a variable, 

^^ do not fulfil the conditions of passing through all the intermediate values. 

Thus the tangent of an angle is continuous when the angle varies from 

f^ 0^ to 90^; but it is discontinuous at 90 , passing at once ^om a positive 

Cf^'l value to a negative one. In the differential and integral calculus all 

. quantities are supposed to vary continuously, and to the student who is 

I acquainted only with the ordinary processes of algebra, the principles of 

I the calculus may, at first, appear somewhat unintelligible, especially as 

^^ I abstract quantities are considered as admitting of continuous change, 

and of taking certun ^nite ratios as they approach the limits of zero or 

of infinity. As the principle involved in a limiting ratio must be 

thoroughly understood, we shall first advert to some illustrations of it. 
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5. Definition. The limiting value of an expression is the quantity 
towards which it continually approaches, by making the variable con- 
tinually approach a certain value. 

he Thus a circle is the limit of the area of an inscribed ^regular polygon. 

be • For by continually increasing the number of the sides of the polygon, 

its area will approach more and more to the area of the circle, and their 

s difference may be made less than any quantity that can be assigned. 

The circle is consequently said to be the limit of the inscribed polygon 
when the number of sides approaches infinity. The following examples 
will tend to illustrate the important subject of limits. 

' ... a" -a:" 

Ex, I. Find the limit of , when a: approaches to the value of a. 

a — X 

Leta: = a - A, then = f- ^ = j- :=^2a^h', 

a — X o — Qa — A) n 

hence, as x approaches to a, k is successively diminished, and the limit 

a" — X* 
is evidently 2 a. This will appear also when we consider that 

* . a ^~ X 

= a-^- Xy for all values of x, and therefore as x approaches to a, the 
more will a + ^c approach to 2 a. Thus, 

.r. ^ « 1^ «*-a^' 10" -8* 
if a = 10, and a; = 8, then = -—- = 18, 

a — X 10 — 8 

a" — x^ 20*— 19" 

if a = 20, and x = 19, then = —- = 39, and so on. 

a ^ X 20 — 19 

3 X -4- 7 
jEor. 2. Find the limit of -, when x approaches oo. 

O X ^^ 3 
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Dividing numerator and denominator by x, gives 



3x + *J X. 

6ic — 5 ^ 5 
6 

X 



1 5 

but as the value of x approaches oo, the values of - and - approach to 

X X 

3 1 

evanescence ; therefore the limit required is - = — 

fl X 

Ex. 3. Find the limit of — ~- — , when x approaches oo . Ans. a. 

X "^ Cu 

Ex. 4. Find the limit of -5 -5, when x approaches a. Ans, - a. 

O U rjft I ftfM 

Ex. 5. Find the limit of , when a; approaches 0. Ans. 2 a. 

X 

6. The elementary principles of the differential calculus may be 
illustrated by considering the changes produced on certain functions 
corresponding to changes in the variable. . 

Let u denote a function of the variable x, and u' the same function of 
a: -h A, that is, let u = /ar, and «' = / (a; + A)j the latter function having 
the same form with respect to a; + A which the former has with respect 
to X ; then u' — u will be the change produced on the function, cor- 
responding to A, the change of the variable, and the relation between 
these simultaneous changes made on the function and the variable will 
be best exhibited by dividing u' -- u hy h. Thus, if ti = aa;", and 
u' = a {x + Kf = a 7^ + 3 a a^ h -{- ^ a xh^ •\- a h? I then will 

tt'-« = 3aa:»A + 3aa:A« + aA* (l), 

tt' — tt 

and — 7 — = 3 a a* +^aax A + ah* (2). 

A 

Again, if « = ^, and W = ^^-^. = ^ ^ ^Ij^ ^ ^^ or dividing. 

a 2aA . 3aA'-|-2aA» ^ 

2aA 3aA* + 2aA* .,,. 

•*-- = - ^5- + i?or+A7- (^)' 

, tt' — M 2 a 3aA-|-2aA" ,^„ 

In both these instances the variable x receives the increment A, and the 
corresponding changes, or increments, of the functions are the expres- 
sions marked (1) and (!'). It will be observed that the^r^^ terms of 
the second members of (2) and (2') are independent of the increment A, 
and consequently if A be continually diminished down towards zero, the 
second members of (2) and (2') will tend to become simply their first 
terms, and by giving to A a sufficiently small value, each of them may 
be made to differ from its first term by a quantity less than anything 
that can be assigned. These first terms are the limits to which the 
second members, and consequently the first, tend when the increment h 
approaches more and more to zero. Thus in equation (2) the limit to 
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which the quotient of u' — u divided by h approaches, as A is dimi- 
nished towards zero, is 3 aa^ ; and though the terms of the fraction in 
the first member, viz., u* — u and h suffer diminution by the continued 
diminution of A, yet the fraction itself does not suffer unlimited, diminu- 
tion, but tends eventually to take as its value the first term, 3 a x", of 
the second member of the equation. This will be obvious when we 
consider that the magnitude of a fraction does not depend on the actual 
magnitude of its terms, but on their comparative magnitudes. Thus 

Ann (\ 

the value of the fraction — - is the same as that of the fraction -^ and 



also the same as that of the fraction 



'000000006 
•000000007' 



Hence though, in 



the case of any proposed function, the increments of the variable and 
the function, h and u' — t«, may be made smaller and smaller, so as to 
become as nearly evanescent as we choose, it does not necessarily follow 
that the fraction arising from dividing «' — » by A will become evan- 
escent. It will be constant if the function be u »- a sr, and it will be 
diminishing towards a limit if the function be tf = a a:'. Take the latter 
function, u ^ ao^^ and let a — 10, and a: = 2. then by equation (2), 
the limit is 3 a x" = 3 X 10 X 2* = 120. Now if 

10 (3" - 2') 190 



A = 1 ; then 
A = • 1 ; then 



A = -01; then 



w — tt 



« — tt 



1 1 

10(2'l»-2») 12-61 



« 190, 



= 126-1. 



V-tt _ 10 (2-01' -2*) __ 1-20601 _ 



01 



01 



= 120-601; 



and thus the smaller A is taken the more nearly will both members of 
equation (2) approach to the limit 120, the numerator as well as the 
denominator of the first member suffering rapid diminutions. Hence if 
tt = a x*, and if A be the increment of the variable a;, then 3 a x* A 
+ 3 a a; A* + a A' is the corresponding increment of the function v. 



tt — tt 



= 3aa:"-|-3aa;A + aA*, 



is the ratio of the increment of the function to that of the variable, and 
the first term, 3 a x", is the limit of the ratio of the increment of the 
function to that of the variable. 

7. In general u may always be represented by the ordinate P M of 
some curve A P Q, whose abscissa A M 
= X. Let R P T be a line touching the 
curve at P, and Q P S a line cutting it in 
Q and P ; then if the point Q be con- 
ceived to approach P, the line Q P S will 
approach to coincidence with the line 
R P T. Draw Q N parallel to P M, and 
P H parallel to the abscissa A M. Let 

M N = A, then Q N = «' =/ (a: + A), 
tt'-u QN-PM QH PM 




and 



MN 



PH MS 



318 DIFFERENTIAL AND INTEGRAL CALCULUS. 

But as Q approaches P, the intersection S will approach T, and there- 
fore the limit of ^^-^ = ^ = Un PTM. (Plane Trig. Art. 20). 

A Ml 

These illustrations will enable the student to form a correct notion of 
what is meant by a limit to the value of a variable function and a 
variable ratio. 

8. It has been seen that if u = a x^, and u' = a (x -{■• A)', then 

i^^u = Saa^h'\-3axh* + ah\ 
This is termed the difference of the function u = aai^y and whenever the 
difference of a function can be expressed in terms containing successively 
A, h\ V, etc., as multipliers, thejirst term of the difference is called the 
differential of the original function. 

Now if u = X be the proposed function, then «' = a: -h A, and we 
have tt' — t< = A, so that h is the differential, as well as the difference of 
the function u = x. 

The differential of any quantity or function of any quantity, is indi- 
cated by prefixing to it the letter d, the initial of the word differentiaL 
Thus c? t< is called the differential of u, dx the differential of x, and so 
on ; but when t« = or, then h is the differential of u or x; hence h = dx. 

Again, if « = a x', then «' = a (x -f A)", and «' — tt=2axA-|-aA*; 
hence, du or d {a sf) = 2 a x dx. 

The coefficient 2 a x, or the multiplier ofdxis called the differential 
coefficient of the proposed function, and since in this case we have 

tt' — u 

— - — = 2 a X + ^ A, 
A 

it is obvious that the differential coefficient, 2 a x, is the limit of the ratio 

of the increment of the function to that of the variable. 

9. From the preceding observations it is evident that the limit of the 
ratio of the simultaneous increments of a function, and of the variable 
on which it depends, will be different for different functions, and that 
there exists such a connexion between the function and the limit of the 
ratio that the one may be derived from the other. This connexion 
gives rise to an extensive and important analytical theory, consisting of 
the two following parts: — 

I. A function of a variable qttantity being given^ to determine the 
limit of the ratio of the increment of the function to the increment of the 
variable J and conversely, 

II. Having given the limit of the ratio of the corresponding incre- 
ments of a function and its variable^ to determine the function. 

The former of these divisions is called the differential calculus^ and 
the latter the integral calculus. 

The differential calculus is that branch of analysis whose object is to 
determine the limit of the ratio of the increment of any function to the 
increment of the variable, and to explain some of the principal uses 
which may be made of the limit of this ratio in pure mathematics. 

The differential calculus will consequently be founded on the following 
definition. If a variable quantity, x, be increased by a quantity A, and 
if any function of x be taken from the same function of x + A, and the 
remainder be divided by A, the limit to which the quotient so obtained 
will continually approach, and from which it may be made to differ by 
a quantity less than any that can be assigned, is called the differential 



DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 319 

coefficient of the function of x, and the product of this by dx ib called 
the differential of that function. 

The elementalry functions whose differentialfl or differential coefficients 
are to be investigated, may be included in the four forms 

(Jx)\ a^'\ log .(/x), and sin (fx) ; 

and to one or other of these all other functions may be reduced, and their 
differentials or differential coefficients will be obtained by means of those 
of the four forms above. 

DXXT£BX3mATZ0K OF ALGEBBAIO FUKOTXONS. 

10. The process of finding the differential, or the differential coeffi- 
cient of a function, may be considered as a particular operation per- 
formed on quantity somewhat analogous to the ordinary operations of 
algebra ; and to perform this process on a function, is to differentiate 
the function : the process itself is called differentiation, and the result 
of the process is the differential of the function. 

11. Let it be required to differentiate u = a2;' + 5a:-f-c« 
Change x into x + h; then we have 

u* = a{x+ A)*-|-ft(a: + A)-|-<: = aa:*-f ftx-f c-f2axA4-5A + aA"; 

but tf ss =aa:'-}- ftx-h c; 

tt'-t< (2ax + b)h'\-ah^ ^ . . . r 

and when h approaches 0, we shall have ultimately (Art. 8) 

du 

T- = 2aX'\-b^ and du = 2 ax dx + bdx, 
dx 

Generally, if « = afx — t </> a: ± <? ; then we have 

. «' - u f(x-\'?i) - fx 1 <^ (a; + A) - (ft a; 
..___« h b A ■ 

Now when A approaches 0, we have (Art. 8) 

du adfx \ d(f>x ,. ,. ],, /i\ 

d^ = -^-r-dF'''°'''^" = '"'-^*- 6 ''*''• • •(^^- 

Hence it follows tiiat the differential of a quantity composed of several 
functions of the same variable^ connected by addition or subtraction^ is 
equal to the differentials of the several functions connected by the signs 
belonging to those functions. Also, that a constant quantity connected 
with a function by addition or subtraction disappears in the different 
tial; but that a constant quantity connected with a function by multi' 
plication or division is retained as a multiplier or divisor in the 
differential. 

12. Let it be required to differentiate u = x*. 

By the binomial theorem (Algebra, 136) we have «' = (x + A)" = 

X- -f- « x--' A + \ . V -^A» + ^ ^ ^^ - ^ x»-» A» + etc. ; 
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/. -=— = nxf^^^ and rfw = nx^'^ dx .... (2)» 

This result is true, whether n be an integer or a fraction, positive or 
negative.* Hence the differeTUial of any power of a variahle guantUy 

* This if the moit important of all the functions in the calcului, and though the 

expansion of the binomial (x + A)" i* t^ue for all values of n, whether they be integral 

or fractional, positive or negative, it may be useful to determine the differential of x* 

independently of the binomial theorem. Liet u = x", and n' = (x + A)" ; then the 

first term of the expansion of (x + A)* i* '"« the second nx*~' A, and the succeeding 

terms contain successively A > A , etc., as multipliers. If n is a positive integer, we 
have, by multiplicatiun, 

(x+A)*= x*+2xA + A*,and(x+A)* = x* + 3x*A + 3xA"+ A*, : 

in each of which the property holds. But if it be true for the rn^ power, so that 

(x+ A)"* = x* + mx"'* A+AA'+BA' + etc, 
where A, B, etc., are functions of x independent of A ; then multiplying by x + A, 

(x+A)*"*"' =x" + ' + (m+ l)x"A+(Ax + »x"'"*)A* +etc„ 
which is still of the same form, the index being now m + 1 . But the property holds 
for the second and third powers, therefore it must hold for the fourtli, and if true for 
the fourth, it is true for the Hfth, and so on ; consequently it holds universally. We 
have, therefore, when n is any positive integer whatever, 

(x + A)"=x" + nx""*A+ AA*+ BA' +etc.; 
/. J5-ZL!1 ^nx'^^H- AA + BA* + CA'+etc.; 

A 

/, -J- = nx*""*, and du = nx"""* c/x. 
a X 

P ^ 

If n = -» then p and q being whole positive numbers, we have u s= x^ aqd therefore 

n' = X*. Differentiating, we get ^u'"* du = pj^~^ d x] but since m = xf, there- 
fore u^~^ =s x9 =:x''f = x'~"; and by substitution in the equation 
qu^'^du = p:i^~^ difWe have (shice p sinq) 

qji^'* du ^ nqa^' rfx, or du = nx*" dx, 

-, 1 1 

Again, if ji = — Pi where /> is a whole number, then u = x = "5> *nd >''=p""TT> * 



tt' — tt 



=: — ^x"'*' +A'A + etc. J consequently when A approaches 0, 
n 

^^r-px-"-' =iix-Vanddti = fix"'»dx. 
ax 

Lastly, if ft = — — , then p and q being whole positive numbers, we have 

tt = X « or i»' = x"* ' ; hence gu'~ </«=— px~'" dx. 

p p 

But ti =rx' =x ' = x , and — /> = n g ; therefore by sub- 

stitution, 

qi''^'*du:=nqx~^^^dx, and du =: nx* x. 
The truth of the result, in all cases, is therefore established independently of the 
binomial theorem. 
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having its index constant is eqital to the continued product of the index 
of the variable^ the power of the quantity whose index is less by unity 
than the given index, and the differential of the variable, 

13. Let it be required to differentiate the product u = yz^ where 
y and z are both functions of the same variable x. 

Differentiating by formulas (1) and (2), both members of the identical 
equation, y'-f2y« + «" = (y-h z)*, we get 

2ydy'\'2d(j/z) + 2zdz = 2 (y -f 2f) {dy-\-dz) 

= 2ydy 'i'2ydz '\-2zdy + 2zdz. 
Rejecting the quantities common to both members, and dividing by 2, 

du OT d (yz) = ydz -i- zdy .... (3). 

Hence the differential of the product of two functions is equal to the 
sum of the products of each function by the differential of the other. 
If we divide each member of (3) by yz^ we get 

^(y^) y^^ ^dy ^y ^^ 

yz ~ yz yz " y z * _ 

and \^ yz = u; then tyz = /«, and d (tyz) = d{tu) 

, du d(yz) dy dz , , 

but — = — ^^^ — ' = -^ H ; and, consequently, 

u yz y ^ 

d{tyz)_d{tu)^dtdu_dtdy dz 

tyz tu t u t y z 

,\ d{tyz) = yzdt + tzdy -{-tydz .... (4). 

Similarly d (vtyz) — tyzdv 4- vyzdt -\-vtzdy -}- vtydz; and, 
therefore, whatever may be the number of factors, the differential of the 

product is equal to the sum of the products of the differential of eaeh 

factor by the product of all the others, 

14. To find the differential of the quotient w = -, where y and z are 

both functions of the same variable. 

Here we have y - uz^ and dy = d(uz^ - udz •\-xdui therefore 

du dz dy y dz zdy — ydz , ^ 

z z z z z sr ^ ^ 

Hence the differential of a fraction whose terms are functions of the 
same variable^ is equal to the diff'erentiat of the numerator multiplied 
by the denominator^ diminished by the differential of the denominator 
mtUtiplied by the numerator f and the difference divided by the square 
of the denami7i€Uor. 

Examples on the Differentiation of Algebraic Functions. 

15. Find the differentials, or the differential coefficients of the follow- 
ing algebraic functions. 

1 . Let u = 5x*. 

This is the product of a function x*^ and a constant 5 ; hence (Art. 11) 
du = 5cfa?* = bAtxi^^dx = 203i*dx (Art. 12); 

and ^ = 20x', the differential coefficient. 
dx 

VOL. I. Y 
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2. Let t« = a^-h 2a^ + 3x-f c. 

Here du = 33^dx+ 4xdx + 3d% and therefore 

du 

-J- = 3«*4-4a:-f 3- 

dx 

3. Let « = (a -f- ^«) • 

Considering a -h 6x as one quantity, we have, by (2) Art. 12, 
du = 2{a + bx)d{a'^bx) = 2{a + bx).bdx = 2b{a'\-bx)dx; 

/• -=— = 2b(a + bx\ 
dx 

4. Lettt = {a-\'ba*)\ 

Heredu = n{a'\^ba*y </(a-f 5a:") = n(d-\'bsi*)^ . 2bxdx; 

/. ^- =s 2*nx(a-|-6a!^)*"\ 
ox 

6. Let« = V(a*-«"). 

Here c/tt = d(a« - x»)* = *(a« - a*fd{a* - a^) 

1 / • ax-* «. * xdx du X y 

6. Let tt = (a + x) {b + 2x»). 
By Art. 13 equation (3), we have 

rf« = (a 4- x) rf (6 -h 2x») + (6 -h 2x») d (a -f «) 
= (a + x).4x dx+ (6 -f 2x") dx; 

A 3- = 4x(a-f-a:) + * + 2x" = 6x»-|- 4ax4- *. 
ax 

7. Let tt = -T-- — i. 

a'-j-x* 

By Art 14 equation (5), we have * 

, _ (fl* + 3i^)d(ax)" ax d(c^ + «*) __ a(q'-j-g')<^a? -2iix'dx , 

dtt _ a(q'-hg') — 2ax* _ a (g' — x*) 

8. Let tt = V{a; + V(«" + a:")}. 

Here d« = d { x + V (o^ + «■) }* = i {« + V («* + a^) } "* X 

L jr . /x . .v 1 , xdx « + V(^* + «*). 

butd{x + V(a- + a:')} = dx + -— ^3^^= ^[;^^) ^ ^^; 

••• ^« ^ -."Vi^tf>dx 

2 {X4- V(^ -f ^) }* V(^/* + a^) 

V{x-j-V(fl' + g')} , . . du Vfx-hV(fl' + g')} 
2V(o* + a") ' ^^' • • c/a: 2V(a"-f «•) 

EXBRCISKS. 

dt< 

1. « = €ix* — 6x* + <?«-" 4* i^«*. -=— = 8 a X* — 2 6 X 4- <^* 

dx 
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2. « = aar*-6a:* ±c. - Ans.^ =ix^(5ax ^ 3b). 

3. u^ax ^ — bx ^ ±c. 



^-^ = -ri(^-«*) 



2x^ 

4. « = (a» - x»)\ Ans. -^ = - 4 ar (a« - a^). 

5. tt = (2aa; - sc*) . ^iw. — = 6(a - x) (2aa; - a:*)*- 

6. u = {a + baf)\ ^«*.^=««6af-»(a + Aa:")"'"*. 

Mr 

7. « = (2aa5 + a:")"- -4w. ^ = 2 « (ii + ar) (2 o x + a:»)""\ 

8. tt = a:(a-ha:) (a« + a^). Ans. :j^ =a»+ 2a*ar + 3aa^+4x». 

10. «=?JL^. - ^«,/'' 2« 



« + 3 rfx (a: + 3)" 

19 ^_ ^-g+l jt du 2x{x-^2) 
a^' + a:-! rfar (a:* -fa: - 1)* 

13. tt = V(« + «)* An8.-^ = 



dx 2V(a + ar)' 

14. « = V(1 +«:•). ^^'^" /n^.i-^v 

aa: //(l-fa:*) 

16. « = («-a:)V(«+*). ^'«- ?J = - a4£4?T- 

«x 2v(« + a:) 

17. « = (a + a:)V(a-a:). ^«*. ?^ = ** "" ^^ 



rfa; 2/v/(« — ar)' 

i- *xf ^ ^« 1 4a;* — 3 

18. u =(1 -ar^-ha:*) . -^'«*- T" = T ; T"- 

Sa;*^ (1 — x^ -^-x^y 

19. « = (a*-a:»)V(« + ar). ^^'^ ^ =*'(«- 5a:) V(« + ar), 

20. «= -f±^^. ^^. ^ = JfLZ^. 

t2 
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23. « = .(!+ o^VCl -^y Ans.p^ = V^^" 



24. tt = ,:. . 7 ^^Vti 7 . -4lM. -r- = — 
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16. The transcendental functions may be comprised in two classes; 
first, the logarithmic, including the exponential ; and, secondly, the tri- 
gonometrical. 

I. Logixrithmie and Expomeniial Fumdunu, 

17. To find the differentials of « = log .x and « = log .x. 

«'-loff.(x + A)=log.{ar(l + *)j = log.x + log.(l+^); 
But by the binomial theorem, ^ 



••• '^ - N- ('+:-) -.-f'^- (-4) -iw.(.4:^- 



1-* 



('-^)0-^) 



and when h is continually diminished towards zero, the second member 
of this tends to become 

1 + 1 + ^ + r4-s + , }^ A + «*c. = 2-7182818 = e. 
1.2 1.2.3 1.2.3.4 

Hence the limit of — r — or-logflH — j* =- log. e ; 

Cftpsequently rf^ * i ^^-^ = i* j^^ (-^^«®*^"' ^'*- ^^®)' 

dx 1 
and rftt = — . _— = differential of log«x. 

X log, a 

1 
The multiplier is called the modtdus of the system of loga- 
rithms whose base is a, and therefore ike differenHal of the logarithm 
of a quantity is found by dividing the differenHal of the quantity by 
the quantity itself and multiplying the quotient by the modulus of the 
system. 
If the base of the system be e, then log,« = 1, and if if = logtX, 

d X 
du = — = differential of log«a?. 
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Hence the differential of the Niapierian logarithm of a quantiti/ is 
equal to the differential of the quantity divided by the quantity itself 

1.8. To find the differentiflU of ft = a* and u = «*. 
By the principles of logarithms, we have log ^u = x log « a, and dif- 
ferentiating hoth memberSy we get 

du 

— 3s dx i log « £t, or </tf = u dx • log « a = a* dx . log « a ; 

ft 

du 
.-. ^ = a-log.«. 

fitence to differentiate a variable power oi a constant quantity, mtd- 
iiply that power by the differential of the index, and the result by the 
Napierian logarithm of the constant quantity. 

If a = e; then we have log.^ = 1, and therefore if u = e'y 

.— = e", and du = el' dx. 
dx 

Hence the differential of^is the product of eT, and the differential 
qfthe exponent. 

Examples. 

1. Let tt = log » = log ^{a -^ x) — log , (a — x). 

„ , d (a + x) d (a — x) dx dx 

Here du = ^ . ^ ^^ ^-^ = f- 



a + X a — a: a-fjc a ^ x' 

• l!* - ^ , 1 _ 2a 
dx a + X a — a; a* — a:*' 

2. Let tt = e'\ 

If we put z = e* ; - then will n = e", and differentiating these, we get 

m 

dz = e*d'a;andc^» = e^dz = ^ ^ dx = e* e^dx; 

du • ^ 

dx 

3. Let « = log. (5^^) = i log. (1 + a;) - 4 Tog. (1 - x^ 

_ 1 rf(l -4- ag) 1 c? (1 - g) _ dx dx 

2* 1-fa: "2*n^:"a: ^ 2 (I -f x) "^ 2 (1 - x)' 
rf« 11 1 



•• rfa; 2 (I + a:) ^ 2 (1 - «) 1 - a:** 

4. Lettt = log , (log « a;) or » = log, 'a:. 

U z = log.ar, then will u = log.z, and differentiating these, we get 

dx ^ ^ dz dx dx du 1 

dz = — and du = — = — = —, ' •*. TL ~ ZlZr~Z: 

X z zx xlog^x ax a; log « a; 

19. The student will now be in possession of principles to enable 
him to differentiate the more complex logarithmic and exponential 
functions ; and whenever the base of the system of logarithms is not 
indicated, it will be understood that the Napierian system is employed^ 
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Exercises. 



1. u = X 



2. 



log (a + xy 
u = log . e (a -h xy. 



3. tt = e^ (x - 1). 

4. u = (^ {qi^ - 2x -+- 2). 

[ 5. tf = ^ log X. 
e* - 1 

^' •* = Tin- 

7. « = log 



^^.^= log(« + x) + ^-^. 

rftt 2 

' c/x (a + x) log /I 

ax 



!x 

Afu. -— = c* 
ax 



ax 

(log X + X - • 



')• 



ax 



8. tt = 



^ + r 

w = 2 « V- Tx* - 3x + 6x* - 6 J . 
9. tt = log {x+i 
10. tt = 



^""^ dx " jfi- \r 

^ du 2 ^ 

dx «*' — 1 

Ans. T- = X e ^^'. 
ax 



X . du _ 1 1 

^^ ^{pi*+ !) + *■ d^ ° i ~ V(^ +0' 
log I (^ + 2)' j ^^ du^ X 






II. U = log 

V IX- -h 1^ -f X ax 

,„ , V (x» + 1) - 1 c^tf 2 

1— X ax 1— x" 1— X 

IL Triganometricql or Circtdar Punctions. 

20. Before proceeding to the differentiation of the trigonometrical or 
circular functions, it will be necessary to prove the following properties : — 

The limiting ratio of the arc^ ehordy tangent^ and sine of a circular 
arc is a ratio ofeqtudity. 

Let A P be an arc of a circle whose centre 
is O, and diameter A B. Draw the tangents 
AC and PT; thenCPT is a right angle, 
and C T is greater than P T ; hence A C is 
greater than A T and P T together, and the 
arc A P, which is greater than the chord A P, 
but less than A T and T P together, is also 
greater than the chord A P, but less than the 
tangent A C. Now by similar triangles^ A C 
and O M P, we have 
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AC OA , r . ,AC , 

^ = 0^; hence l.m,tof^ = l; 
because when P approaches to A, then M also approaches to A. 

Also, since rr-r^ = -=-7., the limit of the ratio -zr-zr-, = 1 , because as 
FSaor r M. 

P approaches A, the magnitude of the line B P approaches to that of A B. 
Hence, also, the limit of the ratio ■ — 1 . 

21. To find the differential of « = sin x. 

Here tif = sin (x -\- h) = sin x + sin (a: + A) — sin x 
^ shkx + 2 tmi h co%{x + i h) .... (Trigonometry, Art. 16) ; 

uf -^ u 2 sin jh , , i ,>, sin ^A / , » jl\ 
.'. — T — = T-^ COS (a; + J A) = -t-t- cos (x + * A). 

But (20) the limit of the ratio , - is unity ; hence 

7— = cos X, and du = cos x dx, 
dx 

22. To find the differential of u ^ cos x. 

Here «' = cos (a: + A) = cos a; + cos (a: + A) — cos a: 

= cos X — {cos X — cos {x Hh A)} 

as cos a; — 2 sin } A sin (a; + i A) . . . . (Trigonometry, Art. 16) ; 

. ii' — tt 2 sin i A , 1 jL\ sip i A . , jlx 

.• ^— = -^ sin (x + i A) = i-^ sin (x + ^ A). 

Taking the limita of the ratios, we get, as in (21), 

•7- = — sin a:, and du — -^ %\nxdx. 
dx 

23. To find the differential of t^ = tan x. 

Since sin a; = tan x cos a:, by the principles of trigonometry, we have 

dfknx^ cos X. d tan x + tan x • d cos x, 
or cos X dx ss cos x . d tan x — tan x sin x ef x. 
Transposing and dividing by cos x, gives 

d tan X = (1 + tan "x) dx = sec 'x </x = r-. 

cos "x 

1 rfx 

Similarly, ^ cot x = d = — cosec *x d x = — . , . 

tan X sm "x 

24. To find the differential of tf = sec x. 

Since by trigonometry sec x cos x = 1 ; therefore, by diffierentiating, 

cos x€^ sec x+ sec xcfcosxsO^or cos xc^sec x— sec x sinx dx='0 ; 

therefore, by transposing and dividing by cos x, we have 

d sec X s: sec x tan x dx. 
Similarly, d cosec x = •* cosec x cot x dx. 

25. To find the differential of u = vers x. 

Since vers x = 1 — cos x ; therefore rf w = rf (1 — cos x) = sin x ax; 

.. -r- = sin X, and a u = sin x ax. 
dx 
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Inverse TViganameirical Functiont, 

26. In all these inveatigationB respecting trigonometrical fanctions, 
the arc has been considered as the independent variable, and the sine, 
cosine, tangent, etc., as functions of it. But an arc may also be re- 
garded as a function of its sine, cosine, tangent, etc., and the following 
very convenient notation, due to Sir John Herschel, is now generally 
employed to designate such inverse functions, Thus if y = sin a:, the 
inverse notation will be x = sin ~ Vy> ^^^ former expressing the ideft 
that y is equal to the sine of the arc denoted by x, and the latter that x 
u equal to the arc whoge sine is y. In like manner, if t< = tan " 'x, 
then u is the arc whose tangent is equal to x, 

27. Before proceeding to the differentiation of these inverse trigono- 
metrical functions, it will be necessary to prove the following 

Relation between Inverse Differential Coefficients. 

If y = /x, then will ^. ^ = 1, or ^? = ±. 
^ •' ' dx dy * dx dx 

For if y be a function of x, then inversely x will also be a function of 
y ; now if h and k be the simultaneous increments of x and y, then 
as h approaches 0, k will also approach 0, and by common algebra, 
y' - y x' - X ^ ^ ^^ y' - y 1 



X ^ X y — y X — X x — x 

y' - y 

y' — y dy 

Now the limiting value of — or -~ may be found when A, the 

X — X ax 

increment of x, approaches 0. In like manner, since x is a function of 

x' *^ X dx 

y. the limiting value of -; or -r- may be found when A, the incre- 

y - y dy ' 

ment of y, approaches 0, which it does when h approaches ; hence, 
taking the limiting value of both ratios, we get 

dy dx _ dy __ 1 

dx ' dy ' dx d x 

dy 

X v 

JEc. Let y = — ; — - : then will x = ^—^ — . Now, when x is 

X + I 1 — y 

changed into x + h, then 

, X + A X h 

y -y ^ 



x + A+l x+l (a;4.i)(a; + A+l)* 

y' - y ^ 1 , ,„ ,, . dy ^ 1 _ y* 

h (x-h 1) (X + A+ 1)^ ^" rfa; "" (x+ 1)' ^' 

y 

Again, since x = - — - — , and y is changed into y + A ; 

1 — y 

, y -I- A y A 

1 - (y + A) \^r-y == (I JTy) (X^y^ky 



J 
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ar'-x 1 ji.^^ 1 ^ 

• — ; — = Ti V ,, ' ,v % ancl nence •=— = -rz r-* * "t • 

•• * (i-y)(i-y-*) ^y O-y)* y" 

dy dx y^ 7^ 

Hence j^ • :?- ="«.-: = *• 

dx dy or y" 

• X 

28. Let u = sin""*-. 

a 

a? 
The direct function is sin ti s -, and differentiating both memben, 

CI 

dx 
a 

a« dx dx a/ (a* — a^) 

d» 

29. Let u = cofl " ' -. 

a 

X 

The direct function is - == cob u ; hence, by differelitiating, 
— =• — Binudu «= — (1 — co8*tf) .du = "" ( ^ "" ^ ) '^^ 

a 
rftf 1 </af 

30. Let « = tan - ' -. 

a 

The direct function is - ^ tan u ; hdnee, differentiating, we have 

dx / -c* \ €^ A' a^ 

— ss aechidu ^ (I +tanhi)du=s M ^ — \du=i — -^ — du; 

du a . , adx 

••' 5i = sn? "'*''" = ^+^- 

3L Lettf =: cot-'-. 

a 

Here - = cot tf, — = — cosec •«€/«= — ( 1 +-t' \du^ r— du\ 

a a \ (r / a" 

du a a dx 



• • 



dx 



?T^' ""* *'" = - JF+1? 



32. Let tt = sec " ' -. 

a 



Here - i* sec «, and — = sec u tan« du = -. /i-r — M^«f; 
a a a'v \« / 
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Similarly, if v = oosec ' * - ; then du = ^ 



33. httu = vcri " • -• 

a 

X d X 

Here - = vers «, and — = sin « du — J IX ^ cos ••#) rf« : 
a a ^ 

dx 
or — >=^{i — (i-. vera «)■ } rfti « V (2 vers « — vers hg)du 

' - ^ m - i) '- - '^^^^ "■■ 

du 1 . . dx 

-, and du = 



• • 



34. In the preceding differentiations of the inverse trigonometrical 
functions, the radius of the circle is a, and they may all he expressed to 
radius unity, hy making a = 1 in the several differentials. 

Differentiation rfajunction of a function, 

^. •- ^ , J 1^ Ml du du dv 

35. If n =/», and © =■ 0ar, then will -3— = -; — • -7— • 

•^ ax a© ax 

Let X he changed into x + A» and let the corresponding changes on v 
and u be denoted by o + ^ and u' ; then by common algebra, we have 

«' — tt ti' — M A 

A A A 

But when A, and consequently A, approaches 0, the preceding equation 
becomes 

du du dv 



dx dv dx ' 

Ex. Let » = log sin X. 
Assume v = sin x, then u ^ log o, and differentiating these, 

dv . du 1 . , 1 

-^ — = cos X, and -r— = - = -:; ; 

dx dv V sin x 

du du dv 1 



dx dv dx sinx 



. cos X = cot X. 



36. The principles which have been investigated for the differentiation 
of transcendental and compound functions will be exempliBed presently, 
and we may now collect the various formulas for the differentiation of 
all functions into the following table. 

TABUB 07 THE DITTERZaiTZALS OF FUKOTIOKS. 



«fx" = »x*"~' rfx, 

rf log. X = . 

"^ log.a.x 

[ d gT ^ a'dxlog,a. 



, y _ zdy — ydz 



«• 



^1 ^^ 

a log . X = 

X. 

de^ = e'dx. 
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dhm^ = cos a: dx^ 
dtimx s sec 'or dx, 
dwcx = sec X tan x dx, 
dyenx — sinar dx. 
X dx 

,x a J a; 

tf tan "*- = , , , . 

a a" + ar 

_i ^ g <^a? 

avers - = T77^ Z5\"» 

a v(2aar— ar) 



dcwx = — sinx dx. 
dcoix — — co8ec"a; cfar. 
cfcosecx =: — cosecxcotx dx, 
cf covers X «= — cosx cfx. 



X 



c^x 



, , X a ctx 

''^^ « = --?+?• 

_, X _ a rfx 

tf cosec — _ — "iv* 

XA/{ar^a*) 

X dx 

rfcovers-^-=-^^2ax-x«)- 



37. When the radius of the circle is unity, the last eight differentials 
become 

dx 



d sin"" * X = 



e^ tan~*x = 



rfseC'xs 



V(i-^)' 

dx 
<ix 



d vers "" * x = 



xV(a^- 1)* 

€fx 

V(2x-x«) ' 



of COS""'xss . 

d cot" * X = " 
dco8ec""*x ■ 
d covers ~ ' x 



dx 

V(i-«*)' 

cfx 

dx 
""xVC**- 1)" 

£fx 

"" V(2x-x«) 



1. Let « 
Here £?tf 






dx 



2. Lettf 
du 



dx 



£XAMPLB8. 

= sin 3 X — COS 2 X + sin x. 

= cos3xd(3x) + sin2xd(2x) + cosx dx 

= 3co6 3x dx + 2sin2x dx + cosx dx; 

= 3cos3x + 2sin2x + cosx. 

= sin 2 X cosx. 

= 2co8 2xcosx— sin2xsinxaCos2xco8X+cos(2x+x), 

s cos 2 X cos X + cos 3 X. 



3. Let t« = X — sin X cos X. 
du 



Here , 
dx 

4. Lettf 

du 
Here-; — = 
dx 



= 1 — cos'x + sin ^ = 2 sin^. 

= log^/^i±i?^Vilog(l+cosx)-ilog(l-cosx). 
® \1 — cosx/ 



or. 



dtf 
dx 



1 — sinx 1 sinx sinx/ ^ i_ ^ ^ 

2' 1 + cosx"" 2' 1- cosx" ""2\1 + cos x"**! -cosx/ 

Binx 2 sin x 1 



2 * 1 — cos 'x 



sinV; 



sinx 
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5. Let « =» sin ~ * 



V(l+^)' 



The dir^t function is sin u = — tt- rr- and sin Si = 



theteforc^ costi =^^(l^m*u)=^j/(l - Y+l?) " 7(lW) ' 



sintf X 



consequently^ tan u= — ^ = ..,, , ,, x V(l + ac") = a?. 

costt v(l+ar) ^ 

Differentiating^ this, we get sec Hi du = dx; hence 

du I , 1 , , rfa: 

-J— = J- = COB Hi = _ , - , and du = , , . . . 

rfa: sec Hi l-f-a:^ l-f-V 

Tlie inverse trigonometrical functions may be put in a variety of forms ; 
for if sin u = 2 a: V(l — ^) ; then cosii = V(l—«in Hi) = 1 — 2 a^, 

vers 11= 1 — cos ti = 2 ac", tan « = — ^ , — ^, secti= ^ ^ etc. 

Hence « = sin""*2aj V(l— «*)» ti = cos~ * (1 — 2a;*), ii = vers~*2a^, 

,2a:V(l-a") 1 1 

^^^° l-2a:« >« = »ec--^P^^^,etc. 

are only different forms of the same inverse function, and all these have 
the same differential coefficient. In a similar manner we see, that if 

X I 

tf = rfift-* ,. , — ;r-; then ti = cos"' .^, . — zr, and ti = tan"*x, 
V(l+a:*) V(l-f«*) 

as in the present example ; and it is much easier to differentiate the latter 

form than either of the others. 

6. Let II = sin-'2aV(l - ^\ 

Here sinti = 2 a; //(I— a;'), costi = 1 — 20:*, and differentiating this, 
we get — sintt «fti = — 4a: rfa:; ' 

du 4a; 4x 2 _ ^dx 

-1 * + dcosx 

7. Let u = cos * i . 

a + 6 cos X 

„ 6 + acosx , . ,/, /6 + acoBx\"l 
Here costi « — --^--- , and smti = V >1 — I — ri J ( j 

1 1 (« + ^ COB a:)* — (A -h « COB a;)") V («*— ^) wn a? 

or, sin ti = tj\^ — TT^^ ""^f = Tir^ * 

I (a + ^cosa;)* J a + oooea: 

Differentiating the value of cos «, we have 

- (a+ftco8a?)d(6+acosar) — (ft -f acosa:)rf(a+ftco8a:) 

- BIB » Jtl » '—^ ~ p4--> rj '—^ ^, 

(a 4- ft cos xy 
^ ~aBina;(a+ftcosx) </x+ftBinx(ft4-acosx)<fx 

(a 4- ft cos x)* ' 

-(a"-ft*)8inxrfx -- /((^ -b*) dx 

= ^7 — pr Ti = Vhl • "** "i 

(a -h ft cos x)" a 4- ft cos x 

, du V(«*-^) ^^ ^{c^^U^dx 

eonsequently, -7— = — r-r 1 and «« = — ^-7— r . 

ox a + ftcosx a + ft coax 
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X 

8. Let y = V(2aaj — a5*) 4-« vers ~ * -, which is the equation of the 

cycloid. 

^ _ (a — x)rfap adx ^jj {2 a -^ x) dx 

• • -^ =\/ (^)' -d ^y = \/ (^) ^-^ 

9. Lett* = co8"*(4a:*-3x). 

Here, cos tt = 4 a:* — 3 a:, and sin « = V { 1 ^ (4 a* — 3 a)*}, 
or, 8in«=: V{(1 +4ic*- Sa:) (1 - 4a:*+8a;)} 

= V { 1 + a:) (2 X - !)• (1 - a:) (2 a; + !)•} 
= (2ar-l) (2a:+l)V{(l + a:)(l -x)} 

= (4a:«- 1) V(l-«*). 
But since cos t< = 4 a:* — 3 x, we get, by differentiation, 

— sinw €^tt = 1 2x" rfx — 5</x = 3(4x* — 1) rfx ; 
^ du -3(4x*-l) -3(4x"-l) 3 



dx sJntf ( 4 x»-l)V (!-«') V(l - «*) * 

Or tAtM : — Since by trigonometry cos 3 t< = 4 cos 'tf ^ 3 cos m, 

u u u 

or, COB tt = 4 cos* - — 3 cos -; hence, x = cos -, and ti == 3 cos " *x ; 

/. -;— = 3 a cos *x = j-T- -5—, as before. 

ox i^^ (1 — ar) 

10. Let ti = tan "x sec *x. 
Take the logarithms of both members and differentiate, 

then, log « = m log tan x + n log sec x, 

d u sec *x dx . sec x tan x i/x 

. • . = m h n , 

u tan X sec x 

171 (I + tan *x) dx + n tan *x cf x 



tanx 
__ du tt r ^ . V • 1 

Hence, -r— = { m + (»i -f- «) tan "x } 

dx tanx i ^ ^ ^ -^ * 

= tan^'^xsec^x { 111+ (»» + n) tan'x}. 

Thus we see, that when a function consists of products and quotients 
of roots and powers, it is generally advantageous first to take the 
logarithms of both members, and then to differentiate the result by the 
principles investigated for the differentiation of logarithmic functions. 

Additional Exercises. 

d u 

1 . ti = X sin X + cos X. Ans. — ; — = x cos x, 

d X 

d u 

2. ti = 2xsinx + (2 — x*) cosx. Ans. -z-^ = x* sinx, 

€m X 

3. «=:«*»•. Ans,-^— = ^••■•cosx. 

dx 

du 

4. 11 = tan X — X. Ans. -t — = tan *x, 

dx 
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5. U 

6. U 

7. U 

8. tf 

9. « 

0. u 

1. « 

2. u 

3. tf 

4. « 

5. u 

6. » 

7. u 

S* u 



sinx 



^iw. 



do? 



= e •*' (cos ac — sin *a:). 



1 4- tan X ' 

2 1(^ sin X + ooeec'x. 



Afu. 



cos'x — sin'x 



eftf 



dx 1 +*in2x 



Ans.-T— = — 2cot'x. 
ax 



X 



a 



^m. 



du 



Va4-x/ 



«**8inrx. 



du 



= tan-* 



2x 



c/x \a + 

Am. ^^ =B •••(aainrx+r cosrx). 
ax 

cftf 2 



1 — x»* 

r= sin ' ^ . 

2Va^ a + 5x* 

8in""*(3x — 4x0. 



^n«. 



Ans, 



Ans, 



=■ tan 



^IM. 



Ans, 



du 
dx 
du 



dx l+x»' 
du 1 

dx " 1-x** 
1 
a + 6x»' 

3 



1 / ^l + V - 1 t an xV 
lo»(,l-V-ltanx;- 

l0g(C08X + V — 1 «»«)• 

* \1 - Bin xj 
log tan (J+ 1). 



Ans, 



dx ~ V(l-^)' 
rf« 1 

dx " 2(1 +a^)' 
= 2« V - 1. 



ifx 



^IM.-:; =r ;^ — 1. 

ax 

cftf 
-4»*. -J— = sec X. 
dx 

. du 
Ans, —z — = sec x. 



dx 



9» » = sin 



— 1 



l-x« 

l+o* 



^»9. 



dx 



1+X* 



20. « = x*« 



«!■« 



^IM. 



dx 



= x*~ *«•*"' (m + xcosx). 



21. tf 

22. ti 
2d. « 



« log /t-cosmxy 
\1 + cos J» X / 

= log(xc'*"). 



^l». 



dt< 
dx 



m 



smmx 



. du I 

Ans, -7 — = sin X. 

dx X 



24. « = 



cot 

1 — cosx 



Ans. 



du 



cos'x 
25. 11 ^ log (xsinx + cos'x). Ans, 



dx 2V(* — 3^' 
. du sin X (2 — cosx) 

Ans. -; — = ; . 

dx 



cos'x 



du sin x->sin 2 x+x cos x 



dx 



xsinx + cos^ 
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OA 2 ^ ., X^h . du 1 

Vo ^/{ax ^ bar) ax ^{ax — hx*) 

Ota ^ .a — 6a: . rfii 1 

27. U = — = cos * —r— • -AIM. 



V«6 a+^x ' dx {a-{-bx)iJx 

OQ * -1 h + 2cx ^ du jJiA^ac-b^) 

28. u = tou '-TTi T^« Ans. - "^ ^ ' 



Aj(Aiac^V) ' dx 2(a + bx + cx^y 

^^ sin 5 a; , sin 7 X sin x sio 11 a; 

29.« = __ + -^ i n— 

^ du 

Ans* -3— s 4 sin 2 X sin 3 a; cos 6 a;. 
dx 

oA 111 +XA/2 + a:' . 1 , xj2 

^•" = 472 ^"8 I-XV2 + X- + 272*''' T^V • 

</« 1 



^n«. 



dx l+ar* 
8U00ES8ZVE DXITEBISMTIATION. 

38. If the differential coefficient of a function be variable, it may be 
submitted to the process of differentiation, and its differential coefficient, 
if still variable, may also be differentiated, and so on, as far as we 
choose. But if by successive differentiations we arrive at a conttani 
differential coefficient, the process will terminate, since the differential 
of a constant quantity is zero. The differential d a?, of the independent 
variable a;, is resrarded as constant in all these differentiations, and the 
differential of the differential of a function is called the second differ^ 
eniial of the function^ and denoted by d* prefixed to the function. 
Thus d du^ the differential of duy is written d^u, and is called the 
second differential of the original function u. In a similar manner the 
third, fourth, fifths and in general the n^ differentials of u are denoted 
hy d^u^d^u, (P u, and c^ u , respectively. The powers ofdxwe written 
da^, do^, d x^t , , . , d 3fy and must be carefully distinguished from 
d{p^\ d(pf), etc., or d.i^, d,ai^y ... d.xT, which indicate the differ- 
entials of a^, a:*, . . . . af. 

Examples. 

l.Let» = aaf. 

du 
Hert d'u=:n a of ^^dx, and —— = naa^"*, 

ax 

d^u 
cPw = »(n— l)aafc?a;*, •^^ = n{n^l)aaf"'\ 

d'u = n(n-l){n-2)aaf"'*dai^, -r^ = «(«-l)(«-2)aa*-», 

etc. ^^ etc. 

d*tt = n(»— 1) («— 2) .... 3.2.1 adafy 

d^u 
or -T-^ = «(«— 1)(«— 2) .... 3.2.1 a = constant 

2. Find the fourth differential coefficient oiu^aa^ + ba^ + ea^ 
y. . d^u 
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3. Find the «*** differential coefficient of ti «= e"'. Ans. -=-— = a" ^•. 

a or 

4. Fiod the fourth differential coefficient of ti = sin (aa; + ^)« 

a ar 

5. Find the fourth and fifth differential coefficients of a^ -^. 

ar 

^ <^« « « . 4.5.6.7 d'tt 4.5.6.1.8 
^^- d^ = 2.3.4 ^>7^ = ^ • 

6. Find the fourth and fifth differential coefficients of « = sin n x. 

cfu d^u ^ 

Ans. -r—. = n* sin n x, -r—i = « cos n x. 
aar dar 

7. Find the n*^ differential coefficient ofu^xe^. 

Ans. -^ — = (n + x) «*. 
aa^ ^ 

BCAOLAUBZirS THEOSXSIC 

39. If » =e y*x be any function of x, which can be expanded in a 
series of the form 

« = A + Bx+Cx» + Da*+Ex* + , 

where A, B, C, etc., are constant^ independent of x ; then will 

d u d* u 
where Uo, Ui, Ui, etc., are the values of v, ^— , -r-^, etc., when x = 0. 

Since « = A + B x+ Cx« -h Dx» + Ex* + 

du 
.-.-7-= B + 2Cx+ 3Dx» + 4 Ex* + 

ax 

^= 2C + 2.3DX+ 3.4Ex« + 

dar 

^ = 2.8D + 2.3.4EX+ 

a Xr 

etc. etc. 

Now make x *= in all these equations, then we get 

Uo = A, Ui = B, U, = 2 C, U, = 2.3 D, etc., 

/. A = U.. B = U., C = ^. D = j-^, etc., 

EZAlfPLBS. 

I. Expand sin x and cos x in terms of x. 

Let tf = sin X, Let u ^ cos x, 

du du 
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;T--i = 8in 0?, -r-i = COS X^ 

^^ etc. ^ ^^ etc. 

Id these functions and their successive differential coefficients, let x = 0, 

then for sin x, Uq = 0, Ui = 1, U, = 0, U. = — 1, U4 = 0, etc., 

for cos Xy Uo = 1, Ui = 0, U, = — 1, U, = 0, U4 = 1, etc., 

•'• ""^ = ^-"1:2:3 + 1.2.3.4.5" 1.2.3.. .7 +'""'• 
eosa:=l- ^ + ^-^^ «_^ + etc. 
Since c? sin a; = cos x dx^ and d cos x = — sinx dx^ the series for 
cos X may be derived from that for sin x by the formula cos a; = — 1 ^ 

Qt X 
d COB X 

or the series for sin a: from that for cos x by the formula, sin a: = -= — . 

ax 

2. Let u = cos *x. 

By trigonometry, cos 'x = i (3 cos x + cos 3 x), from which the 
successive differential coefficients may be readily determined. If we 
differentiate the proposed function in the usual manner, we get 

du . 

3— = — 3 cos 'x sin x, and therefore 
ax 

d^u 

-r-i = 2. 3 COS X sin 'x~ 3 cos'x = 2.3 cos x— 9co»*tt = 6cosx— 9t^. 

dor 

We may consequently find the successive differential coefficients by 
either of these processes as follows : 

ti = cos ' X, or tt = i (3 cos X + cos 3 x), 

d u d u 

—— = — 3 cos 'x sin x, -r— = — -K sin x + sin 3 x), 

dx dx 

(Pu d^u , V 

-7-5 = 6 cos X — 9 tt, -r-^ = — f ( cos x + 3 cos 3 x). 



y 



j-^ = — 6 sm X — 9 -r— , -j-^ = i ( sm X +3" sm 3 x), 

*• x^ ax a OCT 

-r— ^ = — 6 cos X — 9-;— -, -,— i = ♦( COBX +ycos3x), 

<** etc. <^*^ <**^ etc. 

If z = in all these, the values of the odd differential coefficients will 
be zero, and hence by the formula 

VOL. I. Z 
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^ ^ 24 240 ^ 13440 ' 

3. Let u = sin ""* x. 

Then 

da» ^ 2 2.4 2.4.6 ^ 

d»« 1.8«_, , 1.8.5' ^ , 1.3.5.7* ^ . 

dx»~*"^ 2 '^~2A~ "^ 2.4.6 *^+--- 
<^« , Of . 1-3. 5». , 1.8. 5. r. , 

etc. etc. 

Let a: = in all these, then we haye 

Sm " " X = ar + r— r-r 4- , ^ ^ ^ ^ 4- t-;; = + CtC 



1.2,3 1.2.3.4.5 1.2. ...7 
The simplest way of obtaiDing this development is to assume 
tf = sin ~ * X = Ct + Cj X + c,a^ + c^of + c^3^ + etc. • • (2) ; 

du 

then 3— = €?i + 2c,x4- Sc^a* + 4c^oi^+ 5e5a?*4-etc. 
ax 

Comparing this with (1), we get 

1 13 

<?i = 1, 2c, = 0, 3c, = -, 4c^ = 0, 5 c, =. ^, etc 

1 1.3 

Hence c, = 1, c, = 0,c, = ~, c^ = 0, c, = ^ ' , etc; 

« 

and when x = 0, then c« =: sin ~ ^ = 0. Substituting these values in (2), 

1 ^ 

Let X =• sin 30* = - ; then sin ~* x = arc 30* = - ; hence 

g =^+li:3-F + r2:r4:5-F + *^ = •^235981756; 

.*. r a 3.1415926536, which expresses the ratio of the semi-circum- 
ference of a circle to its radius, or the ratio of the circumference to the 
diameter. Two right angles, or 180\ are also represented by v. 

4. Let u = tan ~ *x. 

Here ^ = — i-. = l-x«-ha^-x«-ha:"-x'* + etc 
ax 1 -h* 

^= -2x + 4x»-6x»-t-8x'- I0x»+ .... 
ax" 
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d2^ 



= -2 + 3.4a:*-5.6a?* + 7.8a^-9.10a:»+ .... 
= 2.3.4X- 4.5.6a* + 6.7.8a:*- 8.9.10a:' + .... 



^,** etc. 

etc. 

Ifa; = 0,thenU« = 0,U^=l, U,= 0,U,= -2, U4 = 0, U. = 2.3.4, etc 

tan "'a: = a: — -a:" + -a:* — -z^ + -z^ — etc. 

3 5 7 9 

Let X = tan 45° = 1, then tan" *x = arc 45° = ~ ; 

4 

I. », 1.1 1.1 1.1 1. 

hence -= 1 -H h etc. 

4 3 5 7 9 11 13 15^ 

2 2 2 2 2 

+ z-i;+7r-TT + rsTTT +T=-r7. + etc. = -785398. 



1.3 • 5.7 9.11 ' 13.15 ' 17.19 

This series is not so convergent as the former, and it is therefore not 
so well adapted for computation. 

Examples for Practice. 



1. « == (a + x)". 

2. « = lo[5.(l + «). 

3. II = «•. 



4. «- V(l+ A 

5. tt =;» sec X. 

6. i« = e'^'. 



Answers. 



1.2 X .2. o 

- a^ . a^ a:* , a^ 

^•^"'2+^"4+-5"'*"- 

o. 1^ 1 *^ 1.2 ^ 1.2.3 ^1.2.3.4 ^ 

a:" ^ , ^ ^^ I * 
^- ^ + 2 "8 +16-128 + ^^- 

g* 5 a;* 61 a;* 1885 a:' 50521 a?" 

^* ■^E2"^1.2.3.4"^1.2.3...6"^1.2.3...8"*"l.2.3...10"'"®*^' 

a:* 3a?* 8a:' 3 a^ ^*^^ i 

6. l+«+2 2.3.4 2.3.4.5^ 1.2.3. ..6"*" 1.2.3.. .7'^®*^' 

TATLOB'S THEOBSBC 

40. Preparatory to the inrestigation of this important theorem, it is 
necessary to estahlish the following proposition :— 

I%e differential coefficient ofu =/(a:4-y) is the same^ whichever of 
the parts^ x and y^ is suppos&i to vary^ and x and y are independent 
of each other. 

For let a: + y receive the increment A, then will u ^ f (x + y\ 

«=/(« + y + ^)» »n<l — J— = ' — I ^-• 

z2 
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Now if A be continually diminished towards zero, the first member 

— = — will tend to become -z— or -p-, according as A is regarded as the 
h dx dy ^ ^ 

increment of x or of 5/; while the other member tends to the same limit 
in each case ; consequently the two differential coefficients are identical, 

, du du 

and -J— = 3—. 
dx dy 

Let u = {x + yy ; then supposing x to be variable and y constant, 
we have j- = 3 (^ + y)^- 

aX 

And if we regard y as variable, and x constant, then we get 

du . .. du 

_. = 3(x + yy = 3-. 

41. Jjct u denote a function of x, and u' the new value of u when x 
becomes x 4- A, then will 

** "•'■*"rf^*'^rf^-i.^'*"rf^r:2:3"^rf^' 1.2.3.4"^ ''^''' 

For suppose that the development off(x + A) is of the form 

/(x + A) =/x + A A- + B A* + C A* + E A* -h . . . • (1), 
where the quantities A, B, C, E, etc., are functions of x independent of A, 
and a, &, c, «, etc., are constant indices to be determined. It will be 
readily seen that none of the indices a, &, c, etc., can be negative, for 
then the second member of (1) would involve a term of the form Q A"* 

Q 

= T^, which when A = 0, would be infinite^ while the first member 

would become yx. Neither can the first term of (1) be different from 
fxj for when A = 0, we have the identical equation /x =/x. Now 
suppose that the terms of (1) are arranged in the ascending order of 
their positive indices, and let us differentiate (1), first with respect to x, 
and then with respect to A ; then 

dfjx + h) ^dfx ^ d\j^, ^ dBy dC^ ^ ^ 

dx dx dx dx dx 

df{x^K) ^^AA— ^ + 6BA*-> + oCA— *-fcEA— »-f... 
a a 

But by (40) the first members of these equations are identical, and 
therefore the series in the second members must also be identical ; 
whence equating the indices of the several powers of A, and likewise the 
coefficients of the corresponding terms, we get 

a— I =0, ^ — 1 =a, c— 1 =5, etc. ; . *. a = 1, A = 2, c = 3, etc. 

Also, since A""* = A" = 1, we have, by equating the coefficients of the 
like powers of A, 

. .^dfx IdAld^fx ldB_^ 1 d'fx 

•''^"rfx'^"2J^""2 dl^'^" 11^^2:3 dl?''^^''' 
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Hence 

du^ d^u A« rf»tt A' rf*tt A* 

or tt' = ti + -p- A 4- -r-= . T-;;4--,— ; • , ^ ^ + -tt • , ^ ^ , + etc, 
^rfa: ^rfsc" 1.2 rfx" 1,2.3 rfx* 1.2.3.4 

This theorem is, perhaps, one of the most important in the whole range 
of pure mathematics. It was first discovered by the celebrated analyst 
Dr. Brook Taylor, and is known by the name of Taylor's Theorem. 
If A be negative, or «' =f(x — A), then will 

du d^ A» d'u h^ , d*u h" 
" ^"^ da; ■^"rfa^'O"^" 1.2.3"^ If a:*- 1.2.3.4 ^^''' 

Taylor's theorem is applicable to the general development of all func- 
tions of X + A, while no particular value is assigned to x ; but it is 
evident that if a value be assigned to the variable x^ such as to render 
any of the differential coefficients infinite, the theorem will not apply to 
such a case, and will not give the particular development, which must 
therefore be sought for by the ordinary operations of algebra. 

42. Maclaurin's theorem may be readily deduced from Taylor's in the 

, d u d^ u 

following manner. Let x = 0, then the coefficients -r—, -r—j, etc, which 

Cv X O iJU 

are functions of x, will become constants if x = 0, and denoting them 
as in Maclaurin's theorem, we have 

/A=U. + U.^ + U.^+U.^- + etc. 

But this equation is true for all values of A, and. Uoi U|, Us, etc., are 
independent of A ; therefore writing x for A, for the sake of uniformity 
of notation, 

/. = U. + U.f + U.^+U.j^ + etc. 

. 

which is Maclaurin's theorem, and therefore it is only a particular case 
of the theorem of Taylor. 

EXAilPLES. 

1. To expand sin (x + A). 

, du d*u , d*u d^u 

Here w = sm x, ^- = cos x, -z—^ = — sin x, -7—- = — cos x, -=— ^ 

dx daf daf dx* 

= sinx, etc. ; hence, by Taylor's theorem, sin (x -h A) 

= «mx+ co.x--B.nx^- CO. a;^-^- + «n a: ^-2^^ + 610. 

= sm X (1 — etc.) 

^ 1.2^1.2.3.4 ^ 

+ ^"*^C^ -1:2:3 + 1.2.3.4.5 -"*"•; 

A* A* 

Let X = 0, then sin A = A — + —etc., as in Art. 39. 

1.2*3 1.^.3.4.5 

2. If tf = tan X, it is required to expand u' = tan (x + A) in a 
series. 
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du 
Here -y- = sec "a:, 
ax 

d*u d sec X , , . v 

--- = 2 sec a? —^ = 2 sec *x tan a: = 2 (tan x + tan "a:), 

oar a a? 

d*u 

^-5 = 2(bcc ^ + 3 tan *x sec "a:) = 2 (1 -f- 4 tan'x + 3 tan*a:), 

d*u 

3-- «= 2* (2 tan a: + 5 tan "a? + 3 tan "a?), 

aar 

etc* etc. 

.• . tt' = tan (x + A) = tan a; + gee "x . A + tan X 8CC "a: . A* 

A* 
4- sec 'x (I + 3 tan 'x) . —- + etc. 

3. Expand «' <= log « (x + A) in a series. 

4. Expand «' = cos (x + A) in a series. 

^n*. cosx — smx.A— cosx.— - + amx.-j— — + cosx.-— e-— -— etc. 

5. Expand «' = tan "* ' (x + A) in a series. 

Ans. u + cos "tt . A — i sin 2 tt cos •« . A* — -)• cos 3« cos *» . A' 
+ -J- sin 4 w cos *w • A* + etc., where u = tan ~ * x. 

6. Expand w' = a* + * in a series. 

/, r ^ A» c*A» c*h* \ 

^-•^ + ^^-*- 172 +1:0 ■*■ 1:2X4 + ^^^0^ 

where c = a - 1 - i (a - !)• + i (o - IV - t (a - 1)* + etc. 

TtfAiTTifA Alii) MINIMA FUNCTIONS OF ONE YA&IABLE. 

43. The value of a function of a variable quantity may either increase 
or diminish with the increase of the variable ; and after increasing to a 
certain limit, it may begin to decrease, while the variable increases ; or 
after decreasing to a certain limit, it may begin to increase with the 
increase of the variable. The value of a Unction is therefore said to be 
a mcucimum when that value is greater than either its immediately pre- 
ceding or succeeding values, and a mihimum when that value is less than 
any of the values which immediately precede or follow it. 

44. A function which increases continually with the increase of the 
variable does not admit of a maximum or minimum value ; but if, after 
passing a maximum value, the function decreases to a certain limit, and 
then begins to increase, it admits of both a maximum and minimum 
value ; and if, after passing this minimum value, the function increases 
to a certain limit, and then begins to decrease, it will admit of a second 
maximum value ; hence a maximum value of a function is not neces- 
sarily the greatest value of which the function may be susceptible, nor a 
minimum value the least value. If the value of the function increase 
and diminish alternately several times, the maximum and minimum 
values may succeed each other to any extent. The distinguishing cha- 
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ncteristic of a mttximum value of a function is that it is greater than 
any of the immediately preceding or succeeding values ; and of a mini- 
muMj that it is lets than any of the values which immediately precede or 
follow it. 

45. Let A P P' P" be a curve referred to the line A B C" as axis, and 
let the variable »«. 
abscissa AB = x; 
then the corre- 
sponding ordinate 
B H is a function 
of the variable 
abscissa AB. If 
B H = ttf then u 

= fx\ and while the variable abscissa A B, or a;, increases, the ordinate 
B H, or tf, increases till it attains its maximum position M P. After 
passing the maximum position M P, the ordinate decreases till it comes 
into the position M'P, when it is a minimum; and after passing the 
minimum position M' P*, it increases till it attains a second maximum 
position M" P", and so on. 

46. The determination of these maximum and minimum values of a 
function constitutes one of the principal applications of the Differential 
Calculus ; but before proceeding to the investigation of the principles 
for determininff such values, the following lemma must be premised : — 

Lbmiia. — //*, while a variable qtuintity increases^ a function of it 
likewise increase^ the differential coefficient of the function is positive ; 
but if the function decrease^ its differential coefficient is negative. 

For the differential coefficient of fx is the limit to which the value of 

the fraction — r — continually approaches, as A, the increment 

of Xj approaches zero. Now the preceding fraction, as well as the limit 

— , to which it tends, will be positive or negative according tisfCx + /*) 

is greater or less ih^ufx; that is, according nsfx is increased or dimi- 
nished by the addition of A. Hence if u — fx^ and x increase continu- 

du 
ally, then -r— will be positive or negative according as <^ or fx is in- 

Cv wC 

creasing or decreasing. 

The same relation will exist between any differential coefficient and 
the one immediately following it, because the latter is the differential 

d^u 

coefficient of the former. Thus -z-^ is the differential coefficient of 

aar 

du , d^u . 

-7—, which is generally a new function of the variable ; and ■^— ^ is the 

d*u 

differential coefficient of -r-^t &nd so on. 

47. From the last Article, and the definitions of maximum and mini- 
mum values of functions, it follows that the differentitd coefficient of 
a junction of a variable quantity changes its sign when that function 
becomes a maximum or a minimum. 

In the case of a maximum, the function first increases and then dimi- 
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nishes; and in the case of a minimum, it first diminishes and then 
increases. 

Now a varying quantity changes its sign only in becoming nothing or 
infinite ; hence « = fx can be a maximum or a minimum only when 

du ^ du 

-r- = 0, or -^ = oc. 

dx dx 

Since, after passing a maximum value, the function begins to diminish, 

du 
therefore the value of va^ first difierential coefficient -j- is decreasing; 

Cm X 

consequently (46) the differential coefficient of this quantity will he 

d^u du 

negaiwe; that is, -r-i < 0. In a similar manner, if the value of ^- 

^ dsr dx 

d*u . . d'u 

is mereasingy its differential coefficient -^—^ will be pastttve, or -j-^ 

d^u 

> 0. It may happen that ^— ^ instead of being positive or negative, 

du 
may be zero, as well as — • When such a case occurs, it may be shovn 

by similar reasoning that if a value of x, derived from the equation 

-T- = 0, render also -r-z = 0, there can be no maximum or minimum, 
dx dTT 

d^u d*u 

unless that value of x makes also ^-5 = 0, and -^—j negative or positive 

d*u d*u 

respectively : that is, -7—7 < indicates a maximum, and -r— : >^ a 
*^ •* ' dxr dx* 

minimum value of the function. We can therefore have maximum and 
minimum values only when the first difierential coefficient that does not 
vanish is of an even order.* 



* The following investigation of the prmciples for determiDing the maximum 
and minimam valaes of a fonction may be interesting to the student. 

Let H be any function of or in wluch the variable bas attained a valae wbich 
renders the function either a maximum or a minimum ; then ii x be increased or 
diminished by an indefinitely small quantity h, the developments off {x + A) and 
y (x — A) will exhibit the values of u immediately preceding and succeeding the 
maximum or minimum values of w ; hence in the case of a maximumj the values of 
« corresponding to x + h and x — h will be both less than the maximum value ; 
and, in the case of a iiitiiiiit»», they will be both greater than the minimum value. 

If, then, V =/*, K, =/(x + A), and a, =/(* - A), then, by Taylor's Theorem, 

du. . d*u A* . d^u A" 
dx dx* 1.2 dx* 1.2.3 

du - . d*u A« rf»» A» 

du. ^ d»u A« <i»u A» 
«,.« = jjA + — . — + — .^-^+ W. 

Now, if the value of « is a maximum, it must be greater than either the imme- 
diately preceding or succeeding values u^OT u^; and if the value of a is a minimam, 
it must be less than either «| or u^ In either case, if| — u and tt, — ti, or tbeir 



0^: 



is^ 
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48. Hence we have the following princiules for determining the maxi- 
mum and minimum values of a function fx. 



equivalent values (•) and (^) must have the same algebraical sign. Bat while 

<f II 

•J- is not zero, and a valne a of x does not render any of the differential coefficients 

ax 

du . ^ 

infinite, h may always be taken so small that the first term -j- A shall exceed the 

som of all the other terms of the series, and therefore the agn of the aggregate of 
all the terms can be made to depend on the sign of the first term ; hence the series 

(«) will be positive and (^) negative, or vice versd, according as the value of -=- 

ax 

is positive or negative; consequently, when u is a maximum, the value of -y- 

dx 

must be zero, or -r- = 0. When, therefore, u admits of a maximum, -7— = 0, and 

dx dx 

d*u A« d*u Ifi 
* dx« 1.2^rfjr» 1.2.3 

"■"■"~d:?Tr2"dx«- 1.2.3"*' • • • • 

J*if 
^ : Now if when x = a, -r-^ is not zero, the sign of v | ~ ti and «, — u will depend on 

sss- that of j-|, since A* is positive ; but when u is a maximum, and therefore greater 

d'tt 
•^ than either if| or % the sign of -7-^ must be negcUive; consequently, when k is a 

maximum, 

du d* u 

^ » — = 0, and ^-5 is negative* 

ggcji Again, when v is a mtmniinn, « is less than ti, or u„ and therefore both 

rftB'« du . . d*tt A" , d*u A« 

' dx ds^ \.2 dafi 1.2,3^ 



, du , , d*u A" d^u A» 

and v.— 11 = — 7— A + 1—^ ■ — ~ — 

^ dx dx* 1.2 



dx"- 1.2.3^ • • ' ' 
^ must be positive* This cannot be the case unless — = 0, and therefore both 

^'^ </•» A« d*u A« 

l^ "'-« = d^T:2+rfP-TX3+ 

nine d^u A* d»u A» 

^^^ and ,^-„=_. ___.+... . 

i^gg^ must be pagitive, and hence, as before, when « is a minimum, 

^^ du d*u 

-7- = 0, and -=— = is positive, 
dx dxr 

Hence if u =/x be either a maximum or a minimum, then 3— = ; and if the 

dx 

d*u 
value or values of x found from this equation be substituted in -7-^, the signs of the 

result will indicate the corresponding maxima or minima values. 

If the result is negative, the value of x will give u a maximum. 
* If the result is positive, the value of x will give u a minimum. 

A* 10^ d u d* u 

'^^ Should, however, a value of x, derived from -3— = a render also -5—5 = 0, then. 



s, 



or^ 



. I 
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du 

(1). Find the differential coefficient -z- of the proposed function, 

Of X 

du 
and determine the real value or values of x in the equation ;?- = 0. 

du 
(2). Find whether -r— changes its sign when x passes through 
4r dx 

each of these valuesy and those values which give a change from 

+ to ~ 9 render fx a maximum ; hut those which give a change 

from — to + raakefx a minimum. If there is no change of sign, 

fx does not admit either of a maximum or a minimum value. 

(3). The maximum and minimum values may also be distin- 

d'u 
guished by finding the second differential coefficient, -7^» of the 

function ; then those values of x^ derived from the equation 

du (Pu 

-=— = 0, which, when substituted for x in -7—5, give negative re- 

ax dor 

suits, indicate maximum values offx, and those which give positive 

{Pu 

results indicate minimum values. If -r^ should vanish for any 

axr 

such values of x, find additional differential coefficients; then 

if the first of these coefficients that does not vanish be of an 

d*u 
even order, as -7— j, the value of x, which produces it, will render 

fx a maximum, if that coefficient, -=--^ , be negative ; olherwise, 

fx will be a minimum. 

49. The process of finding the maximum and minimum values of 
functions may sometimes be simplified by the following obvious expe- 
dients : 

(1). A constant multiplier or divisor may be omitted, and a 
constant quantity, connected by addition or subtraction, may be 
likewise omitted. 

du 
(2). Suppress any factor of -p , which is always positive, for it is 

€1 X 

d u 

only the sign, and not the actual magnitude of -z— with which 

C* X 

we are concerned. 

(3). The reciprocal of a maximum is a minimum, and vice versa, 
(4). When a function is a maximum or minimum, its logarithm 

is generally a maximum or minimum, and when a function con- 



reasoning as above, so long as -r-r exists there can be no maximum or mmnnum; 

a 3r 

but when the value of x, derived from -r— = 0, makes ako -=— ^ = 0, -r-=. = O. and 

dx djr dx^ \ 

d*u 
gives -T— negative, it indicates a maximum, while u is a minimum when it makes 

d*u .. 
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siste of products or quotients of roots and powers, the differentia* 
tion is much facilitated by first taking its logarithm, and then 
considering the result as the function under consideration. 

(5). The square or cube of a positive maximum or minimum is 
also a maximum or minimum. 

(6). In testing by the sign of -r-^ whether the value of « la a 

maximum or a minimum, the process may be simplified when 

du 

-r— is of the form x^ .oc^, x^ , and the value x == a causes 

ax 

one of the factors, as x^j to vanish. For when x = a makes x^ 

d'u 

vanish, all the others vanish with it, and -y-^ is reduced to one term. 

oar 

Examples. 

1. Let tt Si: a^'^3a^^9x + 30, to find those values of Xi which reader 
If a maximum or a minimum. 

du 
Here J- =3a:" — 6a;— d = 3(a:» — 2x — 3)"=0; consequently 

x* — 2a: — 3 = 0, or a:" — 2a: = 3, and hence x = 3 or x = — 1. 

iPu 
Now -T-^ = 2 X — 2, suppressing the factor 3, which does not affect 

the sign of the result ; hence when 

« ^« 
X = 3, -T-^ = +, and x = 3 gives u a romimum, 

d^u 
X = — 1, -7-5 = — , and X = — 1 gives u a maximum. 

2. Find the fraction which shall exceed its square by the greatest 
ponible quantity. 

Let X denote the fraction, then ti » x — x* = a maximum. Diffe- 

du 1 

rentiating, we get ^ = 1 — 2x = ; hence x = -. 

^^ The second differential coefficient is evidently a negative quantity, 

showing that the value of x renders u a maximum. 

^ ' 3. Find the maximum and minimum values of the function 

tt = X* — 4x' -f 6x" — 4x + 16. 

iLtft- Here -7- = 4x* — 12x*-fl2x — 4 = 0; consequently, dividing by 4, 

ctioa' x* - 3x" + 3x- 1 = 0, or (x - l)»=:0; .'.x = 1. 

Now ^ = 3x" - 6x + 3 = 3 (x - ])• = 0, when x = 1. 
.n^ da^ \ / » 

d^u 
i^ 3:6,1 Differentiating again, we get -r—j = 6 (x — 1) = 0, when x = 1. 

€r u 

keoiti* Also -7--T = + > and therefore the value x = 1 renders the function 

aair 

u a minimum. 






// 
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4. Let u — X tan e — ; to find x when u is a maximum. 

4 a cos ■« 

-p- = tan c — r- = ; hence we get 

ax 2 a cos "e ° 

a; = 2 a tan e cos 'e s= 2 a sin € cos « = a sin 2 ^. 

Also ^— T = — =- , which is neerative : hence « is a maximum 

a ar 2 a cos 'e ° 

when X = a sin 2 e. Substituting this value of a; in the given function, 

a* sin *2 c 

we get tt =* a tan e sin 2 e — s- = 2 « sin "c — a sin *e = a sin 'c. 

4 a cos *« 

This example is the equation of the path of a projectile in free space, 
and the maximum value of «, viz., a sin V is the greatest height to which 
the projectile will rise above the horizontal plane through the point of 
projection. 

5. Let A B C be a semicircle, and P any point in the diameter A B ; 
find the position of the ordinate C D when the triangle PCD, formed by 
drawing the line P C, is a maximum. 

Let O be the centre of the semicircle, and draw the radius O C. 
Put A O = a, P O = ^ and O D = a:; 
then CD = V(a' -«"), and PD = 6 + x; 
hence the area of the triangle P C D = 
i (6 + x) V (a" - ic») . By Article 49 wc 
may reject the factor i and take the loga- 
rithm of the function to be made a maxi- 

mum ; then we have a r o 

w = log (6 + ») + i log («■ — a:*) = a maximum. 

TT^**! ^/vl a^^.. 

Hence -j- = -ri i — :3 = 0> ^^ T-. — = "i ^ • From this 

ax -}- X a* — or b 4- x a* — a:* 

• 

equation we get a* ^ a^ = bx-\-a^, or 2a^ + b x = a\ which, gives 

4 

If the given point P coincide with A, then b = a^ and x = J a, 
showing that, in this case, the point D bisects the radius O B. 

If the given point P coincide with O, then b ~ 0, and a: = - V 2. 

6. Find the maximum and minimum values of the function 

a:'-3a; + 2 {x - 1) (a; - 2 ) 

a:» + 3 a; -f 2 ®^ (a; + 1 ) (a: + 2)' 

6 X 
Dividing the numerator by the denominator, gives 1 — 




hence if the given fraction be a maximum, then the fraction 



a:" + 3 a: + 2 ' 
6x 

aj« + 3a; + 2' 

X 

and consequently (49) , — — - will be a minimum ; hence the 

X *T~ \iX "x~ •« 

a^ -\-Sx+2 2 

reciprocal of this or a? + 3 -f - will be a minimum (49). 

X X 



^ 
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2 

Rejecting the constaDt quantity 3, we get m = x H — = a maximum or 

X 

minimum when the proposed fraction is a maximum or a minimum. 
Differentiating, we get— = 1 - -j = 0; hence x = ± a/2. 

€L X XT 

cPu 4 

Again, -j-^ = -f — which is positive when a: = + V2 and negative when 

X = — V 2 ; hence if 

X = V2.then ^"[^^^^ = 12^2 - 17 = - -02943728 = min. 

a:=-V2,then "^^'1'^ = -12 V2- 17= -33-9705627 = max. 

We have here an instance in which a maximum value is less than a 
minimum one, because the value a; = — 1, which lies between x = /^2 
and X = — V 2, renders the function infinite.* 

Otherwise thus : — Taking the logarithm of the function, we get 

u = log (x - 1) -f log (x - 2) - log (x -f 1) - log (x + 2). 

Now^ = -L. + -i ^ L.= _2_ _4_^ 

dx x-l^x-2 x-fl x+2 x"-l x»-4 ' 

hence (x"- 4) + 2 (x" — 1) = 3x' — 6 = 0; andx = + V2, as before. 

7. To inscribe the greatest rectangle in a given semicircle. 

LfCt A P Q B be the given semicircle, O its centre, A B its diameter^ 
and PQSR the required maximum incribed rec- 
tangle. Let A O = a = O Q. and O S = O R = X, 
the rectangle being symmetrical with respect to the 
diameter through the centre O at right angles to A B ; 
henceQS = V(OQ»-OS*) = V(«"-a^); and '^ " ' •* 
the area of the rectangle is = P Q . Q S = 2 x V («* — a:*). Rejecting 
the constant factor 2, and squaring the result, we get 

w = x*(a*— X*) =a*x*— X*; hence ^— =2a"x— 4x" = 0: 

ax 

therefore x = 0, or x = ^ / — = - V 2. 

V 2 2 

JO 

Also -j^ = 2 (a* — 6x") = — , when x = - V2 ; hence the rectangle 

P S is a maximum when RS = 2x = aiy2, and Q S = V(«'""3c*) = - V 2- 

The value of R S is double that of Q S ; therefore R S = 2 Q S. 

8. Let w = X* (x - 3)'. 

Here ^ =5 X* (x-3)«+3x» (x-3)« = x* fx-3)" (8x-15) = 0. 
Now x*(x— 3)" is always positive whatever be the value of x; hence 

* The stadent will find it interesting to attempt graphical delineations of the 
carves of which the proposed functions are the equations, by giving values to x, 
and then computing the corresponding values of the ordinates. 
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the Bign of jT- must depend on the factor 8 a; -* 15. From Uie equation 

8a; ^ 15 = 0, we get x = li, and taking two Talues of x, the one a 

du 
little leas than H^ and the other a little greater, we find that — will 

vi X 

change its sign from — to + in passing through the value 1^. Thus 

d u 
if X = if, then 8 a; — 15, and '=-^ are neoaihe ; 

ax 

du 
if a; = 2, then 8x — 15, and — ie positive. 

Hence the value x^H renders the proposed function a minimum ; and 

d^u 
differentiating 8 x — 15, gives -j-^ = +> indicating also a minimum. 

9. Find'the values of x which render y a maximum or minimum in 
the implicit equation y* — 3axy -f a^ « 0. 

Differentiating,3y*^ -3ay-'3ax^ + 3a:" = .... (1). 

dy 

But when v is a maximum or minimum, -3— = ; hence (1) reduces to 
•^ ax 

31* = ay. Eliminating y between this and the given equation, we get 
a:* (a:* ~ 2<i') = ; hence x » 0, or x «= a ^2. Substitute these values 
separately in the equation a y = x* ; and we get the corresponding values 
of y, viz., y = or y = a ^4. 

Differentiating (1) a second time, recollecting that every term which 

dy d^y tPy 

contains -—- is zero, we obtain 3y* -r^ — 3ax 3-^ + 6x = 0; 
ax axr asr 

d^y 2x 2a*x 2a*x 2ii* 

whence - - - 



rfx* ax^yf a*x — a"y" a*x — x* .a* — ;c*' 

d^y 2 
If X = 0, then -7^ = - , which gives y a minimum, and 

d*i/ 2 
if X s= a ^% then -r-^ = ,which makes y a maximum. 

\ I 10. A rectangular court is to be formed so as to contain a given area, 

/^ and a wall already built is available for one of its sides ; find its dimen- 

sions so that the least expense may be incurred. 

Let A B-C D be the rectangular court of which the side A B is already 
formed; then the expense will be the least 
when the sum of the three remaining sides is — ' 
the least. Let the given area = a", and the 

sideBC = x; then will CD = ~; 



X 

hence u a=2x+— =a minimum ; consequently 



a* 



4^ = 2-'^ = 0, from which X = ~V2 = ADorBC; 
dx *7r 2 



«• 



and CD = ABs= — »saV2« twice the breadth A D or B C. 

X 
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V 



The second differential coefficient is positive, and the walling B C D A 
is a minimum. 

11. Construct a cylinder whose total surface may be equal to a given 
area, and its volume a maximum. 

Let X = the radius of the base of the cylinder, p = its height, and 
a* = the given surface ; then 

IT a^ = area of the base, and 2xx = 4ie circumference of base ; 

a* — 2x0^ 

.*. 2 rac" + 2 rxy = a\ and y =» — . 

2 It X 

Now the volume of the cylinder is 

90^, y = v3i^ . — = ^x (a* — 2x3^; 

2 X X 

.'. « = x(a* — 2Ta:") = a*x — 2Ta!:" = a maximum. 

du 



Hence -r- = a* — 6 »a:* = 0, which gives a? = . . 
ax vo* 



a ^ , 



and y = 



2xx 



— ;r-^- • = — V6» = 2x. 

2a5 a 3x 



Consequently the cylinder is equilateral, having its altitude equal to the 
diameter of its base, and its volume is obviously a maximum, since 

-r--= is negeUive. 
axr 

12. A small plane surface is placed horizontally upon a table, and 
illuminated by a lamp placed at a given horizontal distance ; find the 
height of the flame so that the plane shall receive the greatest illu- 
mination from it. 

Let a = the given distance P B of the small plane or disk from the 
foot of the lamp B F, and let $ = the variable 
angle F P B ; therefore we have 

PB a 
F P = \,^p = 2 = « »ec d = the dis- 
cos F P B cos e 

tance from F to P. 

Now the degree of illumination varies inversely 
as the square of the distance F P, and directly as . 
the sine of the inclination F P B ; hence we have ^ 

. ^ cos»e 1 • o «/! 
sm d X — =— = — wn ^ cos "© = a maximum. 




a' 



du 



Let w = sin cos *e ; then -=— = cos "6 — 2 cos sin *0 = ; there- 

a u 

fore cos 6 = 0, or cos 'd — 2 sin *e = 0, which gives tan = ± i V 2. 
Differentiating a second time, we get 

d^u 

-=— r = sin cos ■© (2 tan "6 — 7) which vanishes for cos © = 0. 

de* 

But if tan 9 = ^ V2, then both sin 9 and cos 6 are positive, and 
2 tan '9 — 7 is negative; hence this-value renders the function a maxi- 
mum ; and B F = a tan 9 = - v^2 - the height of the flame F. 
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13. A and B are two known objects in the straight line ABC; find 
a point P in the given line C D from which these objects shall subtend 
the greatest angle« 

Let A C = a, BC = 6, CP = jr, and draw P A, PB, and also P M 
perpendicular to A B C ; then by trigo- 
nometry we have (angle A C P being a 

= e) 

P M = X sin e, C M = X cos 0, A M 
= a — xcosd, BM = x CM ^ b; 

^ A T^-^r AM a — xcMd 

hence tan A PM = 



andtanBPM = 



PM . xnne 
X cos d — 6 
X sin ' 




I-.* ATix» * /An^«^.nouir\ tanAPM + tauBPM 
but tan APB = tan (AP M + B P M) = ;; 7-=ttt 

^ I-tan APM. tonBPM 



{a — b)x sin S 



(a— 5) X sin 6 



X* sin •© — (a — X cos ^) (x cos — ^) x" -f (a — ft) x cos d + a 6' 
Now if the angle A PB be a maximum, its tangent will also be a maxi- 
mum ;* hence suppressing the constant factor (a ^ b) sin 0^ and taking 
the reciprocal of the expression, we get 

x*+(a — ft)xcosO + «^ .«^., IN 
u = = X -I h (a — ft) cos = min. ; 



du 



ab 



/. -=— = 1 — -T- = ^j which gives x = aJ ab = C P. 
ax 7r 

14. Find the greatest area that can be included by four given straight 
lines. 

Let A B = a, B C = ft, C D = c, D A = i/, and draw the diagonal 
AC; let also angle A B C = 0, and angle A D C = ; then, by 
trigonometry, a' + ft"— 2aftcos0 = AC" 

= c^ + d"- 2crfcos0 ; (1). 

Again, the double area of the quadrilateral 
gives 
u = oft sin + ^<^ sin = a maximum . (2). 

Differentiating (I) and (2) with respect to 
as the independent variable, we get 



</0 

a ft sin d — c cf sin -rr = 

dQ 



. (3); 




d%i £?0 

-r~ = aft cos 9 + c d cos J— = . . (4). 

Multiply (3) by cos 0, and (4) by sin 0, and add ; then we get 



* This is not generally tme, but if the angle be less than 90^, it may be employed 
with much advantage. The following method is preferable, though not quite so 
simple : 



Since A P 



M=tan ( cot^ 1 

(a cosec i ^ \ 



cot^ ) and BPM = tan 

-1 



( 



oot^ - 



b cosec 4 



.'. tf = tan I cot ^1 + tan J cot ^ 

Differentiating this we get the same result, viz, x = /^ ab. 



)= 



)■ 



a mazunnm. 



a 
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a b (sin 9 cos ^ + cos 9 sin 0) = 0, or sin (^ + ^) =0 = sin «• ; 
hence -f- = t, and the quadrilateral may be inscribed in a circle. 
Also the area of the quadrilateral is found by (I) and (2) to be 

tt = i (o 6 + c«?) sin = aJ{s — a) (* — b) {s — c) (* — d), 

where s = i (a + b + e + d). 

EzERCisBS IN Maxima and Minima. 

1. Divide 21 into two parts so that the less multiplied by the square 
of the greater may be a maximum. Ans. 14 and 7. 

2. Inscribe the greatest rectangle in a triangle whose base is a feet 
and perpendicular 6 feet. Ans, The sides are ia and i b. 

3. When will « = 4a:* — a:"— 2a: + 5bea maximum or minimum ? 

Ans. When x = |, u = 4^, a minimum, 

when X = — -J, t* = 5ff, a maximum. 

4. Of all triangles upon the same base, and having the same perimeter, 
the isosceles has the greatest area. 

5. Inscribe the greatest isosceles triangle in a circle whose radius is a. 

Ans. The triangle is equilateral, 

side = a/v/3, area = fa'VS. 

6. Of all the squares inscribed in a square whose side is a, which is 
the least ? Ans. The side is -(- a V 2. 

7. To divide the number a into two parts, such that the product of the 

nC^ power of the one by the n^^ power of the other shall be a maximum. 

. fit a - fia 

Ans, — ■ — and 



m + n m + It 

8. To describe the least itosceles triangle about a circle whose radius 
is a. Ans, The triangle is equilateral, 

gide = 2a V3, area = Sa^^S. 

9. Bisect a triangle by the shortest line. 

Ans, The length of the line = a/ \ i (a -^ b ^ c) (a ^ b + c)}. 

10. The edges of a rectaugular piece of tin are to be turned up so as 
to form the greatest rectangular vessel ; the length of the piece of tin is 
a inches and the breadth o inches ; find how much of the edge mut^t 
be turned up. Ans, ^[a + b — V («' — «^ 4* ^')}. 

11. Find the dimensions of the greatest cone which can be cut out 
of a sphere whose radius is a. 

2 a a/ 2 
Ans. Radius of base = — - — , height = 4^« 

12. Find the dimensions of the greatest cylinder that can be formed 
out of a cone whose altitude = a and radius of base = r. 

Ans. Radius of base = fr, height = (a. 

13. A cistern, open at top, is to be formed with a square base; find 
its dimensions so that a superficial feet of lead may cover it. 

Ans. Side of base = - V 3, height = ^ V 3. 

14. What is the height of the greatest cylinder that can be cut out of 
a sphere whose radius is a. Ans. Height = ia^S. 

15. Through a given point, between the lines containing a given angle, 
to draw a straight line which shall cut off the least triangle, the distances 
of the point from the lines being a and b. 

Ans. The line is bisected in the given point. 
VOL. I. 2 a 
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16. loscribe the greatest rectan^ in sn ellipse, the major axis beiog 
= 2 a and the minor axis = 26. 

Ans. The length = a V2, and breadth = b^2. 

17. Through a given point between the lines containing a right angle, 
to draw the shortest line terminated by the given lines, the distances of 
the point from the lines being a and b» 

Ans. The segments of the lines cut off by the shortest line are 

J {ci* + b^) and b* (a* + b^ ; and the line itself is (a* + ^V' 

18. Cut the greatest parabola from a given cone. 

Ans, Axis is f ths of the slant side of the cone. 

19. Inscribe the greatest parabola in a given isosceles triangle. 

Ans, Axis is fths of the altitude of the triangle. 

20. Given the whole surface of a cylinder, to find its form when its 
volume is a maximum. Ans. Altitude = the diameter of the base. 

21. Given the length of a circular arc = 2 a, to find what part of a 
circle it must be that the area of the corresponding segment may be a 
maximum. 

. . 2a 
Ans. It must constitute a semicircle, whose radius is = — . 

22. Of all the cones whose convex surface is = a, find that whose 
volume is a maximum. 

Ans. The radius of the base 






23. If the whole surface of a cone be = a, what are its dimensions 
when the volume is a maximum. 

Ans. Radius of base == { ^ / - , and slant height = f ,y/ -. 

24. To determine the maximum and minimum values of y in the 
equation y* — 2axy -{-7^ = m*. 

An*. When x = J^-^^^V = JJ^Zl^y " 'n«™«>°' 

— a III — HI 

25^ Given u = sin "0 sin "(a — 0), to find that u may be a max- 
imum or minimum. 

sin (a — 2 0) « — m 



Ans. 



sin a n -j-fn 



26. The height of an inclined plane is a feet ; find its length, so that 
a given weight P, acting freely upon another weight W, in a direction 
parallel to the plane, may draw it up the plane in the least time. 

>• T 1. 2aW 

Ans. Liength = — — — . 

27. P and Q are two weights suspended over a fixed pulley, where P 
is given and greater than Q; find the weight of Q, so that P, acting 
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freely upon Q, may communicate to it the greatest momentum in a given 
time. Ans. Q = P(V2- 1). 

28. A, B, C are three elastic bodies in a straight line of which A and 
C are given ; find B so that the motion communicated by A to C through 
B may be a maximum. a n — (\ c\^ 

29. Find the straight line of quickest descent from a given point to a 
given circle in the same vertical plane. 



TANGENTS TO 0UBVE8. 

50. Let A PB be a curve referred to rectangular coordinates O X and 
O Y, and let it be required to draw a tanuient to the curve at a given 
point P in the curve. 

Let P and Q be two points of the curve, and S P Q an indefinite 
straight line drawn through these two points. Through P and Q draw 
P M, Q N parallel to the axis of y, and P V parallel to the axis of x, 
meeting Q N in V. Conceive the point Q to move tow^ards P ; then the 
direction of the secant S P Q will approach a certain limiting position as 
Q approaches P. Let PT be the limitina^ position, then PT is called 
the tangent to the curve at the paint P. Draw P R at right angles to 
P T, then P R is called the normal to the curve at the point P. Also 
M T is called the suhtangent^ and M R the subnormal. 




o & 



N RX 




jLet y =fx he the equation to the curve, O M = x, M P = y, 

ON =a:4-*, NQ = «'; then will Ian PS X = ^ = ^^^ ; 

V F n 

and since PT is the limiting position of QPS, when Q approaches P, 
that is, when y ' — y and h approach zero ; therefore 



y -y 



^y 



tan P SX = ^—r-^ will be changed into tan PTX = -^. 

h ax 

PM y ydx 



Hence the subtangent M T = 



dy 



. . . . (1). 



tan P T M dy^ 

dx 
AngleT P R being a right angle, we have angle M P R = angle PTX; 

hence the subnormal MR = PMtanPTM = y:7^ = ^^ . . (2). 

dx dx 

The lengths of the portions of the tangent and normal intercepted 
between the point of contact and the axis of x are given by the equations 

PT = V(PM«+MT)=^(/+y«^=y^(l+^). . (3). 

* 2 A 2 
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PR = V(PM'+MR«) = ^(»-+y-^)=yy^(l+^). . (4). 



(5), 



51. Let N Q, produced if necessary, meet the tangent T P in W, and 
if we put O N = x\ and N W = y' ; then ^^ = tan PTM ; that is 

!!^ = %> t^ierefore y'- y = ^ (x'- a:) . 
X — X ax ax 

which is the equaiion. of the tangent to the curve at the point whose co- 
ordinates are xy ; the coordinates of any point in the tangent being x' y'. 
By the principles of coordinate geometry (Art. 17) the equation of the 

d X 

normal im y* — y - — j— (x'— ar) (6). 

dy 

The inclinations of the tangent and the normal at any point of a curve 

to the coordinate axes being determined from (5) and (6)«the ai^le(a) 

which a curve makes with its axis is known, since the curve cuts the 

axis at the same angle as its tangent ; hence 



tan a = -A% or « = tan "* -z^. 
ax ax 



Oh 



^ 



Examples. 

1. To draw a tangent to the parabola at any given point in the curve. 
The equation to the parabola is ^ = 4ax\ hence, differentiating, 

dy 2a 

dx y * 

X = ^ 
dy 2a 

dx 
4ax 



2y dy=:4a dx^tind 
consequently (1) M T = 



2a 



= 2x= 2AM. 




Again, the subnormal M R = ^ j^ = 2a = half the parameter; 

Cv X 

hence the subtangent is equal to twice the abscissOy and the subnormal is 

equal to twice the distance of the focus from the vertex of the curve, 

2. Find the subtangent in the ellipse whoEC equation is a*^ + b*3^ = 0*6*. 

du ft* X 

Here 2a*ydy + 2b* x dx = 0; therefore -t^ = =—, aud 

d X d^ y 

MT = 3/^^ = ~?!-i^"=: ^'^'-^'^ _ «'"^ 
dx b*x b^x X 

The negative sign in the result, supposing x and y to be positive, shows 
that the angle which the tan- 
gent makes with the axis is q 
obtuse instead of acute. 

The value of the subtangent 
is independent of the minor 
axis, and will therefore be the 
same for all ellipses having the 
same major axis, as well as for ^ 
the circle described on that axis as a diameter. 
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3. Find the subtangent, and the equation of the tangent in the hyper- 
bola, its equation being a*y* — yx'= — a* 5*. 

^y - *!f,and MT = i^ = ^ = ^'^ ~ '''*' = ^ZilV 



Here 



dx a*y 



dy 
dx 



}^ X 



b^x 



Also the equation of the tangent at the point x* f/ is (5) 

, l^x . . - 

or a'yy'— a*y* = &"a;x'— ft"x*; whence a*^y'^b^xx^ = a*y^^b^a^; 
but a"y" — ft^ ic' = — a* 6* by the equation to the curve ; therefore 
a"yy' — ft'xx' = — a* ft*, is the equation required. 

4. Let the curve be the Cycloid. 

If a circle H P K be always in the same plane, and roll, without 
sliding, along the straight line A B, the curve described by any point P 
in its circumference is called a cycloid* 




"0 

Let A M = x, M P = y, be the coordinates of P in any of its positions ; 
and let r = P I, the radius of the generating circle. Draw the diameter 
H I K perpendicular to A B ; and let angle P I H = 6: draw also P L 
parallel to A fi ; then since all the points in the circumference are 
applied successively to AB, the arc PH = AH ; consequently 

arcPH = AH = r0,PL = MH = rsin 0,IL = - rcosd; 

.-. a; = A H - H M = r - r sin © = r (© - sin 0) . . (1), 

y = HI +IL = r — rcose = r(l— cosd) . . (2). 

These two equations (1) and (2), taken simultaneously, represent this 
interesting curve, and its properties may be readily deduced from them. 

From (2) we have y = r vers 0, or 6 = vers "** -, and by the circle 

P L = V (H L . L K), that is, r sin e = V (2 r y - y*). Substituting 
these in (1), we get 

a:=rver8-»^ -V(2ry-y«) (3). 

T 

If the highest point C of the curve be taken as the origin of coordi* 
nates, and if C N = ar, N P = y be the coordinates of P, and angle 
C O Q = 0, we should find 

ar = r (1 — cos e) , y = r (e + sin e), 

and y=rvers-'- + V(2ra:-.a^) (3'). 

T 

de 1 I dy 

Differentiating (l)and(2), we get^:= ^^^_^^^^ = -,and^ = rsine; 
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- _ dy dy dO r sin , dy ,_""__ 

therefore —^ = ~ . — - = . and w . ^ = r sm = M H. 

dx de dx y ^ dx 

Hence M H is the subnormal ; therefore P K, which is perpendicular 
to the normal P H, is the tangent, and it is obviously parallel to C Q, if 
PQ N be parallel to A B. To draw a tangent to the curve, we have 
then to draw P Q N parallel to A B, cutting the circle described on (he 
axis C D as a diameter in Q ; join C Q, and draw T P K parallel to C Q ; 
TP is the tangait. 

The student may find it useful to verify this result by means of either 
of the equations to the carve (3) or (3'). 

5. Tf A C B be a semicircle, and C D any ordinate ; and if D C be 
produced to P, so that DP is a fourth proportional to AD, AB and 
D C, the locus of P is a curve called the yViich of Agnesi. Find its 
equation and draw a tangent to it. 

Ans. IfAD = a:, DC = y, AB = 2r; then the equation to the curve 

2rx — a^ 
is X y = 2 r V (2 r ar— «■), and subtaugent = ; — . 

6. If A D, a chord of a given circle be produced to cut B C, a tangent 
at the extremity of the diameter A B, in C ; and if, towards A in the line 
C A, C P be taken equal to A D, the locus of the point P is a curve called 
the Cissoid of Diocles. Find the equation of the curve, and draw a tangent 
to it. 

Ans, If A be the origin, x^y the coordinates of P, and A B = 2r ; then 

x(2r—x) 
the equation is y* (2 r — x) = a:*, and subtangent = — ;r . 

O » ^^ X 

7. The straight line A X and the point O, without it, being given in 
position, if from O any straight line A P be drawn cutting AX in C, 
and if C P be taken always equal to a given line, the locus of P is a 
curve called the Conchoid of Nicomedes. Find its equation, and draw a 
tangent to it. 

Afis, If O A B be the line perpendicular to AX, and if O A 
= a, AB = CP=ft, and x, y the coordinates of P referred 
to the axis A X (A being the origm) ; then the equation of 
the curve is x'y" = (^* — y*) (« 4- y)*» and the subtan- 

8. The logarithmic curve is a line of such a nature that the abscissa 
has a constant ratio to the logarithm of the ordinate Expressing this 
ratio by 1 to log a, we have I : log a : : x : log y ; consequently 

W ^ = ^ ^og Oy or y = (f. 
Draw a tangent to this curve. 

Ans. Subtangent = the modulus of the system whose base is a, 
and it is therefore a constant quantity. 

9. Find the subnormal in the curve whose equation is 

3ay*= 2x" - a\ Ans. -. 

a 

10. Find the subtangent in the curve whose equation is 

y« (a - «) = (a + x)«. Am. ^^^. 

3 a— X , 
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11. The equation of the curve is y = (a" — a:*) V (^ + 3^) * ^^^ its 

subtangent. -/liw. — ^, 

a — 5 X 

12. Find the length of the normal at the point (x = a) of the curve 
whose equation is x" + 4 y* = 4 a*. Atu, - V 13- 

A8TMFT0TE8 TO 0UBVE8. 

• 

52. If a curve have an infinite branch such that there is a straight 
line which it can never meet, but to which, if it be sufficiently extended, 
it can app;oach nearer than any distance, however small, that can be 
assigned, the straight line is said to be an cuymptote to the curve. An 
asymptote is therefore to be considered as a line with which a tangent 
to the curve would continually tend to coincide, when one of the coordi- 
nates is increased without limit. 

Asymptotes parallel to either of the coordinate axes may be at once 
determined, by observing whether any finite value of one of the coordi- 
nates renders the other infinite. Thus if the equation of the curve be 



X' 



which is infinite when 



y'(2r -*) = *•, we have y = ^^^^_^y 

x = 2r\ therefore the curve has an asymptote parallel to the axis of y at 
the distance a; = 2 r from the origin. If the value x = renders y = + ao , 
then the axis of y is an asymptote, and if y = gives x = ± oo , the 
axis of X is an asymptote. 

Ex. Find whether the hyperbola has asymptotes ; and, if so, determine 
their position. 

The equation to the hyperbola is a'y* — i'a;' = — a* 4% the origin 
being at the centre, and its sub- 

tangent MT = 



X 



a' 



X ; therefore AT = a , 

X X 

which, when x is infinite, is = a. 
The hyperbola, therefore, has 
asymptotes, and they pass through 
the centre of the curve. To de- 
termine their position, we have, 
by similar triangles, P T M, 
VTA; MT: MP:: AT: AV; 
that is, 



x»-a« 



:y 



ax — a 

:: — — ^ : AV 



__ ay _ l^VX^-o") 



or.AV 



x + a 
'x — 




= ± ^ y^^^^J= ±b^ i±I = ± ^, when x isinfinite. 

\ » 4 
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Hence take A C = A C = 6, and through the centre, O, draw the 

two aaymptotes O D and O D'. 

53. The asymptotes of a curve may he found in the following manner : 
Let A B he an asymptote of the branch of a curve C D, which is not 

parallel to the axis of y; then ify = /-c 

be the equation of the curve, the equation 

of the asymptote will be of the form 
y = aar + /8 . . . . (1). 

Now the diflference between »x-\-fi and 

the ordinate of the curve corresponding to 

the same abscissa, must necessarily be a 

certain function of x, which maybe called V, 

and which approaches zero, when x ap- d 

proaches ± oo, according as the branch under consideration extends 

indefini tely on the positive or negati ve side of the axis of y. The equation 

of this branch of the curve will be, therefore, 

y = ax + /8 + V .... (2), 
from which we have only to determine a and fiy when x approaches 

± 00 . Dividing by x gives - = a H , and the term will 

tend towards zero according as x increases, and will vanish when 
a; = 00 , so that a is the limit of the second member of the equation, and 
consequently that of the first also ; hence 

a = limit of ^ (3). 

X 

Having found a, we get from (1), y — aa: = i8 + V; hence /3 is the 
limit of the second member, since V = when x = oo ; therefore 

fi = limit of (y ^ ax) . . (4). 

The equation of the asymptote is thus completely determined, and thence 
its position is known. 

Let the equation of the curve be reduced, if possible, to the form 

y = ax + ;8 + Va;-*-h3«""-f etc.; 

then when x is taken indefinitely great, the' terms involving negative 
indices will vanish, and the equation to the infinite branch of the curve 
will be simply 

y = ax-^ fi (5), 

which is the asymptotic equation, and designates a rectilinear asymptote. 

Examples. 
1. Find the asymptotes of the carve c^y" — ft'ac* = — a* ft*. 

Herey==±^ ^<^-^> =± ^ ./(l^^); which, when x 
X a X a Sf \ d^J 

= 00, gives (3) a=±-. 

a 

Again, y — ax = ± - V(^-«*) + - ar, which, when x = ao,gives(4) 

a a 

h h 

/«=:+-, 00 +-.00 =0. 

a a 



J 



r 



or 
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Hence the equations of the asvmptofet arc 

h ' b 

w = - x, and w = x. 

a a 

OtJierwise, The equation of the curve can he reduced to the form 
,.±p(^-^.±^(.-^-^-»c.) 

y = 1-^:4: (-ahx'^ + -a"ftx-»-f ctc.j, 

therefore y = ±- xi& the equation of the asymptotea, as before. 

2. Let the equation of the curve be y" = x* + ^« 

Here a = limit of ?^ = limit of ^^^"^^^ = limit of ^(\ +^ = ± 1 , 
and fi = limit of (y — ax) = limit of {fj (p^ + x) — a:} ; but 

consequently )S = -^j and the equations of the asymptotes are 

y = ar + i, and y = - x + *. 

x* f X ^" fl^ 

3. liCt the equation of the curve be y* = — ^ -. 

X "*" 

If X = a, then y = » ; hence there is an asymptote parallel to the 
axis of y at the distance a. 

/x + a fl-;^* 

Again, y= ±x^--=xj^^ 

= ± (x + a + a"x"* 4- etc.) 
Hence the equations to the other two asymptotes are 

y = X 4- «j and y = — x — a. 

4. Find the asymptotes of the curve y x" + «* = a:*- 

Ans, The axis of y continued in the negative direction is one of 
the asymptotes, and the other passes through the origin, 
and makes an angle of 45^ with the axis of x. 

5. Find the asymptote of the curve y* = x" +a x". Ans, y = a; + «- 

o 

6. Find the asymptotes to the curve y* = 3 x* — x*. Ans. y = — x + 1 . 

7. Find the equations of the asymptotes to the curve whose equation 
is y (x* — 3 ^ X -f- 2 6") = x*. Atis. x = b,x = 2b, and y = x + 3 4. 

DIFFEBX39TXATION OP FUNCTIONS OF SEVEEAL YABZABLES. 

54. In many inquiries in physical science, functions depend on two 
or more variables, which are independent of one another ; thus the path 
described by a planet depends not only on its distance from the sun and 
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its projectile motion, but it is also influenced by the attractions of the 
other planets. 

L,et u = /(x^ y) denote a function of two independent variables, 
X and y ; and let x be increased by A, and y by A ; then if 
u' ^ f (x-\-h^y + A), we have 

«' -tt =f(x + h,y + k) -f(x,y) 

f(x + h,y) ~/(a?,y) ^ . f(x + h,y + k)-f(x + h,y) ^ 

the latter form being obtained by adding fix + h, y) and subtracting 
it» and introducing the multipliers and divisors h and A. Now if A be 
diminished towards zero, the first fraction in the second member will 

approach to the limit ^ ■ dxj or -7— dx; and if both A and A he 

diminished towards zero, the other fraction will approach to the limit 

/ / " y» ^^ TT" ^y* ^^*^ w' — « will be changed to ^t< ; hence 

_ du - du , , . 

a« = -r-aic + -T-oy .... (1). 
dx dy ^ ^ ^ 

The first member, du, is called the total differential of u\ -f^^^ >nd 

du du du 

-T— dy are called the partial differenHals of tf ; and ^ and ^ are 

called the partial differential coefficients of tt.* 
In a similar manner, if u =/^, y, z^) then. will 

du , cf« , du - ,^, 

rfx ^ dy ^ dz ^ ^ 

Since the position of a point in space is in general referred to three 
rectangular coordinate plahes, the equations of surfaces, etc., are of the 
forms 

/(«, y, 2r) = 0, or z = /(x, y); 
and in the application of the differential calculus it is seldom necessary 
to develop a i&nction of more than two variables. 

Hence, to find the differential of a function of two independent 
variables, differentiate the given function first with respect to one of 
the varuMeSy and thefi with respect to the other ; the sum of these 
partial differentials will give the total differential ; thus, 

if 11 = x" sin y, then du = naf'^dx sin y + 2c" cos y dy; 
iftt=sxy, ihtn du = ydx + xdy^ ua in {IS); 

X ydx — xdy 
if w = -, then du = -^ -. as in (14). 

y y* 

55. If a function of two ifariables be differentiated successively, first 



* The denominators dx and dy are not to be considered as mere divisors of </« : 

du 
bat that -7— is the differential coefficient obtained by regarding x alone as variable , 

du 
and ^ the one foand by supposing y alone as variable. 
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with respect to one of the variables, and the result with respect to the 
other, the final result will be the same in whatever order the processes 
succeed one another. Thus 7^%^ differentiated with respect to x g^ves 
So^^c^x, and this differentiated with respect to y gives ^7^y dx dy. 
But if we first differentiate with respect to y, we get 2x'y dy^ and this^ 
with respect to a;, gives, as before, 62^y dx dy, 

IMPUaiT FUKOnOKCL 

56. When the function of x and y is an implicit one, it is frequently 
impossible to solve the equation for either of these variables, or to find 
y =■ fx or or = ^ y. In cases of this kind we may suppose^ (x, y) s to 
be a fuuction of two variables which have a dependence on each other, 
and deduce the method of differentiation from Art. 54. 

Thus, let » = / (x, y) = 0, then, when the variables are independent^ 

du du 

*'" = d^*^*+d]^''y- • • • <^)- 

But since t# == 0, and y is a function of x, we hare c/tf » 0, and, 
dividing by dx^ 

du du dy ^ 
dH^'^Ty'di'^ ^^^» 

dy du du 

which gives the value of -^ = — -; — r- -7— .... (3). 
° dx dx dy ^ * 

dx 
If we wish to obtain ^, we have only to divide the total differential 

of two variables by dy ; then 
du ^ du dx du __ ^ dx _ du . du . . 

dy dx ' dy dy " ' * ' dy *" dy * dx ' • * * ^ ^' 

Examples. 

dy d^y 

1. Given tt=sy" — 3aa:y + a:* = 0, to find -^, and also -r^. ' 

ax aar- * 

Here ^- = — 3ay + 3x*, and -r- = 3y"-3a«: 
dx dy ^ 

,«x dy du . du ay — a:* 

•••by (3) -il = - — ^— = -/— . 

* ^ ' dx dx dy %^ ^ ax 



Again, 



dy . , ay — X* d*y 

or substituting for -r^ its value -j- , we get -j— 

a X y^ ■■■ ax a xr 

(it-axy 

2xy (y* — 3aa;y + 0:') 4- 2«*«y 2efxy 
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• 

dy d^y 
2. Given « = «•— 2ma:y + ^ — o = 0, to find -p- and ■^-^. 

ax oar 

. dy my — x d^y _ a (m* — 1) 
dx y ^ mx do^ (y — mx)*' 

57. We can now determine the successive differentials of functions of 
two or more variables. Since (54), if « — f(^ty\ 

du du 

du = -=— dx + -r— dy; 
dx dy ^' 

wnd du must vary in reference to both x and y ; therefore we have 
d^u d^u • d*u 

(P f£ dr t£ d t£ 

where -r-^j -z — -j—, and -j-j are the partial second differential co- 
efficients of ti. The first is found by taking x alone variable, the third 
by taking y alone variable, and the second by differentiating ti, first with 
respect to one of the quantities x and y as the variable, and the result 
with respect to the other as the variable. The higher differentials may 
be found in a similar manner. 

Find the second differential of t« = e'y*, 

du d*u d^u . du 

<Pu 
and -r-^ = 12c*«*; hence we have 
dy^ 

d^u = ^f/^d7? + Sef^dx dy + 12tf'y"rfy'. 

BCAZIMA AVD MIKZMA FXTNCTIONS OF TWO VABIABLE8« 

58. Let u rs f(x, y)y where x and y are two independent variables; 
but we are at liberty to assume that y {= 4>x) is a function of x, pro- 
vided that X is any arbitrary function of x. Now since y is a function 
of Xy we cannot regard y and x as varying uniformly, as in No. 57 ; 
hence if d.r is considered as constant, dy must be regarded as variable, 
and differentiating on this supposition, we get 

tdu ^ du du dy . . 

'd^ ^d^'^Ti'di' ' • '^^^' 
J / rf*« _ d^u d*u dy d^u rfy" du d*y .. 

*"** da* 'd^'^^dTd^'di'^d^'d^'^Ji'd^'''^^^' 

dy 
where the last term of (2) is found by considering -r^ as variable, and 

fJm X 

tdu,td*Uj are the total differentials of u. Reasoning as in the case 
of maximum and minimum functions of one variable, it will be found 
that in case of either a maximum and minimum value of u, we must have 

tdu . t d^u t d*u 

-^ — = 0, and --jT-jr < in case of a maximum, and ,^ > 0, in 
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case of a minimum, the exceptions being precisely the same as those 
mentioned in the case of a single variable (Art. 48). 

T»rt ^ ^** - dy 

When —z — = 0, we have by (1), ^r^ being an arbitrary quantity, 

rfi = (3)> -d d]^ = (4). 

Equation (4) reduces (2) to 

id'u _(Pu ^ ^ <Pu dy cPu dy" .. 

d^ " da^'^^d^^' dx^d^'d^ ' • • • ^^^' 

and the second member of (5) must, with the exception referred to, be 
negative in the case of a maximum^ and positive in case of a minimum^ 
not changing its sign whatever values may be attributed to x and y in 
the immediate vicinity of those which render u ox f (a;, y) a maximum 
or minimum. Put now the second member of (5) equal to zero, and 

dy 
solve the equation for '. - , then 

dx 

di^y dTdy - V {[dlTd^) ^ d^ ' T^]) "^ d^' 

Hence the second member of (5) will retain its sign unchanged if 

d}u d^u / d^u Y 
d2^^ df^KdxdyJ' 

(Pu iPu 

a condition which requires that -r-j and -^-^ shall have the same sign. 

Consequently \{ u ^ f (x, y) be a maximum or minimum, we must 

du du d*u d*u f d^u V 

have the conditions -7- = 0, -7- = 0, and -=— : • -r— = > ( -; — t" 1 ; 

dx dy dor djf \dx dyj 

d*u d*u 

and if -r--r and ■^— z be negative^ u will b^ a maximum ; but if both 
dxr ay' 

are positive^ u will be a minimum. 

Examples. 
1 . To find the maximum and minimum values oftt = a:'4-y'— 3a xy. 

Here -=- = 3a:" - Say = 0, and -— - = 3^" — Sax = 0; 

€jm jc Oi y 

and theee equations give either a; = 0, y = 0, or x = a, y = a. 
d'u tTu d^u 

^8*'"' d^ = ^*' d^^ =- 3**' 57 = ®y ''»«"'* 

.fx = 0.y = 0.then^.^-(^^^^j=36xy-9«'=-9««; 

d^u d^u /c£"ttV 

consequently the former system of values does not correspond to either 
a maximum or minimum value of u; but the latter system fulfils the 
conditions, and if a be positive, u = — a" is a minimum, while if a be 
negative, u = + ^ is & maximum. 



1 



'/ 



366 DIFFERENTIAL AND INTEGBAL CALCULUS. 

2. The perimeter of a triangle is given equal to 2 «; find the sides so 
that the area may be a maximum. 

Let X, y, and 2 s -- x — y denoteithe three sides of the triangle ; then 
the area is = V{* (* — 3:) (* — y) (-c +y "" ')}5 "which is to be a 
maximum. Its square will therefore be a maximum, and the logarithm 
of the square will also be a maximum ; therefore 

« s log 1 + log (« — a?) + log (* — y) 4- log (ar -f y — ^) = a maximum; 

H ; ; — = . . • . (1), 



dx s — X a; + y-|-« 

du 1.1 



= . . . . (2). 



dy s — y x + y-i-g 

Whence we get a: = y = -§.*, and 2* — x — y = -I*; therefore the tri- 
angle is equilateral, and the test shows the area is then a maximum. 

3. Find the dimensions of a rectangular reservoir, open at top, having 
the least internal surface, its content being given equal to a*. 

Let X = length of the base, and y = its breadth ; then xy = the area 

a' 
of the base, and the depth = — ; hence we have 

xy 

. o/ . X «" . 2a» 2a» 

u-xy+2(x + y) — = xy-\ 1 = a mmimum. 

xy X y 

Hence ^ = y " -^.= 0, and ^ = x - y- = 0; 

therefore x*y = 2a" = xy*, and consequently x = y, which shows that 
the base is a square whose side is x = '9^2c^ = a'^2. Hence the 

depth = — = 3 =* , ^ = - /^ 2 = one-half the side of the base. 

. . d"« 4a* d^u , , d*u 4a' 



d^u d^u / rf"tt Y_ 
da^' d^ \dxdyj 



16«'_I = »64:_1=3; 



x"y* 4 a* 

3 a' , 
therefore the values x=^y ^ a f^2 give u a minimum, and u = -^r- ^4. 

4. Inscribe in a given circle a polygon of n sides, having its area a 
maximum. 

Draw from the centre, O, of the given circle to the extremities of the 
successive sides of the polygon, the radii 
OA, OB, OC, etc., and denote the suc- 
cessive angles A OB, BOG, COD, etc., 
by 6i, 6«, 08, etc., and the radius of the 
circh by r. Then the area of the isosceles 
triangle A O B = i r* sin e„ that of B O C 
= i r* sin 0t) and so on ; hence the entire 
area of the polygon will be = 
\ r* (sin 0, + sin 0, + sin d, + . . sin 0,). 

But sin 0, = sin { 2 ir — (0, + 0« — 0, 
+ • • • ^.-i)} = sin (2 IT — #), if we put 

' = ^1 + ^« + ^a + • • • • ^n-i \ 
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hence, rejecting the constant multiplier •} f^j we get 

u = sin 0, -f sin 0, + sin ©a 4- • • • + sin (2ir — *) = a maximum. 

Hence -7— = cos ©i — cos (2 ir — «) ; -r— = cos 0, -- cos (2 «- — *), etc. ; 
dO cL B<^ 

but these partial differential coefficients are severally = ; hence 

^1 = 2 T — *, 0, = 2 IT — *, 6, = 2 IT — *, etc. ; 
and the polygon has, therefore, all its sides and angles equal, and it is, 
therefore, a regular polygon. 

5. Among all rectangular prisms, to determine that which, having a 
given volume a% shall have the least surface. 

Let x, y, z denote the three contiguous edges of the prism ; then by 
the conditions 

xyz = a* . . . . (1), 

2xy 4* 2x;s + 2y2r = a minimum . . • (2). 

a* 
From (1) we get ar = — , which, substituted for z in (2), and rejecting 

xy 

^ . . a* (3? + v) .«*.«* 

the constant factor 2, gives u^x «H ^ ^^ —xy-\ — =sa min. 

xy X y 

HeDce^=y-^ = 0. . . (3), and ^ = x- - = . . .(4); 

which give x = y = a, and thence z — ai therefore the prism is a cube. 

6. Divide 24 into three parts, x^ y, 2r, such that u = xy^s^ may be a 
maximum. Ans. x = 4, y = 8, and z ^ \2. 

7. The surface of a rectangular parallelopiped is 2 a*; find when its 
volume is a maximum. Am. x=:y=:2r = a, ora cube whose side is a. 

8. Inscribe the greatest parallelopiped in a given ellipsoid. 

Ans. If 2 a, 2 b, 2 c, be the principal diameters of the ellipsoid, 

then -^ V3, — a/S^ — a/B are the edges of the greatest 
3 S S 

parallelopiped. 

9. When ibu = ai^+xy + y*-~ 9x ^ 6y b. maximum or minimum? 

Ans, X = 4,y = 1, give tf = — 21, a minimum. 

10. Show that the least polygon of a given number of sides which can 
be described about a given circle is a regular one. 

SXKaTTLAB VALUES OF rUNOTION& 

59. The value of an explicit function can generally be determined by 
performing the operaiions indicated, but it sometimes happens that such 
a value may be given to the variable as shall render the determination of 
the value of the function impossible in the ordinary manner. Thus, if 

X = 0, the value of the functions = := = -, cannot be found in 

af 

the usual way. Such values are termed singular vcdues^ and they may 
be easily determined by the method of limits. For since (39) 

,i„ « = ^ _ _!*_ + __|L_ _ etc.'; 
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X — Bin X I Q^ X* 

* •" " '? " TT273 " 1.2,3.4.5 "^ 1.2. ...7 " ^^^* 
Now 88 X approaches to zero, the second member of the last equation 

approaches to ; hence when x = 0, we get « = -. 

1.2.0 6 

These singular values of functions may frequently be detected by the 
differential calculus in the following manner. Let v and z be the tunc- 

v O 

tions of x, and let u = - be the function which takes the form - when 

the value of a; = a. Now since uz = v, we get by differentiation 

u dz + z du = dvi 

but when x = a, z = 0, therefore u = -r— (1 ). 

dz ' 

If the value x ^ a makes also <^v = and dz = 0, then repeating 
^he above process, gives u = -^jj^ = ^ (2). 

Continue this process till one of the differential coefficients becomes 
finite, when x = a, and the value of the function will be determined. 

Examples. 

1. Find the value of the function u = >7r- 5 i^when x = a. 

2x— V(5a:^ — «) 

Differentiating the numerator and denominator of the function, 

_ _ 2xrfx V(2x"- a*) - 2x , 

dv — dx 1 ,r^ • ST = 1 r^ a ?: — "*! 

V(2x»-a") V(2x*-a») 

bxdx 2V(5x«-a*)- 5x^ 

dz = 2 dx —' —. = ; ox: 

VCSa^'-a") V(5x«-a«) 

dv V(2x«-a*)-2x V(5aJ*-a") 



dz V(2x*-a) 2V(5x»-a«)- 5x' 

— a 2a 
and when x = o, we get u = . = 2, the value required. 

^ _. - . , ^ sinnx ~ RX cos »x , 

2. Find the value of « = -—z — : , when x = 0. 

2x' sin nx 

dv = n cos nx dx — n dx cos n x-f n*x sin »x dx — v^x sin nxdx; 

dz = 4x sin nx dx + 2nx' cos nx dx 

= 2 X (2 sin nx 4- '^ ^ cos n x) dx ; 

dv n* sin nx _ 

.*. « = 3- = r-TT— : : r = -, wheu X «= 0. 

dz 2(2 Bin nx 4- nx cos nx) 

Again, d*v = n' cos nx daf^ 

cTz =(4nco8nx + 2n cos nx — 2n"x sin nx)dy^^ 

d* V n* cos nx • n* . 

/. u = -=— = : = --, when x = 0. 

drz 6 cos nx^2nx sin nx 6 

n* 
The singular value of u, when x = 0, is therefore — . 



CURVES REFERRED TO POLAR COORDINATES. 

Find the values of the following functions : — 
3- tt = -:^ — = :, when a: = L 
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4. tf = 



5. « = 






, when a: = 1. 
■, when a: = 0. 



Ans, tt « jl* 

Afu, M = 2. 

Ahs. u = loff -r, 

4 

secar tan a; ~ arcosa; 

«»• w = — cot a:,or wnen x-0. Ans. u = 

X X sin X 

_ cos X — cos 2 X . 

9. « = r— , when a: = 0. 



^ 6a:»-l7a:+12 , 

^ x*tanx , w 

-J. u = ■ , when x = -, 

1 -f Unx 2 



10. « = 



11. u = 



cos X — COS 3 X 
e-logO-f ar) 



, when ap = 0. 



log a — log a; 



, when X = a. 



12. «= T-- 



4x 2a:(e--fl) 



, when a: = 0. 



Ans. tf = {. 
Ans, w = 2. 
.4«*. tt = n a". 

Ans, u = — • 

8 



OUBVES BEFEBBED TO POLAB CX)0BDIKATE8. 

60. It is frequently advantageous to refer curves to polar coordinates 
instead of rectangular ones, especially in the investigations of physical 
astronomy, and we shall now advert to the method of drawing tangents 
to spiral and other curves by means of their polar equations. 

Let O be the pole, 
and O P the radius 
vector of a curve APB. 
Draw the line T per- 
pendicular to O P, 
meeting the tangent 
PT' in T, and let O 
be the origin of rec- 
tangular coordmates 
OM and MP. Let 
OP = r, and angle 
POT' = e; then 

ar = — r cos e, y = r sin e, a:" + y* = r* } 
and differentiating these, we get 
dx= --coiedr+rBinede; dy = zin edr-hr cob edO; xdx+ydy^rdr. 

NowtanTPO = tan (POM-PT' M)= tanPOM - tanPT M 

^ 1-f tanPOMtanPT'M 
voi^ I. 2 b 
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y 

X 



dx 



1-f 



ydx^xdy f*dd rdO 
ydy xdx + ydy rdr dr 
xdx 



r*de 



therefore OT = OPtanTPO = -j— = polar subtangent . . . (1). 

Draw the normal P R perpendicular to the tangent, PT meeting TO 
produced ^in R ; then we have 



^« OP _, r*de dr . ^ ^ , 

O R = = f* -i — -5 — ~ 7^ "= ^"^ polar subnormal . 



- (2). 



If O Y be drawn perpendicular to the tangent P T ; then if O Y = jn, 
we shall have, by the similar triangles POT and TOY, 

OY = OT cos TOY = OT cos TPO = ^^ 



sec TPO' 



or O Y« = 



0T« 



1-f tan*TPO 



; that 18/?* = 



r^dB" 



df^+r^dB" 



f* + 



dt^ 



• • • • \0)m 



de" 



Examples. 



1. If the straight line O A revolve uniformly round O as a centre, 
the point P which moves uniformly from O along O A will trace out a 
curve called the spiral of Archimedes. 

Let the radius vector O P = r, and angle A O P = 0» and let o' be 
the value of r when the revolving line has 
made a complete revolution; then a' : r 
:: 2% : Q% which gives 2Tr = a' Q\ but if 
we put a! = 2 t a, then the equation of the 
curve will be simply r = ad. 

To draw a tangent to this spiral, we have 
from the equation to the curve, 

dr = add; hence 3— = ^ "^ Tn = ^» consequently 




dr a a 



a 
2itf* 



= the polar subtangent. 



2. Find the polar equation to the ellipse, the focus being the pole, 
and draw a tangent to the curve. 

Let F P = r, angle A FP=0,and OF = VC^*-^) = «\/(l-"!) 

s= a 6, where c" = 1 -_ : then 

O M = a c + r cos 6, and M P 
= rsin6. Substituting theee values 
of O M and M P for a; and y in the 
usual equation to the ellipse, we 
have a* y* + ft" a:"» or a" r* sin ^ 
+ b* {ae-{-T cos 0)* = a" ft*, or since 
l-cos»6 = 8iu*(>, a" r"-a'r* cos "0 
+ ft»(a"-ft*) + 2ci# ft"rcosO + ft*r»cos*d = a* ft*; 
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/. a*7^ = i* — 2a€ ^rco»d + a"c»r*C08*d = (^* — ae r cos 6)'; 

hence ar = 6" — a c r cos 0, and r = — ; ;- = ---^^ ^, the 

a (14- 6 cose) l+ecose 

polar equation to the ellipse, the fucua being the pole. This equation is 
much used in physical astronomvy since the orbits of the planetary 
bodies are ellipses, and the sun is situated in one of their foci. 
Differentiating this equation, we get 

^'^ ' 0"+ . cos ey ' ^'°"" Tr = ae(l-e')sine - '*' ^^^ 

FT = — a'(l-0' ^ (1 -h e cos 6)' ^ .gubtan ent. 

rfr (l+ccose)* ac(l— «*)8iiid aesiu0 ^ * 

Also, by formula (3) we have F Y* or o^ = -7-; t^t-^ i but 

,,. ..^ aV(l-^)%in«flrfa*, . .^ ^^"^'^^^.^j^ 

(1 + c cos 0)* (14- « cos e)* ^ 

5(c»siu«6 4- 1 + 2e cos © + «»cos "e) 



(14-«cos6) 
_ r'rfe"{2(14-gcos6)-(l~g>)} 

(1 4- e cos ey 

Now substituting for I 4- « cos its value -^ ^, we get 

I* 

,_ r«(14-gcose)' q'(l - c»)' aV(l-c') ^ b*r 

P ~2(14-ecose)~(l-c')"" 2g(l-g') ^^^ 2a-r ~2a-r' 

In a similar manner, the square of the perpendicular from the other 
focus upon the tangent is found to be (2 a — r being the radius vector) 

,, 6*(2a — r) , , r. ., . 

p = — ^^ ; cons€iquently pp ^ ir; that is, 

T 

the product of ike perpendiculars from the foci to the timgent at any 
point of an ellipse is equal to the square of the semi^minor axis, 

3. Draw a tangent to the logarithmic or equiangular spiral^ its equa- 
tion being r = cf. Ans. Subtangcnt = = . 

a 

4. Find the polar subtangent in the curve whose equation is r= — . 

a* 

2a* 
Ans. Subtangent « — . 

5. Find the polar subtangent in the hyperbolic spiral whose equation 
is r = -• Ans, Subtangent — a. 

ASYMPTOTES TO POLAB OUBYSS. 

61. Since an asymptote is a tangent to a curve, at a point infinitely 
distant, which passes at a finite distance from the origin, we have only 

2b2 
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to assume r = oo , and find the value of from the equation to the curve 
T=fQ\ then if the polar Bubtangent r* -r- be finite, there will be an 
asymptote corresponding to the value assigned to 0. 

1. To find whether the curve t = -- has an asymptote. Assfume 

r = 00 ; then = 0, and the polar subtangent 

.de a* f^ .... 

IS— r"3-=~x— = a, smce d dimm- 
dr ir a 

ishes as r increases. Hence there is an 
asymptote parallel to the fixed line O X. 

2. Let the equation of the spiral be 

'' ^ «• - 1' 

Let r =s 00 , then 6*— 1=0 or 6= ±1; hence the polar subtangent 

— V .i ^ = — = -r 

2 




.de 

IS — r" -T~ = 



dr (a'-P«'^ 2ae 2 

r = GO . Hence the curve has two asymptotes 



X ^ ~- = -^ = ± -, since ^ = ± 1 when 



DZFFEBENTIAL OP AK ABO OF A 0I7BVIL 

62. Let A P B be a curve, and let the arc A P = *, arc A Q = j' 
OM=ar, OS = x\ MP = y, NQ = j^, y 
and the chord PQ = c; then the arc 
P Q rr tf' ~^, and by common algebra, we have 

•4^-'='-^=^.-,-^ (1). 

x' — X C X "^ X 

But since c» ^ (a?' - «)• + (y' - y)", the 
equation (1) becomes 

s'-s ^s'-'S j (x'--xy+(!/'-yy \i _ fjif f , ^ r y' - y Vl* 

Now when Q approaches P, the limiting values of 

-, and 3 — ^ are respectively — , 1 and -~ ; hence 




X -^ x 



X — X 



rfx' 



dx 



Hence the square of the differential of an arc is equal to the sum of 
the squares of the differentials of its coordinates, 

63. If X = r cos 6 and y = r sin 6; then will </x = i/r cos 6 — 

r sin e d$^ dy = dr %\x\ e + r co^ B dOy and hence 

d^=da* + dy^=:^df* + f*d€^ -. . . .(3), 

which is the formula for the differential of an arc of a curve referred to 
polar coordinates. 



RADIUS OF CURVATUBE. 
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64. From the theory of tangents to curves, the direction of their 
curvature may be easily determined. For since (50) 

tan = 3^, or ^ = tan"* ^r^, 
ax ax 



'• dx ' J?~ \ ^\dxj r ""^ V d^J ' dx'-J?' 
Now I + { -^ ] is essentially positive ; therefore the sign of 



de 

dx 

d^y do 

18 always the same as that of -r^^ and if 3- ht positive^ increases when 

asr ax 

X increases, and therefore the concavity of the curve must be turned 

de 

upwards as in Art. 50 (fig. 2) ; but if -r— be negative, B diminishes 

a X 

when X increases, and therefore the concavity is turned downwards, as in 
(fig. 1) ; consequently the curve will be convex towards the axis of x if 
the second differential coefficient of y be positive, and concave if it be nega- 
tive. We have supposed that y is positive in the preceding remarks, 
and if y be negative, the conclusion in respect of the signs will be reversed. 
The following enunciation of the principle will apply in all cases : — 

A curve at any point (x y) is convex to the axis of x, ify and d^y 
have the same sign, but concave if the signs be different, 

BASZUS OP :OUByATUBE. 

65. If a circle touch a straight line AB in any point P, it is evident 
that in the immediate vicinity of P the circle will tend to coincide with 
A B, as the radius O P = f>, of the circle increases ; therefore 
the greater the radius is, the curvature of ^ 
the circle is the less, and the less the ^ 
radius is, the greater is the curvature ; 
consequently the reciprocal of the radius 

- is naturally taken as the measure of cur- 

P 

vature in different circles. Let P, Q be two 

points in the curve A P Q B, and let P S, 

QSbe normals, and PT, QT' tangents at these points. Let the arc 

A P = «, the arc AQ = *', angle PTX = 0, angle QT' X = 0', and 

the chord of the arc P Q = c ; then arc P Q = #' — J, and angle 

T C T' = - 0'. Now in the triangle P Q S we have 

sinS siuSQP 



But since a circle passes through 
the four points S, P, G, Q, the angle 
TCT' = PSQ = - 0'; hence the 
last equation becomes 

sin (0-00 _ sin SQP 

c " /) ' 

Now the limit to which this will 
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approach, as Q appToachea P, ig -7- = - . . • . (l}y 

since then the chord P Q and the arc P Q approach to equality, and the 
angle S Q P tends to become the same as S Q T', or a right angle. 

Again, the mean curvature of the arc P Q depends on the relative 
magnitudes of the angle T C T' and the arc P Q ; for the greater the 
change of direction of the curve, or the angle T C T', is for a given dia- 
tance P Q, the greater must be the curvature of P Q, and the less this 
change is, the less does P Q deviate from the tangent T C, or the less is 

its curvature. Now the limit to which the ratio —, approaches, 

dih if0 1 . 

when Q approaches P, is 3—, and consequent! v (1) 3 — or - is the 

d s ' u s p 

index of curvature at the point P ; and this is the curvature of the 
circle whose radius is p. Hence that circle which has the same curva- 
ture as the curve at P, and which coincides with it more nearly than 
any other circle touching it in the same point, is called the circle ofcwr^ 
vaJtMTt^ or the asculatory circle at the point P. Its radius p is called the 
radiut ofcurvaiare^ and the centre S, situated in the normal P S, is called 
the centre of curvature. 

Since tan ^ = ^ (50), or = tan " ' ^ ; therefore (30) 

.•• - = T^ = ± ^ s * *nd p = ± .... (2). 

p ds ds^ ^ dry dx ^ 

dv 

If dx be considered a variable, then we get from = tan ~ ' -~ ^ 

dx 

d^y dx — d^x dy ^ d^y dx—d^x dy ^ d*y dx-^d^x dy 

d:^ 
"^ " ^d'ydx^d'xdy • • • • t^J- 

Since the magnitude of p, without regard to sign, is the object of 
investii^ation, the upper or lower sign must he employed, according as 
the + or the — renders the expression for p positive. The direction in 
which p is to be drawn will be determined in Art. 72. 

66. For polar coordinates^ we have x = r cos 0, and y = r sin 6; 
.'. dx = rfr cos — r sin dd; dy = dr sin + r cos 6 d$ ; 
d^x = J*r cos © — 2c/r cfO sin — r cosO dB^\ 
d*y = cPr sin 6+ 2dr dO cos — r sin 6 cfO*; 
:.d^y dx - d^x dy = {fdO* --rd^r + 2rfr*) de ; 
and rf** = ds? + dy" = <fr*4-r*rfe*; consequently (2). 
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67. Let S be the limiting position of the point of intersection of two 
noriiials to the curve; then PS = p, and if 

a and fi denote the coordinates of S, and y 
P H be drawn parallel to O X, we shall have 
a = ON = OM-MN = x-psin ^1 ,,v 
^=NS = PM+SH =y+pco8^|"^^^' 

since tlie normal PS makes an angle -^f with 

the axis of x. 

dy 

But since tan = •— (50); therefore sec 

and 8in0 = V(l — cos V) == /v/ ( ^ "" TT^J ~ H' Substituting 

these values for sin and cos 6 in (1), and recollecting the value of p 
in Art. 65^ equation (2), we get 

dt^ dy d^ dy 

a = a? — • — - = a? — ■ -^ j 

d^ydx ds d'y dx\ . 

d^ dx d^ .... (^h 

^^^^^fdlc'dS^y^^ J 

IiOOUS OF THE GENTBE OF OUBVATUBE. 

68. If the point P be made to move along the curve A B, the point S 
will vary in position, and trace out some curve. The locus of 8, the 
centre of curvature, is called the evolute of the cur\e A PB, and the pro- 
posed curve, in relation to the evolute, is called its involuie. The equa- 
tion of the evolute of a curve is found by eliminating x and y, and their 
differentials by means of the equation of the curve y =/x, and equa- 
tions (2) in No. 67. 

Examples. 

I. To find the radius of curvature of the cycloid, the coordinates of 
its centre of curvature, and the equation of its evolute. 
The equation to the cycloid is (Art. 50, Ex. 4} 

Differentiating this equation we get 

il = // 2>'-y \ V(2ry-y« ^d'y r dy 

dx \/\ y J y *"dx yVV^ry^y^)' 

d^ dy^^^rdyiPyr^ . j, j^ ^ _rd^ 

. . , dy* dji* + dy* ds 2r ^ 2r rfa ^ 

Agam 1 +'ri = jT3 = Til = — .•.»«' = ; 

* dx* ds^ dar y y ' 
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But by Art 65> eq. (2)» we jiave 



P* = 



(rf*y rfa;)" 



-.(---)• 



= Sry; 



hence p = 2V2ry = 2 VSR. RQ= 2PR, 

4L 




and therefore if the intercept of the normal PR be produced till 
R P' = R P, then P' will be the centre of curvature, and PP' = 2 P R = 
the radius of curvature. 

Again, by Art. 67 equations (2), we have 

drtf ax y 



/S = y + 



d^ 



= y-2y 



= -y; 



which are the coordinates of P', the centre of curvature. 
Lastly, from these values of a and /8, we have 

y= -y8,a?= a-2V(2ry-.y«) = a-2V(-2r;8-i8*). 
Substituting these values of y and x in (1) we get 

= vers '^ .... (2). 

r r ^ 

which is possible only when fi is negative. Produce C D till D A' = C D 
and transfer the origin from A to A . To effect this we must write in 
the last equation fi' -^ 2r for fi and xr — a' for a(A D being = rr); 
hence (2) becomes 

2 = vers 

r 

. • . ^ = ym'L+^lfijl^^ or a' = r vers-i i^- V(2r)8'-i8'«)....(2') 

T T T 

which is the equation of the evolute, and is consequently a cycloid having 
A' for its origin, and described by a generating circle equal to the 
original one, and moving in the direction A' D'. 



(- 



a'+V(2r/8'-/8") 



}- 



vers 



«'+V(2r/8'-y8'») 
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2. Find the radius of curvature at a point (xy) of the parabola whose 
equation is ^ = 4 m x, and also at the vertex. 

2 (tn -+■ wC^ 
Ans. p = — — Y — 9 *nd at the vertex p = 2m. 

3. Find the coordinates of the centre of curvature of the parabola, 
and the equation of its evolute. 

Ans. a = 3a:-f.2»i, ;8=— -=^, and the equation to the 'evo- 

4mr 

4 

lute is )8* = -— — (a — 2i»)*, denoting a curve called the 
21 m ° 

semi-cubical parabola. 

4. Find the radius of curvature at any point in the ellipse whose 
equation is a' ^ + ^' ^ = a* 6' ; and determine the radii of curvature 
at the extremities of the axes. 

Ans, p = ^ = = — - — -Yi — ^' at the extremity of the 

ab a*o* ^ 

a* *• 

minor axis p = ^, and at the extremity of the major axis, p = — . 

5. Find the equation to the evolute of the ellipse. 

Ans. (aa)*+{bfi)*= (a^)* = (a* - 6*)*. 

6. Find the radius of curvature at any point in the ellipse, in terms of 
X, the angle between the normal and the transverse axis. 

Ans. p = ^ — 

(I-c'sin'X)*' 

7. Find the radius of curvature at any point in the logarithmic curve, 
its equation being y = a*. ^^t ^ ^^f 

Ans. p = — ^- . 

8. Find the equation of the evolute of the hyperbola, its equation 
being aV - *• a^ = - «• *'• Ans. (a «)* - (6 fi)* = (o« + 6«)* 

9. Determine the radius of curvature of the rectangular hyperbola, 
its equation between the asymptotes being xy = a'; and find also the 
equation of the evolute. 

^'^' P = o^^J > ^"^ ^® equation is (a+i8)*- (a-^S)* = (4«)* 

iB €1 XT 

TANGENTS AND AB08 OF EVOLTITIS. 

69. The equation of the normal at the point (x^) in a curve, and 
which passes through a point (a fi) in the evolute, is 

Differentiating (1), and regarding dxta constant, we get 
_ ,^ dxiPy, daf da dx 
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but Art. 67, equations (2), gives x — a = -=— . -^ ; 

, , «A d^ d^ da dx , adx 

hence dy -rf^ = _ - _ + -^ = dy + -^; 

and transposing, da dx •\- d ^ dy = 0, or -y- ^ — -r" > 

dfi 
hence (1) becomes i8 — y = -j— (o — x) . . . . (2), 

a a 

which is the equation of a line touching the evolute at the point {a fi)j and 

passing: through the point (xy), in the original curve; hence it follows 

that ike radius of the osculatory circle touches the evolute^ and that the 

centre of thai circle is the point of contact ; and the radius of curvature 

is at the same time a normal to the involute and a tangent to the evolute, 

70. From equations (1) Art. 67 we have 

(a-a.)' + ()8-y)«=p« .... (1), 

and if a denote the arc of the evolute corresponding to the coordinates 
aand/3; then by Art. 62, rfo* + rf)8* = rf«r* .... (2). 
Differentiate (1), then we have 

(oc - x) (da - dx) ^{fi^y) {dfi - dy) = pdp, 
or (a '-x)da+ (fi-y^dfi-^- (x - a)dx+ iy — fi)dy = pdpj 
but (x - a) dx+(y '^fi)dy = Ohy eq. (1) Art. 69 ; therefore 
(a-x)da'^iP^y)dfi = pdp .... (3). 
Substitute the value of )8 — y from eq. (2) Art. 69 in equations (1) 
and (3) ; then 

(a — xyde^ = p*da*, and (a — x)d^ = pdpda; 
and dividing the square of the latter by the former, gives 

d^ = dp* or da = ± dp .\a = C ± p^ 

where C is a constant quantity, for otherwise we should not have 
dff ^ ± dp. Now if p and p' be the radii of curvature at any two 
points^ and <r, a' the corresponding arcs of the evolute, then 

<r' = C ± p' and «r = C + p ; 
.*. p' ^ p = ff' ^ Cy that is, the difference between the two radii is equal 
to the arc of the evolute comprehended between them. From this pro* 
perty, and the one es(abli«herl in the preceding number, we deduce the 
following very interesting conclusion : — 

If an inextensible thread or cord be applied to the evolute, and being 
kept tight, be gradually unwound, affixed point in it will describe the 
original curve or involute. 

Thus if a thread, applied to the evolute A A' of the figure in Art. 68, 
be unwound by moving the point P from A towards C, the fixed point P 
will describe the involute A C ; hence the origin of the names involute 
and evolute^ which in French phraseology are termed the developpante 
and the dh^elopphe. The conclusions arrived at in these two last articles 
afford the means of making a pendulum move in an arc of a cycloid. 

SmaVLAB POZHTB OF 0UB7E8. 

71. A singtdar point of a curve is a point at which the curve has 
some property inherently different from what it has in the immediate 
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vicinity of that point. Thus points of contrary flexure, cusps, multiple 
points, conjugate points, and so on, are singular points. • 

I. — Points of Contrary Flexure. 

72. If a curve change the direction of its curvature, the point at 
which the change takes place is called a point of contrary flexure, or a 
point of inflexion. To determine such points we have only to refer to 
An. 64, where it will be seen that a curve is convex to the axis of x^ if 
the second differential coefficient of y be positive, and c-oucave if it be 

negative. Hence at a point of contrary flexure -73 must change its 
sign, and must therefore be either zero or infinite. If 3— = 0, and 
-7-^ be neither nor 00, there will be a point of inflexion. 

EZAMPLKS. 

1. Find whether the curve whose equation is ary* = 4r^(2r — a) 
has a point of contrary flexure. 



and 



X x^(2rx ^ x*y 

d^y _ 2r'(3rx--2a;') _ 2 r* (3 r - 2 a?) 



3r 
.*. 3 r — 2 X = 0, and x = — , 

2 

hence the curve has two points of contrary flexure, and their coordinates 

are « = -y, and y = ± --- V 3. 

2. Let the equation of the curve be y = ax -{-hst^ + C7?, to deter 
mine the point or points of contrary flexure. 

Ans.x^^-,y^^ 27 .» ' 

3. Find whether the curve, whose equation is y = 5 ^ has a 

point of inflexion, and if so, determine its coordinates. 

Am. X = ± -V6,andy = — . 

II. — Multiple Points, 

73. The most remarkable singular points of a curve, next to points of 
contrary flexure, are those called multiple points. 

A multiple point is one in which two or mure branches of a curve 

intersect or touch each other, and it is called a double point, or triple 

point, and so on, according to the number of branches passing through 

the point. Now, when several branches of a curve intersect one another, 

it is obvious that there will he as many tangents at this point as there 

dy 
are branches, and consequently as many different values of ^, which 

U X 
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expresses the tangent of the inclination of any tangent at the point (x y) 
to the axis of> x. But when several branches of a cuive touch one 
another, there will be as many eqiud values of the same differential 
coefficient as there are branches which touch one another. On these 
principles the theory of multiple points rests. 

Let the equation of a curve, divested of radicals and variable denomi- 
nators, be « =/(^>y) = .... (1); 
then, y being a function of x, we have (Art. 56) 

du du dy ^ . 

dx dy ' dx 

dy du du 

hence -~ = — -^ — r- -r-y which, beinff divested of radicals, can furnish 
ax dx dy ^ 

dy du du 

only one value of -r^, unless -=— = 0, and -=- = 0, and then the values 
•^ dx dx dy 

of -=- may be determined from the equation -r^ = -, as in Art. 59. 
dx ^ ^ dx 

The number of unequal or eqttal values of -3^ indicates the number of 

dx 

different intersecting or osculating branches. 

Multiple points may also be found thus :— Differentiate eq. (2), then 

^" I g ^" dy d^dy du d*y 
da*'^ dx dy'dx^ dy" dx''^ dy'd^' ' 

du 

which since -r- = 0, reduces to 

d'ufdy^ , ^ d^u dy ^ d^u 

the solution of which for -j*- contains the radical 

dx 



f\dxj ^^dxdy 'dx^d:^^^^ ' • • • W. 



K d^u Y d^u d'uH 
dxdy) da^'dy^] ' 



hence, if the quantity within the vinculum be positive, there will be a 
double point by intersection ; and if it be equal to zero, there will be a 
double point by osculation. By proceeding to the higher differentials of 
eq. (2), we might determine the existence of triple )K)ints. 

If the multiple point be at the origin, then x = 0, and y = 0, and the 
multiplicity of the point may be determined by simple inspection, as will 
be seen in the following examples. 

Ex, 1. To determine the multiple points of the curve 

u = a^ + 2aa:"y — ay' = 0. 

du . du 

Here 3- = 4af + 4axy = 0; -7- = 2aa:* — 3 ay" = 0; 

dx dy ^ 

hence there is only one system of values of x and y that can satisfy these 
three equations, viz., a; = and ^ = 0, and hence the origin may be a mul- 
tiple point. To proceed we have 

dy A od^ ••\- 4t a X y 

—- = 5 — - — ^ = -, when a: = 0, and y = 0. Now the terms of 

dx 3ay^ ~-2a3r ^ 
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the numerator and denominator of the lowest degree are of two dimen- 
sions, therefore we must differentiate these terms twice ; hence 

6a*-\-2ay+2ax J^ 
dy dx __ 



dx 



^y 



Say j^ — 2ax 
^ dx 

dx 



dx I \dxj i 



rejecting terms involving x and y ; 






2, 



= 0; 



dx 



= — V 2. 




Hence the origin is a triple point, the axis of x touching one branch, 
and the tangents of the two other intersecting branches are inclined to 
the axis of x at angles tan ""^C-f V2) and tan "* — a/ 2), as in the 
annexed figure. 

In the final differentiation certain terms involving x and y have been 
rejected, hence it is evident that the multiplicity of a multiple point at 
the origin may be determined very simply by rejecting certain terms of 
the equation to the curve and retaining only those of lowest degree. 
Thus in tlie present example we may reject the term x* and retain the 
others ; hence 2aa:*y — ay*= 0; 

•'• y = 0, y = 4-«V2, y = -x^2y 
which are the equations of the tangents to the curve at the origin ; 
hence, as before, the origin is a triple point. 

JEx. 2. Let the equation of the curve be y = 0+ (x — a)V(^ ■" ^)« 
Freeing the equation from radicals, we get 

t* = (y - O" - (a; - a)* (a: - ft) = . . . . (1). 

Hence ^— = 2(y — c); ^- = — (a; — a)* {5a: — (a + 4 ft)}, 

d^u ^ d^u 



rf"tt 



rfy" ~^dxdy 
^= «4(a:-a)«(5x-2a-.8ft); 
hence, by equation (3), we have 

^(^J " ^^"^ "• "^^"^^"^ - 2a - 36) = 0, 
. dy 




dx 



= ± (x-a)V(10a:-4a-6ft); 



and hence the curve has a double point by osculation, as in the annexed 
figure. From the equation of the curve we see that when x = a^ y = c, 
and when x = by y = c, which are the coordinates of the points 
B and A respectively. 



;♦ 



< 
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III. — Of Cusps and IsolcUed Points. 

74. A cusp, or point of regression^ is a double point of the second 
kind in which the two touching branches terminate, and do not extend 
beyond this point in one direction. There are two species of cu^ps, the 
eeratoidy so called from its resemblance to the horns of animals, the 
curvature of the two branches lying in opposite directions; and the 
ramphoidt so called from its resemblance to the beak 
of a bird, the curvature of the two branches lying in 
the same direction. The two annexed figures repre- 
sent the two different kinds of cusps, the former 
being an instance of a ceratoid and the latter of a 
ramphoid. The nature of the cusp will be deter- 
mined by the direction of the curvature of the two 

d'y 
branches, as in Art. 64. If the values of -r^ have 

different signs, the cu^^p is of the first species ; and 
if they have the same signs, the cusp is of the second 
species. 

75. A conjugate or isolaied point is a point the coordinates of which 
satisfy the equation to the curve, while if to either x or y a value be 
assigned, differing ever so little from its value at the point, the corre- 
sponding value of ^ or x will be impossible. 

Ex, 1 , Let the equation of the curve be (y — ac*) = x*. 

* 
Resolving the equation for y, we get y = aj* ± ar*, and \vhen x is 

negative y is imaginary, therefore the curve lies on one side of the origin. 

dy 5 t d^y 5 3 i 15 4 

Differentiating, -7^ = 2x ± -x , and -7-^ =2±o--x =2±-7-x. 
^ dx 2 «/x* 22 4 

Now from the equation of the curve, when x = 0, y = 0, and when 

dy 
X = 0, -^ = 0, therefore the axis of x is a common tangent, and the 

two branches are both convex towards the axis, since when x s 0, the 

d^y . 
value of -T-^ is positive^ (Art. 64) ; therefore the origin of coordinates is 

a cusp of the second species. 

Ex. 2. Let the curve be the semicubical parabola whose equation is 

a (y - by = x». 

When y — ft, X = 0, and from the equation of the curve we have 



X* 



y = ft i —• Differentiating, we get 




a^ 
dy , 3x* , cf*y , 3 

2a^ 4voa? 

dy 
Now when x = 0, ^— = 0, therefore the common tangent is parallel 

CC X 

d^y 
to the axis of x at the distance ft. The values of -7-^^ have different 

dsr 
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signs, and therefore the cusp at the point x = 0, ^ = 6 is of the first 
species, as in the figure. 

Ex. 3. Let the equation to the carve be a (y — 6)* = c^ — ca:*. 

When a: = 0, y = 6, and from the equation we get 

Now by assigning to a? a small value less than c, the value of y is 
imaginary, whether the value of x be positive or negative, and therefore 
the point a; = 0, y = ^, is an isolated point. 

Scholium, 

76. The singular points of curves may always be determined in the 
following manner: — The abscissa to which a singular point corresponds 
will be indicated by considering in what case the differential coefficients 

of any order whatever become 0, or oo, or -. The nature of the point 

will be assigned 

(1). By examining what number of branches pass through the 
point, and whether they extend on both sides of it. 

(2). By determining the position of the tangents to the curve at 
that point. 

(3). By the direction of their curvature. 

TRACING- OF OUBTES. 

77. It is sometimes necessary to trace the general form of a curve 
from its equation without actually calculating its exact dimensions, and 
the principles we have just established afford considerable assistance in 
the delineation of the curve. When we proceed to trace a curve from its 
equation, it is desirable to solve the equation with respect to one or other 
of the coordinates, when that can be done in a form which enables us to 
determine readily the values of one coordinate for different values of the 
other. Lety =fx be the equation when thus resolved, then we may 
proceed as follows : — 

(1). Assign to X all positive values from to oo, marking those 
which make y = 0, y = oo, or y impossible. The first gives 
the points where the curve cuts the axis of x, the second gives 
the infinite branches, and the third gives the limits of the curve 
in the plane of reference. 

(2). Assign to x all negative values from to od, and proceed as 
in the case of the positive values of x, attending to the positive and 
negative values of y in both cases, so as to obtain the branches on 
both sides of the axis of x. 

(3). Ascertain whether the curve has asymptotes, and draw them 
if they exist. 

dy 
(4). Find the value of -^^ and thence determine the angles at 

which the curve cuts the axis, as well as the maximum and minimum 
values of y, if there be such. 

(5). Find the value of -r^, and thence deduce the nature of the 
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curvature of the different branches, and the points of contrary 
flexure, if such exist. 

(6). Determine the nature and situation of the singular points, 
if there be such, by the usual rules. 

(7). When the equation to a curve is given by an equation r = /d, 
the values of 0, which makey* = are then to be found, and these 
give the angles at which the branches of the curve which pass 
through the origin cut the axis. Find the values of r when the 
curve cuts the axis, by giving to 6 the values and nv; and by 
giving to 6 the value i (2« -f- 1) »j we determine the values of r 
when the radius vector is perpendicular to the axis. Lastly, by 

dr 
making - =0, we determine the values of d, which render r 

a maximum or a minimum. 

Examples. 
1. Analyse and trace the curve whose equation i8xy^-\-2 a"y— a^ = 

Solving the equation for y, we have y = ± W*^ ( ^ "^ ^ )• 

When a; = 0, y = 0, and y = — oo, since the equation takes the form 

Now if we take the upper sign, and expand the radical in ascending 
powers of x, we get 

_ 1 x» l.l x^ , 1.1.3 ^ 

"" 2 •?" 274' a- "^ 2X6 'a^'" 

When X is small, the first term determines the sign of the whole series, 
and therefore y is positive. Also since no value of x can make y = 0, 
this branch of the curve lies always in the positive region and extends to 
infinity, since y = oo, when a? = oo. 

If we take the lower sign, and expand the radical in descending powers 

of a:, we have y= ^{^"^2'^"" *' * 'r 

which when x = oo is negative and infinite, that is y = — oo. 
Expanding in ascending powers of a;, we get 

2a* 1 aj» . 1.1 of 



y = --r--o-:5-»- 



e 



X 2 a" 2.4 a 

which, when a; = 0, is negative and infinite ; hence this branch lies wholly 
l)etween the positive axis of x and the negative axis of y. 

Since the equation of the curve is unchanged by the substitution of 
— X and — y for a: and y, it follows that the curve is symmetrical in the 
opposite regions of coordinates. 

To determine the asymptotes, we have (Art. 53) 



i--^^(?+0' 
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/. a = limit of - =» ± !> when x approaches to oo. 

X 

Again, y^ax= - ^ ± /y/ (^ + «:»)+ ^. 

which, when x approaches to qd, gives /3= ±004:00 = 0. 

Hence the equations of the aaymptotes are y = ± ar, and we have 
already seen that when y = - 00, then a; = ; therefore the axis of y is 
also an asymptote. The asymp- 
totes Z O Z' and WO W bisect 
the angles between the axes of 
coordinates. 

Differentiating the equation 
of the curve we get 

dx 2(a»-|-a:y) 

hence the axis of x touches 
the curve at the origin of co- 
ordinates. From the last equa- 
tion 3 a:* — y* = ; hence 
y = ± a:V3, and by substi- 
tution in the given equation 
wehave2af* ± 2a*a:V3 = 0, 
which gives x = ± « V 3 ; 
hence the minimum value of y 
belongs only to the branches 
in the second and fourth quad- 
rants, the negative value of y 
having been employed for the fourth quadrant. 

Differentiating the equation of the curve twice, we get 




d^ 



dy 



^c^x -h 3a:"y-|-y»- 42:"^ 
2(a« + xy)« 



dy 



which, when a; = 0, y = 0, gives -r-~ = 0, since then —^ = ; hence 

a or ax 

the origin is a point of contrary flexure, which is otherwise evident, since 

the curve at the origin both touches and cuts the axis of x. If the curve 

has any other points of inflexion, they will be' determined by putting the 

numerator of the last equation equal to zero, and solving the resulting 

equation. 

2. Analyse and trace the curve whose equati on is 

r =^ a (sin 2 a — sin 0) = a sin B (2 cos 0—1). 

1 
Here r is equal tg 0, when sin © = 0, and cos 6 = -, or when 

TT ^ 5 IT 

6 = 0, = T, = -, = — . 

It is obvious that the values of r recur when = 2^, and as r never 
becomes infinite, the curve consists of four ^loops arranged round the 
pole O. 

VOL. I. 2 c 
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From e = to e = - the radius vector r is positive, and from 

o 

tap 

= -toO=T, ris D^ative, becaase 

2 cos ^ 1 is negative and sin B is positive 
within those limits. 

Again, from e = x to d = — , r is posi- 
tive, since both sin a and 2 cos e — 1 are 

5x 
negative, and from B = — to 6 = 2x, r is 

negative. 

Differentiating the eqaation of the curve, we have 

T- = aco8e(2cos0 — 1) — 2asin*e = a(4co8*e — cos0 — 2) = 0; 
.'. 4 cos '0 — cosO = 2, or COS '6 — - COS = - ; whence 
= i ± y/^'^ + l^ = \±'^^^ ^ .8430703, or - .5930703; 

. • . = 32"^ 32^ 3", or e = 126^ 22' 31", 
which determine the maximum and minimum values of r; viz., 
r = .369008 a = OP, r = - 1.760166 a = OQ. 

When a = rt» *^®" r ^ ^ ay and if R be taken = a, then the curve 

will pass through R. 

Exercises. 

1. Trace the curve whose equation is ^ = a:* + 5 a:* + 6 a;. 

2. Show that the curve whose equation is (a* — o^) ^ = a^ has a 
double point at the origin of coordinates, and find the direction of its 
branches. 

3. Show that the curve defined by the equation 

o(^ + y-l)* = (x-.y + 3)« 
has a ceratoid cusp whose coordinates are x — ^\ and y = 2. 

4. If the equation of a curve be (2 as + y — a:*)* = (a; — 1)*, it is 
required to show that the curve has a ramphoid cusp at the point a; = 1, 
and y = — 1. 

5. Trace the curve whose equation is 

(a: -f- 2)y + (a: 4- 1) (ar + 3) = 0. 

6. Analyse the curve whose equation is a* (a; + y) + a: — y = 0. 

7. Trace the curve whose equation is r = a (1 + cos 6). 

OHANOE OF THE INDEPENDENT VABZAEIJL 

78. It is frequently necessary to change the independent variable, in 
an expression involving differentials, and to do this we have only to recol- 
lect that the independent yariable is that variable whose differential is 
constant, and that 
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m 




In the first members of these equations, the independent variable is 
evidently x, since dx vi constant; but in the second members the inde- 
pendent variable may be any quantity we please, since the differentiation 
is only indicated, not performed. If the expression proposed contain 
the differentials dx^dy^d^y^d^y^ etc.; then from equations (1) we 
have 

d'y = rf*dMj,d'y = «'a^<'l-^J,etc (2), 

and by substituting the values of the diftrential coefficients in (1), or 
the values of the differentials in (2), and performing the operations indi- 
cated in accordance with the hypothesis, we may readily change the 
independent variable in any expression. 

Examples. 
1. Let the proposed expression be 

J^-2^ + 2y = 0. (a). 

where x is the independent variable, it is required to change (or) into 
another expression whera y is the independent variable. 

Differentiating the second member of the first of equations (1), con- 
sidering y as the independent variable, and dy constant, we have 

d} 



- dy 



d^y _ ^ d^ _ d^xdy 

c/x* ~ dx dx" * 

d^x dy dy 
hence equation (a) becomes ^-5 2 ^ — h 2y = 0, 

which, by multiplying by da:*, changing signs, and dividing by c/y* gives 

2. Change the independent variable x to 9, where Q = cos *' x, in the 

d^y X dy y 

expression u = ^ ___._ + __, 

dy dy 

Here a: = cos e, e?a: = — sin e de^-=^ = . ^ .^ ; 

dx sm© do 

,^dy\ d*y sm -^ dy cosO de x cos 
whence dl^j = ^ — ^ 



sin*e de M -x« sin«0' 



<.-o 



. , X dy y 

therefore « = — 3 ^ ; -5 . 3 — h = 

dx 1 — ar dx 1— ar' 

2c2 
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={ 



d^y sin — dy cos© dO cob S dy y 

sin »e~d0* ^ sin'e c/0 "^ sin *0 

--E 4- y [ - — --, the required expression in which 
d €> I sin 

is the independent variable. 

3. Change the variable from x to y in the equation 

dy . /dy\ , d*y ^ . d* x /d x\* . . 

-T^ + ( -T^ ) 4- y -7-4 = 0. Afu. y -3— r - ( — - J - 1 = 0. 
dx \dxj ^ ^ d7* df \dyJ 

,d*y » d* y d y ^ 

4. Change the equation x" -j^ + 3a^ ^-^ + a:^ + «y = Oj 

into another having as the independent variable, being equal to log x. 

• d~^ + «y = <^- 

5. The expression for the radius of curvature, when x is the inde- 

d^ 
pendent variable, is p = — -^^ — -r— ; what does it become when y is the 

independent variable? Atu. p == -j^ — -j-* 

^ d* u du 

6. Change the variable in y" ^-^ "^ ^^ d 1"^*' = ^> 

from y to a; when y = eT. Ans, ^-^ + (A — 1) ^ h B » » 0. 

II. INTEGRAL CALCULUS. 

« 

79. TTie integral calculus is the inverse of the differential, its object 
being to determine the primitive function from which a given differential 
expression has been derived. In this great branch of analysis, the 
primitive function, with respe^rt to its differential, is called the integral of 
that differential, and the process of finding the integral is termed tifle- 
grcUion, and when to be performed is signified hj prefixing the symbol /. 
the initial letter of the word summa. Thus j ax = ar, the symbol j 
signifying an operation which is the inverse of that denoted by the 
symbol a. 

80. In assigning the integral of a differential expression, a constant 
quantity should be annexed, because, in the process of differentiation, it 
was shown that the differential of a:* ± C is the same as the differential 
of a:*, viz., naf^^dx; therefore, conversely, the integral of naf*~^dx 
must be af + C, where C may be positive^ negative^ or zero. The value 
of C is discoverable from the peculiar nature of the problem under con- 
sideration, as will be seen when we come to the determination of the 
areas of plane surfaces. 

81. In the integral calculus, thu results are not obtained by direct pro- 
cesses as in the differential calcil us. They can only be determined by 
reversing the processes of the differential calculus, and in this way the 
elementary formulas of differentiation will furnish an equal number of 
elementary ones for the integral calculus, and to one or other of these 
elementary forms all other differentials must be transformed, and then 
their integrals may be found. Various artifices are employed to reduce 
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t 

differential expressions to known forms, and when this cannot be effected, 
the expression may be expanded in a series of which the several terms can 
be integrated by elementary forms. 

82. Since a constant multiplier or divisor in a function is retained in 
the differential (11)« it follows that a constant multiplier or divisor 
may be removed and placed before the sign of integration : thus Jasf^dx 



\Q piacea oeron 
^ ardx _ 1 

J « ~:« 



= a C af'dx^ and I = - (:Kfdx. In the differential calculus it 

•^ J a a-; 

was shown (11) that the differential of the sum of any number of func- 
tions is equal to the sum of the differentials of those functions ; hence to 
integrate an expression consisting of any number of differentials con- 
nected by the signs plus or minus, we must take the integral of each 
separately, and connect them by their proper signs : thus 

f {aaf'dx^hTf dx-\-CQii^dx) = afafdx'-hj7?dx + c Jaf^dx + C; 

where one constant quantity is annexed, because the aggregate of three or 
of any number of constants is only one constant. 

83. It will be convenient to collect the various elementary forms of 
integrals, derived from reversing the fundamental processes in the 
differential calculus, and place them in a tabular form for reference. 
Hence if 

d7^ ^HTT'^dx .'.fyr-^dx =— . . . • (1). 

a' 
d(f = a* loflr,a . dx f a' dx =, . (2). 

de' =ei'dx f e' dx = e' . . , (3). 

dlog^x = , . — — = log.a log^x (4). 

° . log. a X J ^ o c- N ^ 

<;iog.a; = -^ I -^ = log.a; . . (5). 

d Bin X = cos X dx f cos x dx = sin a: . (6). 

d cos X = — sin a; dx J sin x dx = — cos x . (7). 

dUiXix = sec^xdx f sec^x dx = tana; . (8). 

ci^ cot a; = — cosec *x dx f cosec *x dx = — cot a: . (9). 

d sec X = tan x sec xdx y*tan x sec x dx = sec x . (10^. 

d cosec X = — cota;ccsecxc^a; f cotxcosec x dx= — cosec x (11). 

rfversx = sin a; ^ a: jf sin a: J a: = vers x . (12). 

diinrnx— mcosmxdx f cob mxdx = — sin»ix(13). 
d co% mx =— tn sin mx dx fsinmxJx =« cos»ix(14). 

d tan m X = m sec *m x dx f sec' mx dx = - tan mx (15). 

In a similar manner from the inverse trigonometrical functions we get 
the following elementary forms : — 

Jdx .,x r - ^^ -1^ nr\ 

-Tp-z -rr =sm-*-. Or -rT-z — -iT = cos '-. . . (16). 
V(«* - a:*) a' J V («* - ^) « 

/dx 1 , X r -- dx 1 ,x ,,^. 

, . . =-tan-*-,or -rT-3 =-cot-»- . . (17). 

a* + x* a a J a* + x^ a a 
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I — 773 — 137 = -lec *-, or I — 77-3 —- = -coeec-*- (18). 

-TT- -jr = Tcim^ -, or I -7-7- -J- = cofcrs"^ - (19). 

84. It nuy be worthj of remark faere that the same difiereDtid admits 
of two apparentlj differeot integral forms : thus in (16) we have 

/dx . .X . _, _ , r dx _,x ^, 

XXV X 

bat since sin~* - + cos"^ - = - = constant; therefore sin"* - 

a a 2 a 

s — ooa'* - + constant; which shows that the two expressions include 



the same system of Talaes, when all ponible constant values are 
given to the arbitrary constants. The two intQ;rsls differ only by a 
constant quantity. In a similar manner the forms in (17), (18)» snd 
(19)9 may be shown lo be identical; hence if the radius be unity, or 
a s ly we have 

dx 
-rr: -rr = siu-* X + C = - COS"* X + C . . (16'). 

r^[^ =tan-'x + C = -cot-*x + C', . . (17'). 

dx 

-/-i — IT =sec-^x + C = -coBCC-'x + C . . (18*). 
XaJ {or — 1) 

dx 
' J{2x^7^\ = vcrs-'x + C = - CDveis'' X + C . . (19'). 

85. The forms (16), (17), (18), (19)* may be made more general in 
the following manner. Writing h x for x, and bdx for dx^ we have (16) 

X 1 . .* 

, ^ 2b* 2^ 

. Again in (19) write x instead of x, and — dx instead of <f x ; 






/bdx . ,bx C ^2 



— dx _.. 

dx 1 .2A* 



.'. I 7 = vcrs^— i-x,or I • 



(«-f-)* 



= vver8~*— z-x. 



V(a*x-6V) b (f 



X 



In this manner we obtain the four following forms : — 

^^ 1 • — 1 ^ . ^ 1 ,b ^, ,^^. 

//^ — ir:JT =j8in-»-x4-C = - V cos-* - X 4- C. . (20). 

.1^,.. ^A^^-'-^ + C =--^cot-*-x + C'..(21). 

cr + lrsr ab a ab a ^ ' 

dx \ .b ^ 1 & 

- see-* - X + C = cosec"* - x + C (22). 



V(a»x-.ya^) = 6 ^^" ^ ^ + ^ = ^-covers- — x+C'(23). 
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86. Since d(uv) = udv + vdu^ where u and v are functions of x; 
therefore by integration, uv = fudv-\-fvdu, and transposing 

fudv = uv-^Jvdu (24). 

This is called the formula of integration by parts, and enables us to 
find the integral o('udv^ provided the integral of vdu cejihe found. 
The method of integration by parts is extensively employed in reducing 

integrals to known forms. If we change u into w^ or -, then we have 

du changed into — -j, and (24) becomes 

/dv V Hv du 
u u J u u . 

a formula which is sometimes advantageously employed. 

87. We may now proceed to explain the methods of reducing integrals 
of different functions to one or other of the preceding fundamental forms ; 
but before entering upon the various artifices to be employed in these 
transformations,, we shall advert to one or two very useful theorems 
which are of frequent occurrence in the integral calculus. Thus since 

Jac"= naf*"^ dx; therefore Jar^^rfx = - af + C; hence to integrate a 

differential in which the differential of a variable is multiplied by a power 
of that variable, the index of the power being constant, we have the fol- 
lowing rule : 

Divide by the differential of the variable, add unity to the index; 
divide by the index thus increased, and annex the constant quantity. 

Thus f^^dx = ia:» + C. /x* dx = ^x* + C, 

fx"*rfx = 2x*+C, fx-£fx= ^^ +C. 

This principle may be extended to the integration of the general 
expression 

(ax-^^) x»-»c?x. 

For if we put a x" + ^ = ^* then differentiating we have 

« ax"~*rfx = rfar, or x*^*rfx = — dz\ 

na 

hence the proposed differential becomes — z'^dz; therefore 

J ^ ' na'' no(m+l) «a(i»+l) 

The principle here employed is applicable in all cases when the index 
(n — 1) of the power of x without the vinculum is less by unity than 
the index (n) of the power within it, except in the cases when 
m — — 1, or n = 0, which reduce the differential expression to 

the integrals of which will be considered in the next Article. 

The substitution of 2? for ax" + 6 was employed to reduce the d f- 
ferential to the form (1), but in practice the principle should be applied 
directly to the differential whose integral is required. Thus, con- 
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Bidering {aaf + b) as a monomial, its differential is naaif^^dx, and 

dividing the proposed differential by this, gives -^ —. Now 

increase the index m by unity, divide by m+l, the index thus increased, 
and we obtain 

/(aa?- + i)- *-- dx = ^^^^±5^ + C. 
'' na {m -f- 1) 

88. Since d \os (x + a) = — - — ; therefore, conversely I - 

° ^ x + a J ^ 



lo^rithm of i 
r dx ^ 

J x + a 



dx 

x + a 

= log (x + a) -\- C; whence it follows that, when the numerator of a 
differential is the differential of the denominator^ the integral is t/te 
napieriem logarithm of the denominator. 

The constant may be incorporated with log (x + a), for the constant 
C is the lo^rithm of another constant C, that is, C' = 1<^ G ; hence 

log (x-f-o) +log C = log C (x + a). 

Reverting to the differential in Article 87, we have, when m = — 1, 

oT-^dx _ 1 naaf^^dx __ J_ d{aa^ + b) 

aaf + b na' aaf + b na' a7f + b * 

•". r^^ = — log(aaf-f-*) + C'= — logC(ax*+A). 
J aoT + b na ^^ • / ' na ^ ^ ' 

And when ts = 0^ in the same differential, we have 

/(a + 6)- ^ = (« + *)" J ^ = (« + *)" log C*. 

89. We frequently meet with integrals which may be brought to 
elementary forms by certain easy algebraic processes, as well as by the 
substitution of certain differential forms for others equivalent to them, 
and to assist the student in the transformation and reduction of such 
integrals, we shall here give the following table. 

TABLE OF ALQEBBAZO AKD DIXTEBEKTXAL EQUIYALENTS. 

(1.) X = a + x^ a =o — (a — a;). 

1 \ a 

(2.) a; = ^ (a -f- 6x — a) = - (a + 5a:) — -. 

(3.) x* = (a + a; - a)" = {a + x)^-^ 2a (a + a?) + a*. 

(4.) 2aa; + a:« = (a + a:)* - «•. 

(5.) 2oa: — x* = o" — (a — a:)". 
(6.) &• - x« = ^ - a* -f. («• - a:«). 

(1.) a + bx + c^ ^ — (4ac+4ftca: + 4c*x») 

^ J- {(2cx + 5)« + 4ac-A«}. 
. . a-^hx _ a + bc + b (x ~ c) _ a + bc b 



(x-cy {x-cy . (x-cy^x-c 



(9.) («« - :«•)* = -^^^ 



o' x* 



(a* - .V)* (a« - x*)* (a* - a:*^** 
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(10.) f?±£)^-.^±^=_^ +_^ . 

(11.) (1 -a:*)* = (I -a:*) (I-af)*= (1 -ai*)* - a:»(l-.a:»)* 
(12.) (1 - 3*)* = (a^* (x-» - 1) J = a* (a;-* - 1)* 

(13.) (a + b x«)* = b*f^+oA = ** (a 6"' + a:*)*. 

(14.) dx = d (x ± a) = d (x ± 6), etc. 

(15.) dx= ^ rf(2aa:+ 6) = ^ d (2cx±h)y etc. 

(16,) xrf a: = i rf (a* ± a«) = - rf (x* ± 6«), etc. 

90. Many other equivalent expreBsions will suggest themselves in 
practice, especially in trigonometrical functions, and several of those now 
given will be employed in the examples immediately following, as well 
as tn the integration of some differentials whose integrals involve loga- 
rithms, and in the process of integration by parts, both of which will 
presently come under consideration. 

Examples in Intboration. 

5 4 

1. To integrate -ax dx. 

6 

By the theorem in Art. 87, we have 

2. To integrate (3 a* 3* + x^*) dx, 

f(3(^a* + x-*)dx = Sa*f3fdx+ f^ = a«a;» - -L. 

3. To integrate V (1 4- »') x dx. 

•^ ^ ^ \ .2xdx 3 

dx 

4. To integrate 



(1 - ^Y 

dx r dx 



C-JI— = f ^ by (12) = /ar- (X- - \)-'dx 

J (!-*■)* Jx»(ar*-1)* 

_ {xT*— \)~^x-*dx I X 

- -4(-2ar-dx) - (^_i)* ~ (1 _ ^*- 

5. To integrate j^^^- 
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6. To integrate (ax + by dx. 

f (ax + or ax = -t — -—r — ; — = -7 — :— ; • 

•^ ^ ^ ^ in+l)adx {n + l)a 

^ m . x'^dx 

7. To iDtefrrate ; — -—: — r- . 

Xa-^-bxy 

z — a C* "~ fl^'"'*'* 

Let a + bx:=^z; then (a + A a:)" = «", x= -y— , x'"''' = .^^^ — 

therefore (»i + l)x"'rfa: = (m + 1) ^^-^^ , and consequently 

oc^dx = ^— (z — aydz. 



Subatitutiog in the proposed expression, we get 



J {a + bxy " i-'+V ^" 



• • 



. . (1). 



Now (» — a)" = «"— «i o «^' + *" , ■ ^ a' «"-• - etc., 

and substituting this in (1), we shill have, after multiplying hj dz and 
dividing by 2:", 

H ^^ - —^ a* J sr^^*dz - etc. V. 

When m and n are given, the integrals of the terms within the 
brackets can be obtained by (1) or (5) of the elementary forms. 
Let m = 3 and n = 2 ; then 

= 1 j (£iL*£l' _ 3a(a + &X) +30* log (a + **) + — ^}. 

8. To inteirrate — r—: — . 

9. To integrate du = . 

° x + a 

Dividing the numerator by the denominator, gives 

du « s^dx — ax dx + a' rfar ; 

x-\-a 

.*. ti = fa* rfa: — a fx dx + a* C dx — a* I — ; — . 

•^ •' -^ J 0; + « 

= - - _ + a«a: - a» log (x + a). 
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10. To integrate d«=^^-^^^^J_^^. 

Here x V(2«a: — ai*) = a:*V(2aa;"* — 1), and consequently 

i(— 2aar*c?x) a^ '' ax * 

11. To integrate du = . 

(2ax-x»)* 

Here (2ax - x«)*= (x«)* (2ax-»- 1)*= x» (2ax->-. 1)*; hence 

Jx dx M • 
-, = /(2ax->-l) '^x'^dx 
x»(2ax-'- 1)^ 

-i(-2ax-*rfx) a^ ^ aV(2ax-a*) 

12. To integrate du = —j~-^- . 
Herex*V(l — «■) = x*V(«"*— 1)> and therefore 



"-/^ 



= /(X-- i)-*x-.rfx = (»7- D^'lf 



V(«"*- 1) *' i(-2x-»da:) 

= - (X-.- 1)* = - <^-< 

X 

13. To integrate du = . 



„ r 3dx S C dx 3/5 . / 



5 

4 

= Av5tan-^^ 
-j^VStan -^. 

14. To integrate rf.. = -^^|--^^. 

Since V(2 - 3x") = V3 . V(4 - ic«) ; therefore, by (16), we have 

r> r ^^ fry C dx , . /3 

J V(2-3x*) JVC* -a:*) ^ V2 

x*c?x 

15. To integrate du = . 

fx«rfx r(l + x»-l)rfx .^ f rfx 

"^JT+^^J iT? ^/^^-Jf+^=x-tan-x. 

X <f X 

16. To integrate du = • . 

(2ax-x»^* 

no, dx r (a ^ x) dx 
Here « = j - ( -^ ^ — -by Art. 89 (1) 

J (2ax-x»)* J (2ax-x«)* 

x \ 

= a vers"' (2 ax — x^)'. 
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17. To integnie rf« = (a 4- xyx dx. 

u =/(a + x)*a:dx = /(a4-a: — a)(a+x)*€fx. Art. 89 (1) 

= f{a + x)* dx - af(a + x)^dx 

j^dx 

18. To iotesrate du ^^ 



(a + X)* 

J {a + xy J i {a + xy j 

= f{a + x)^dx — 2a f {a + x)"^ dx + c^ j {a + x)^^dx 

= |(a + x)*-4a(a + ar)*-2a«(a + a:)""* 

_ 2 (g + xy - 1 2 g (g + g) - 6 n^ _ 2 (x»-4gx-8g') 

3 (g + x)* 3 (g + x)* 

« rw, . ^ (a^-.g«)*</x 
19- To integrate rfw = ^^ . 

J x(x«-<^)* J («"-a*)* •^ x(x«-g*)* 

=s (x* — fl^) — ggcc"'-. 

g 

20. To integrate dw = (g» - x»)* x* dx. 
Here « = /(a*- x»)^ {a»- (g« - x»)}x*rfx 

= g»/(g»- x»)^x«c?x - /(g* - x»)^x«£fx 

1 2 S I 

Letx" = a*: then x = ar», dx = -«-* dar, gx*— A = as^— 6; 

ft 

/ dx 2 p g-'dg _ 2 r dz 

2 ,g* 2 .g* = 

= — - sec"' — r ^ = — r sec"' — x» . 

«6* A* «ft* ft* 



Additional Exercises. 

L. dt« = gx* dx. Ans.u = J ax*. 

2. dtt = gx/^x dx. -4«*. m = f cx'*^. 
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3. du = —, — . -4iw.il = 6a: . 

a/ X 



4.du = i—. Ans.u^-j^. 

ox 

5. du = a{b + ex) dx. Ans.u = — (2b + cx). 

X^ 

6. du= 6a*(2+3x*)dx. Ans.u = -^ (12 + 9a?*). 

7. du = adx—bx'^dx+x^dx, Ans.u = ax + —^ + ix^. 

/I a: x*\ 

8. Jtt =r (1 - a?)*a:* rfar. -4n*.tt = a:"f - - o "^ 5"/ 






9. du = 5a:"rfxV(7 + 3a:*). i4w*.« = A(7 + 3a:<) 

10. cf M = -^— ^. Ans.u = T - n Jog (^ + ^*)- 

a + bx 00 

12. <?M = 7 — r-i— r«- -^***- " = -777 — . jL X - IT Jog (^ + *^)' 
(a + ^x)* ^ (a + 6a;) 6* ° ^ 

xdx . a+26x 

(a + 6a;)* 26*(a + bxy 

14. cftt = (a-ar)(2ax-a:»)^rfa:.-4«*.« = J^ (2 ax - a:*)*. 

15. rf« = ^ f ^ ^TM.tt = - log(a» - 6» - x»)^. 

cr — 6* — ar 

2 rfa? a? 

16. du = 1. Atis.u = Un"^ -• 

4 + ar A 

17. cf M = 7-=. Ans. tt = f tan ~* 2a;. 

1 +4ar 

18. du^QQzSxdx—vAXi^xdx.AnsM^ J^ sin 3 a; + | cos 7 ar. 

20. rftt = — TTTT-i rr- -^^- « = sec "* a: V 3. 

a;V(3ar — 1) 

21. du = (tan*a;4- tan'a;) rfa:. ^n^.tf = ^^tan'a;. 

dx dx - a + a: 

22. du = — ; 7-- — . -47W.tt = log T-T— • 

a + x 6 + a; ° o + x 

23. rftt = sin 2x dx. Am. u = sin 'a;. 

24. du = , .^ ^^: -. vln*.« = isin-^x*. 

V(l-a;*) 

?5. rftt = -T-r^' ^^- « = * tan -' a;*. 

1 + x^ 
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91. We have seen, in Art. 88, that when the numerator of a difFeren- 
tial 18 the differential of the denominator, the integral is the logarithm of 
the denominator, and as there are some differentials which h-equently 
occur in physical inquiries whose integrals can be expressed in a loga- 
rithmic form, we shall now advert to these, especially as the integration 
of the several forms offers no difficulty. 

(1 .) To integrate du = ^{J±if) - 

Let a:" ± o" = «*; then differentiating, we get x dx — z dz^ and 
adding z dx to both sides, gives, x dx'\-z dx = z dz + z dxi 

, ._ /j.,v dx + dz dx 
r.(x + z) dx = z(dz + dx)j or ; = — ; 

^ '^ X -^ z z 

Jdx r dx + dz rd(x4-z) , , 



•*'Jv(a 



*** 3x = log{a:+V(a^±a*)}. 



(2). To iutegrate du = ^^^J^^^ - 

Let X = -, then log a; = log a — log i?, and — = ; hence 



du = 



2r '^ X z 

dx dx dz dz 



x^{cf+7?) /, ,^\ a«V(l+0 «V(«"+1)' 



«K'+^) 



•••'' = -^/vWi) = -^"«^*+^(**-*-^>>''^('> 



= log 2 i = lo 



log 



X 



X a */(<^ + 3?') — a 



d X 
(3). To integrate rf« = 335 j. 



a"— a?" 



Here-i -5 =77- 1 — ; \r.du = —{ — ; \ 1; 

<r ^ XT 2a[a+x a — icj 2a[a + x a — x\ 

1 r dx I c ^^ 
2aJ a + x 2a J a — x 

= ^ {log (« + «) - log {a-x)} = ^ log ^. 
Similarly. J^^ = ^{ /^ "/^l = ^ ^''^ Jt^* 

(4). To integrate du = ^ (^ a r+ x*) ' 
Since 2 ax + a:* = (a + x)* — a*, and rfx = 1? (a + «) 5 
therefore cf « = -rrr — ^i — r^— ^^ — rr* which is of the same form as the 
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first of these differentials ; hence by (1) we have 
r dx r dja^ x) 

J V(2aa: + a:«)"" J V{(« + ^)'-«^ 

= log { a + a? + V(a + a^)* - «• } 

= \og {a + X + a/ {2 ax -^ 7^) ]. 

d X 
(5). To integrate du - — — — -5, when 6" is ^rra^^tlian Aac. 

tt "^ O X "7~ C XT 

f—^f =2r— ^'"^'^ 

ja-\-bx + C2^ J 4a 



-J- 



c + Abcx + 4c* X* 
d{2 cx + b) 



(2cx + 6)«-(^>«-4ac) 

dx 
(6). To integrate rfw = -* 

(a + iar + cac*)* 

Jc?a: _ 1 /» 2g dx 

{a'\'bx + c7*)^ c^J ^ac + 4bcx + 4(^a*)^ 

d(2cx + b) 



'M 



{ {2 ex + by + 4 ac ^ b^ }^ 



= \^og{2cx+b+2c^ (a+bx+ca^)*},hy{l). 



d X 
(7)* To integrate du = 



x{a + bx -^ c a^y 
Let a: = - ; then log a? = — log w, and — = ^ ; 

y X y 

hence du ■= ^ — 



y{a + by-'-hcij^)* {a^ + btf + c)* 

/dx ^ n dy 

x{a+bx+v2*)^ J {ay' + by + c)^ 

= — llog{2ay+6+2a*(ay«+fty+c)*jhy (6) 
a* 

1 , J2a + 6a;4-2a*(a + ^x + ca:»)il 
. _ log , ^ 

a 

c: log J — • I; 

a* ^2a + bx + 2a^{a + bx-\-c7^)^^ 

EXAMPIKS. 



1 , 2ar + l - 5^ 

T ^«S 1- 

5* 2ar+l+5^ 
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dx 2x+\ 



2 
3 



3x+l •2x+2' 



J (je + x + iy 

4. C ^f =log{2x-l + 2(a:'-x- 1)*}. 



J a:(a:* + a? + l)* (2 + x + 2(a:» + x + 1)*J 

«■ r — - — i--^ - — - — il* 

OrrBOSATZOM BT PABT8. 

92. The formula to be employed in integrating by parts is, Art. 86 (24) 

fudv = uv ^ fv du^ 

where it is evident that fudv will be known, provided J v du can be 
found. As this method of integration is extensively used in the Integral 
Calculus, the student should make himself familiar with its application, 
and endeavour to acquire the power of writing down results without 
repeating the formula. 

Examples for Practice. 

1. Integrate x log x dx. 

d X if^ 

Let log X = tc, and x dx = dv; then du- — , and v=^fxdx = -j 

X £k 

jji /V dx 

• '• f X log X dx ss fu dv ^ uv -^ f vdu = ■— leg x — I — • — 

= 2 ^og X ^ t/x rfa: = - log X - -. 

2. Let it be required to integrate (1 + x*)' x* dx*. 

Let X* = «, and (1 + x*)' x dx = dv ; then du = 4 x* rf x and 

.•.y(l +3i^y x^ dx - fu dv = uv '•^ fv du 

= ix*(l +a^y'-if{l+x'ya^dx (1). 

The integral in the last term of (1) which we have still to obtain. 



* This example has been chosen for illustrating the principle of integration by 
parts, bnt its integral may be more readily obtained by expanding (1 + x')'. Thus 

x^ 3 2* 3x^^ x^ a* , ^ 
differing only from the former result by ihe constant — . ] 
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must be submitted to the same process of integration. Thus let 

a* = u, and (I 4* ^)* x dx = dvi 
then /(I +2r)*x'dx = fx" .{I +3*)^ xdx 

^' 10 ■^J^l+^> - 10 60 

Substituting this result in (1), we get finally 

•^ ^ ^ ^ 8 10 ^ 60 

_ (10 a;*- 43:* +1) jl+^Y 

120 

3. Let it be required to integrate y (a:* -|- a*)* dx. 

Since (aj* + «T = ^^^ = -,+ r; 

i«y • -vi ,' ./^ <^3: n a^dx 
r.f{a*-\-t^ydx =a« + 1 

J(a:« + a»)* J(a^ + o«)* 
= a« log { a: + (a:« + a*)* } + / ^ . 



x dx 



(a* + a«)* 

= a« log { a: + (aJ» + a«)* } + ar (a:« + a^* - / (a:» + «*)* <? a:. 
Transposing the last term, and dividing by 2, gives 

/ (*• + a*)* rfx = ^ log { X + (a» + a*)*} + ^-^^±^. 

4. Find the integral of (a* + a^)* «* dx. 
Here / (a'+x*)* x* d x = / x . (a* + x*)* x dx 

= |(a« + x')*-i/(«« + x»)*dx 

= I (o* + a^)* - ^ /(«• + a^)* rf* - +/(«• + x»)* x" rfx; 

.-./ (a' + x*)* x* dx = I («• + x*)* - J / (a^ - x«)^ dx. 
But by Example 3, wc have 

/ (a* + x^* dx = I («• + a^)* + ^' log {X + (a* + x*)*} ; 

. • . / (o'+x^* x» dx = J («• + x»)* - ^ (a* + xO* 

-^logix + Ca' + x*)*} 
x(fl^+2x')(a'+x»)* a«, , ,. .i. 

VOL. I. 2d 
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6. /(at— a:*) dic= — ^ — - — —-¥-7: Bin""*-. 
^ ^ ' 2 2 a 

9. J* ac* cos X c/x = x* sin x + 2 x cos x — 2 sin af 

= (x" — 2) sin X + 2 X cos x. 
10, / X* sin X rfx = 3 (x* — 2) sin X — X (x* — 6) cos X. 

"J (H-aO* ~ 6(1 +X'/ 6(1 +X0"' 6(l+«*/* 

^' J (1 + ^)" " 24(1 +x«)* * 

INTEG^BATION OF RATIONAL FRACTZON& 

93. A rational fraction is a fraction of the form 

(x* + g X*"' -4- h af"» + , , . ) rf X 
a:* + a'ar-» +6'a--«+ . . . ' 

where the indices of x are all positive integers. 

If the numerator contains powers of x as high or higher than the 
highest in the denominator, the fraction can always he reduced hy com- 
mon algebraic division to a mixed quantity, composed of a rational integral 
function, and a rational fraction in which the index of the highest power 
of X in the numerator of the differential is less by one or more units 
than that of the highest power in its denominator. We have only then 
to consider rational fractions in this case, and as they are not often met 
with in practice containing high powers of x, we shall confine our 
investigations to such only as are likely to occur in the most useful 
inquiries. 

Rational fractions are integrated by resolving them into the sum of a 
number of fractions with simpler denominators, called partial fractions, 
as in the following cases : 

I. When the simple fcictors of the denominator are real and unequal. 

m 

In this case, either of the following methods may be employed : 
Ftrst method. — Let the proposed fraction be 

U dx X dx 



du = 



(x - «) (x - b) (x - «?) ' 



X A . B , C 

then assume 7 r^ rr-r- r = j- -i ; 

(x — a) (x — 6) (x — c) X — a x — 6 x — c 

therefore x = A (x-^) (x— c) + B (x— a) (x— c) + C (x— a) (x— 6), 



integration' of rational fractions. 403 

Now this equation must hold for all values of a; ; hence if 



a 



X = a, then a = A (a - 6) (a - c), and A = . _ ^w^ _ ^y 
a: = 6, „ 6 = B (6 - o) (6 - c), and B = (^ _ g) (^ - g) * 

X = c, „ c = C (c — a) (c — 6), and C = 7 r-7 j^. 

^ ^ ^ ^ (c — a) (c — 6) 

Consequently A, B, C, are all known, and thence 

r xdx ^ rxdx , rBdx rCdx 

*'"'J(x-a)(a;-6)(x-<?)"'Jx-a Jx-* Jac-c 
= A log (x - a) + B log (x - ^) + C log (x - c) 

= log{(x-a/(x-^r(x-^r}.- 

Second method. — Assume -rr = ^^ = 1 ' — =- 4* 



V Fx X — o X — 6 X — c* 



then /x = A . h B ^ + C 



X — a X — 6 X — c 

Now sinceFx^ (x— a) (x— 6) (x— c), it is evident that whenx = a, the 

Fx rfFx 
fraction = - = —-= — , by the theory of the singular values of 

X "^ a \j Or X 

Fx Fx 

functions Art. 59, and 7- and are each equal to zero : hence 

X — X — c 

// 1? i» 

to determine A we have only to divide /x by — — , and write a for x 

in the result. Similarly, it is shown that B and C are determined by 
the same formula, writing in it b and c for x respectively. 
Let it be required to integrate 

- (2x - 5) dx _ (2x— 5) dx 

" ~ x»-6x«4-llx-6" (x- 1) (x - 2) (x -~3)* 

2X-.5 A , B , C , , 

Assume -= — , . ,- ^ = r H r H r ; then by 

x" — 6x"4. llx — 6 X— 1 X — 2 X — 3 ^ 

- d¥x 2x — 5 

the second method/ x -f- 



dx 3x»-. 12x4-11' 
In this formula, let x = 1, then A = — f ; if x = 2, B = 1 and if 

a: = 3, C = i ; 

3 dx dx 1 dx 

hence du = -^ ^ ^— -j + ^— g + 2 iTTa' *°^ integrating, 

«= -llog(x-l)+Iog(a:-2)+4log(a;-3) = logC^^^^HHiZ^. 

(x - 1)T 
By the first method we get from the assumed equation 

2x- 5 = A(x-2)(x-3) + B(x- l)(x-3) 4- C(x-.l) (x-2). 

Ifx= l,then-3 = A(l -2)(1 -3)= 2 A .-.A = - J, 

x = 2, - 1 = B(2- l)(2-3) = -B .•.B= 1, 

x = 3, 1 = C(3-l)(3-2) = 2C.-.C = 4; 

the same values of A, B, C, as were obtained by the former method. 

2d2 
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II. — When the simple factors of the denominator are real^ but not 

unequal. 

Let the proposed fraction be 

_ ^ ^^ _ (ma:* H-w^ +/')<3?a: 
" " ~T~ " (x-a/(a:-6) ' 
then if we make the assumption 

ma^ -^ nx -{• p A B C 

— 4- - — - -(- 



(x — a)* (x — 6) a; — a x — a a; — 6 ' 
it is evident that the second member cannot be made identical with the 

first, tmce 1 = » is of the form , and 

X -^ a X — a X — a x — a 

the common denominator is {x — a) (x — 6) instead of (x — a)* (x— 6). 

To obviate this, we may assume 

ma^-^nx-^p _Ax + B C 

(x - a)* (x - b) ^ (x - af "^ x-6' 

since by reducing the second member to a common denominator, the 
numerator ^ill be of the same form as the proposed numerator, and con- 

A X 4- B 
tain three undetermined coefficients. But the fraction — rr- may be 

(X - ay 

separated into two others, by assuming 

Ax4-B _ P I Q - 
(x — a)* (x — a)* X — a ' 
and therefore the proposed fraction may be separated into three others 
in the following manner : 

«ix*4-«x4-o A .B C , .,, 

(x — ay (x — o) (a: — ay x — a x — ft 
ma* -^nx+p = A (x-6)+B (x-a) (x-ft)+C(x-a)"....(l). 

_ , - . A ^ .V 1 * fna*-\-na-^p 
Let X = a, then ma^ + na +p = A (« — 6), and A = -z — ^. 

Let X = 5, then mb* + nb+p=: C (6 - a)*, and C = *^ .. .1"^ . 

(b — a) 

Since eq. (l) holds for all values of x, the coefficients of the same powers 
of X in both members must be identical ; hence taking the highest 
powers of x, we get B -f C = m, and consequently 

_ ^ «i6*4-7i6 + p fw(a* — 2a6) — (n6 4-p) 

B = »» — C = m -r r^-^ = — i^ ^ , ^ ^-^. 

(ft - a)* (a - by 

The usual way, however, of determining B is to subtract the equation 

m a* + n a-\' p = A (a — 6) 
from (1) ; then we get 

#» (x» - a") + « (x-a) = A (x-a) -f- B (x-a) (x-ft) + C {x-^ay^ 
which is manifestly divisible by x — a ; hence, dividing by x — a, 

m (x + a) + « = A + B (x - ft) 4- C(x - a) . . . . (2). 
Now if in (2) we put x = a ; then 2ma + n = A4-B(a — ft); 



i 
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"a^^ (a - ^>)* 

_ m (a* — 2 a 6) — (» ft +p) 

III. — fF3i€» /A« denominator contains unequal qtcadratic factors^ 

having impossible simple /actors. 

Let the proposed fraction be of the form 

__\] dx (x -]- m)dx 

" " "Y"" " (5C» 4- a a: + ft) (a:* 4- c*y 

Assume ^^_^^^_^^j^^^^^ = ^^^^^^ + -^— ; then 

aj + w = (Ax -h B)(a:*+c«) -f (C x+D) (a:"+aa:H-ft), (1), 

an equation which, being identical, must hold for all values of x, whether 
real or imaginary. 

Let a::* = — c?*; then equation (1) gives 
X + m = (C a; 4- D) (a a; 4- ft - c*) 

= Cax«4- {C(ft -c») 4- Do} a; 4- D (ft - c*) 
= { C (ft - c«) 4- D a } X - C a c» 4- D (ft - c«), 
which cannot hold unless the coefficients of x in both members be equal ; 

.-. 1 = C(ft -c*)4-Da . . . . (2). 
and hence m = D ft — c* (C « 4- D) . * . (3). 

These equations serve to determine the values of C and D. 

Again, let x* = — (ax + ft) ; then by equation (1), we obtain 

x4- m = (A X 4- B) (c" — a X — ft) 

= - Aax«4-{A(c«-ft) - Ba}x4- B(c»~ft) 
= {A(a*4-c«-ft) - Ba}x4-Aaft + B(c«-ft); 

.-. 1 = A(a"4-<?'- ft) - Ba (4). 

»» = Aaft4-B(c*-ft) (5). 

These equations serve to determine the values of A and B. 

94. It may be proper to remind the student that the values of A, B, 
C, D, can always be obtained from equation (1), by the method of 
indeterminate coefficients. Thus multiplying out and arranging the 
result, we have 

x4-»» = (A+C)x»4-(B4-Ca + D)x* + (Ac«+Cft+Da)x4-Bc'+Dft; 

and equating the coefficients of the same powers of x, we get 

A + C = 0; Ac'4-Cft4-Da= 1; 

B4-Ca-i-D = 0; Bc*-fDft = m; 

which furnish the values of A, B, C, D. This method may be applied 

in every case, and not unfrequently with as much success as any of the 

methods we have adverted to in this and the preceding cases can afford. 

The rational fraction is therefore reduced to the integration of differentials 

of the forms 

(Ax 4- B)cfx ^ (Ax+ B) dx 

•^— r — r- and -^ i z — . 

ar4-ax4-ft ar + a' 

To integrate the former of these expressions, let x 4- i a « ar ; then 
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also Aa;+B = Az — jAa + B, and dx = dz; conBequently 
r(Ax + B)dx r{Az^{iAa-'B)}dz _ f * zdz 
J :^-\-ax+b "J ;8»-i(o--46) "" J;^-i(a«-4ft) 

-aAa-B) J^,^y,^,^ . 

both of which are known forms. Int^ating the latter form, we get 

/(Ax+B)rfa: _ C xdx C dx 

3^ + <^ -^Ja- + a« "^^Jx' + o" 

= ^ 'og (*• +«*)+- t*n-' -. [See (5) and (17)] 

When the denominator consiBts of equal factors of the form si^-^ax4-b^ 
the same method may be employed as was followed with respect to equal 
factors of the form 2; — a in Case II. 

95. It only now remains to integrate the form 

dx 

/dx Ax r dx 
= --r + B I tt\ then, differentiating, 

dx _ Adx 2 (» — 1) Aa:" c?rc "B dx 

which, reducing to a common denominator, and dividing by dx^ gives 

1 = A (X* + a') - 2(» - 1) At* + B(x* + «•), 
or I = {A -.2(«- 1)A + B}x* + Aa« + Ba". 

Hence A — 2(« — 1) A 4- B = 0, and Aa* + Ba*= 1; and theae give 



A= _, V. . andB= ^^'^ 



2(«-.I)o* 2(n-l)a«' 

/ dx X 2« — 3 r dx 

(a* + ay " 2(n~l)a«(x«+a«)""'^'^2(n-l)a«J (rc« + a«)"-* * 

a formula which, by successive operations, diminishes the exponent n, and 

dx 

finally reduces the differential to -^ =, which is formula (11) Art. 83. 

or •\' a 

When the factors of the denominator of any proposed rational frac- 
tion are not given, we must put the denominator equal to zero, and 
the resolution of the equation thus obtained will determine these 
factors. The solution of equations, however, does not extend beyond 
certain limits, except in the case of numerical equations, or ivben 
ar= ±1. 

Examples. 

1. Let It be required to mtegrate du = (^_i) (^+2)(x-3)(x+4r 
The product of the factors in the denominator is a:* + 2a;*— 13a^ 
— 14 a; + 24; and if we assume 
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aj'+ar**+2 A . B .CD 



a?* + 2a:»- 133c»- 14x + 24 x- la: + 2 a:-3x + 4* 
then the formula for determiniDg A, B, C, D, is 

•'^ • dx ~4a:*-f 6a:"-26a;- 14* 

If in this formula we substitute in succession 1, — 2, 3, and — 4 for x, 

2 1 19 23 

we get A = - — B = — , C = gg;>and I> = 3^; therefore 



I5J X- 1 ■*" 15 J x+2"*"35j a:-3"^35j 



dx 



2 1 19 23 

= - f^ log (a:- 1)+ -log(a:+2)+ g log (^^-3)+ - log {x + 4). 

X i£ x 

2. Let it be required to integrate du — r-r-T-s rr- 

° (x — 1) (a:* — 1) 

Since {x — 1) (as* — 1) = (x — 1)' (x* -h x + 1), we may hence assume 
X A B Cx + D 

5+z — r + 



(X - 1) (x» - ]) (x - 1)* ' X - 1 ^ x« + X 4- 1 ' 
.-. x=A(x« + x+l)4-B(x'- l)H-(Cx4-D)(x- 1)% 
orx=(B-hC)x» + (A-2C-fD)x«4-(A + C-2D)x4-A-B4-D; 
and equating the coefficients of the same powers of x in both members, 
B + C = . . . . (1), A + C-2D = 1 . . . . (3), 
A-2C + D = . . * . (2), A-B+D = . . . . (4). 

From these* four equations we derive the following values : — 

A = +, Bs=o, C=0, D= -i; 

hence « = + J*^- - ' J-,,^^^ 

i) 



.U(«-.)-^.-*f<^t| 



1 2x 

«= - — — -rrr -*V3 tan -* -r-, by Art. 87, and Art. 83 (17). 
3 (x ■" 1 ) V 3 

as* dx 
3. Integrate du - j ■ ; . 

Here 1 - x* = (1 -x«) (1 +x') = (1 -x) (1 +x) (1 +a:*) ; then 

x» A . B Cx-f-D 

If weassume^-^ = ^3^+ j-j:^ + -^-j-^, we get 

x» = A(l+x)(l+a:*) + B(l-x)(H-x«)+(Cx+D)(l-x)(l+x) 
or x«=(A-B-C)x»+ (A+B-D)x*+ (A-B+C)x+A+B+D 
.•.A~B-C = 0. . . (1) A-B+C = . . . . (3) 

A + B - D = 1 . . . (2) A + B + D = . . . (4). 

From these equations we get the following values : — 

A = i,B = i,C = 0,D=-J; 

- ^ C ^^ 1 r dx ^ 1 r dx 

*'• **"4J 1 -^'*"4j 1 + .-: 2J l + x« 



408 DIFFEBEMTIAL AND INTEORAX CALCULUS. 

= -ilog(l-x)+ilog(l+a;)-4tan-'a; = logri±|^ -iton-x. 

d X * 

4. Integrate du - ^ , — — — , when 6* is less than 4 ac. 

Since «*'+ia:+c = «(^a- + "« + ^ = « j(* + 0+ ^5^}. 

let a: + — - = «, and — — -= — = a"; then we have dx = dz. 

2a 4 or 

/dx \ r dz 1 z 

^"^ J aar'+Aar + c"' V(4a<?-*') **" V(4ac-^y 

If b* is greater than 4 a c, the integral now obtained would contain 
imaginary quantities, since 4ac — 6* is, in this case, a negative quantity. 
But considering a" as negative, we get, 

/dx I r dz I z — a 

aa*+bx + c ajs^-a* 2aa *« + «' ^ ^" 

^x 1 2ax + b - V(y ~ 4gg) 

ax« + ix + c" V(^-4ac) ^^ 2 ax + 6 + V(6' - 4acy 

as in Art. 91, (5). 

If 6* = 4 a e, then both these methods fail, since then oe = 0, and we have 

J dx _ 1 rdz _ _ J_ _ 1 

aa^ + bx -^ c aj «• az ax + i6* 

dx 

5. Let it be required to integrate -. — , -r — ^^ * 

* ^4ac-6« . ^ 

Let,asbefore, X -f —- = z\ and — —-z — = or; then 

2a 4 a" 

K6V 4ac — 6M" 

/' rfx 1 r ^^ 
r — ; — = r- = — — --, a form which has already 

been discussed in a preceding page, where it has been shown that 
p dz z 2«-3 n dz ' 

Let n = 2,then J — — . = ^a- (.-+«•) + 2"^ J i^T^' 



p rfx 1 r <fg ^ g I 

•'•J (ax'+ftx+c/'a-J (^•+e.«)' 2a*a»(^+a«)'^2a« 



«• 



, z 

tan-* - 

a 



2ax+b ^ A a ^_j 2ax-^b 



' ^ tan" ————— — - 

(4 oc - *•) (a*» + bx+ c) ^ (4^^ _ j.^4 V (4 ac - 6«)* 
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Exercises in Rational Fractions. 
du 5x + 1 

cfti ag-1 (a: + 4)* 

dx ^ + 6x + 8 (x + 2)* 



X* (x + 2)* 
^«. « = log j(^+l)'(--2)y. 



* rfx a?* — 5 a:" + 4' 

c^u dC* 4 

*• di = *'+5«*+8x + 4- ^«'- « = ^Tfa + log (» + 1). 

c^tf 3;t; ^ 1 A 

^- Ji " ^^^2^- ^'**- «* = log {a:(x - 2)»j . 

rfx (x - 2)* (x - 1) X - 2 ^ ** a: - 2 

i^tt a:'-2 2x+l . ^ a? 

9 ^ L Anj. 1 1 , a + 6x» 

rfa? xCa + Ax*)*- 3a(a + 6x») 3a«^ «• ' 

10. -r- = « . . , --7. Ans. u = ^log ^ ^ -+^tan-'x. 

ax x* + x* + x+l x-hl ^ 

^^v5i"(x--i)(x-+2)- ^«'- •* = *^"«rfi+-3" *"^ ^• 

'"• 5i = (x.i)«(x-+i)- ^'*'-^ = *^^»^-2(^iTy 

15. 4^ ^ 



rfx 1 — X 



(1 + x\^ 
1 +|tan-'x. 



ifi ^"^ ^ ^ 1,6, a + 6x» 

^^- 5i-x*(a + 6x«y ^'"•''=^3^ + 3^^^«-l?— 

^^ du 2x + 3 -^ 1 x-l-2 

"• 5i = irM;rM3- ^'«-«=log(«'+4x+13)--tan-'-±-^ 

''• di = ?+6^+l3- ^'«. «' = 2log(«'+6x+13)-^.an-^. 

d« 4a:*- nae*+9a;+10 . . /x-2\* 

^^' Tx x'-5» + 6 • An».u = 2a^+3x+\oei^—^y 
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niTEGBATZON OF ZB&ATZONAL DXFFEBEMTXAL8. 

96. Among the elementary integrals (Art 83) there are several with 
irrational differential coefficients, and others may sometimes be reduced 
to such forms as to admit of integration by means of these, or to rational 
forms which can be integrated by the principles developed for the inte- 
gration of rational fractions. 

1. Let it be required to integrate du - • 

I +x^ 
The least common denominator of the fractional indices is 6 ; there- 
fore if we assume a: = 2;*, or a;* = z; then x^ = «■, a"*" = 2;", x*" = «*, 

«" — z* «•— ^'^ 

dx = 62^dz; .' .du— , ,6:^dz= — 6—7-— -rf«, or by division, 

1 •+■ » 2^-f-l 

3461 6434 4 4- 4- 

= -4* +r +*-r -2 ' +^ +*" -«'' 

- 3 log (1 + X*) + 6 tan-* x+. 

dx 

2. To integrate du =2 j-. 

X af* — fl ^zdz 

Leta + bx = 2:*, then (a + o x) = ar, x = — r — and <f x = — j — ; 

o o 

r2zdz 2 r^ 2z 2(a + bx)^ 

••• ^= j -^- = *J ^"= T ^ b • 

dx 

3. To integrate cf » ■= r. 

(a + bx + ca^y 
1 1 
Let (a+6 x+c x*) ■ « c^ (ar + x) ; then by squaring both sides, we get 

a + bx -{- ea* =i C2^ +2czx '\' C3c^; .'. x = 



C2r' — a 



b''2cz* 



-^c(a^^bz + cz^dz - (q - 6g -h c?g*) . 

ox = ^ — r — r, , and z + x = r : 

{b^2czy * b — 2cz * 

, _ dx dx 2c* dz 

hence du ^ 



(a + ftx + cx^* c+(« + x) *-"'^^«' 

^ ^ . . . , 2crf2: log(2c?z— *) 

therefore - - ' - ■ _ e v ^ 






b-'2cz c^^ 2cz^b c^ 

I 

(a + 6x + cx*)T 
But « = ^ J ^-^ — x; therefore we have finally 



■■■■I 



s 
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= -—log {(a+ca:«)^-c*x}-log2. 

Jdx I 



dx 

4. To integrate aw = . 

(a +5 a: — csi^y 

h a 

Let a and fi denote the two roots of the equation o^ x s=0; 

c c 

then ac" x =(x— a)(a:— )8),ora+fta:— ca:"= — c?(a:— a)(aj— ^8). 

cr C7 

Assume a + ^x — ca^, or — c (x — a) (x -^ fi) = c* (x — a)"*"; 

c asi^ -4- iS 
then we have — (x — i8) = c (x — «) ai", and hence x = — — -- ; 

car + 1 

2c (g — 

J2 rfz 2 * 

= Y tan"* c'z, by (21) Art. 85; but from 
car -j- i ^^ 

above we have a" = ^ r, and therefore c^ z = i > : 

c (x — a) I X — aJ 



J 'Jc(a — fi) zdz ,/ , , -vA <?(« — i8)2r 

••'^'= (c^+iy .and(a + 6x-ca^)*=--L^. 



hence, finally^ I -r = C — tan'* < V • 

J (a + 6x-cx*)* c* la:-a| 

If a s 1 , & = 3, and c » 4 ; then the equation x^— fx — ^sO, 
gives X = 1, or X = — J ; therefore a = 1, )8 = — J, 

and f ^^ i = C - tan- (i+l^^. 

•^ (l + 3x-4x«)* 2(l-x)* 

Xdx 
5. Integrate du = Y>^^®^ X is a rational function of x. 

(a+5x+<?x»)* 

Let {a + bx + ca^y = c' (z — x) ; then, by squaring both sides, 
we get a + ftx + cx* = c«" — 2c «x4-cx*; 

ca^^a , 2 c (a + 62f + CJ2;*) c?5 

hence X ^ ;r ; — z , ttX ^ ,_ . fTT m 

2cz + y (2cz + by ' 

(a + 6x + cx»)' = c^ (ar - x) = — ^-^- ^ — ^. 

^ ^ ^ ^ ^ 2cz + b 

The substitution of these values in the proposed differential will trans* 
form it into another of the form Z dz^ where Z is a rational function of 
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z^ and theny*Z dz may be found by the principles already developed. 

If c be negative, then c^ would be impossible, and the method adopted 
in the last example must be employed. 

If X = X, then we have c? (a + 5 a; + ca:*) 

l^bdx + exdx ex dx ibdx 

(a + 6x + e?3c»)* {a + bx + c3^)^ (a -^ b x -}- c a^)* 

=^ - d {a + bx + car) — 



(a + bx-^ca*)* ^ ^^{a-\-bx + ca*)^' 
X dx (a-f-6a;-|-gg')* _ b^ C dx 

(a + bx + ca*)^ ^ ^^•^ (a-f-ftx + ca*)*' 

and the integral may be found by Examples (3) or (4), according as c is 
positive or negative. 

^- ^^^"^ (I +x) %-;«■) • 

Assume 1 — a;* = «■ (l — x)*; then 1 + a: = a;* (1 — x) ; 

a* — 1 2z* 2 

and X = -T ; therefore 1 -f- a; = , , ■, 1 — x = 



4z e? j? rfj2r 

i?x = 75 r\i» *"^ consequently du = —; 



— ^<=-G-fl)*-'^-7Tf^ 



Examples for Practice. 
dx . X — 1 



Jdx X — 1 
Y = sin -* — J-. 
x(x« + 2x-l)* ^^^ 

6?x 3x4-1 



I. f ^ 

J (l+2x + 






3x")* 2(l+2x + 3x»)* 
X c?x X 4" 1 



2x + 3x«)* 2(14-2x4.3x*)* 

dx 1 , 2*x 
= -r tan-* 



x«)V(l-a:*) 2* VCl-a:*)' 

rfx 1 , (x* - 1)* 4- 2*x 

= -7 log 



n r__£f___ = tan- — l±lf _ 



+ x»)V(x»-l) 2* V(x'+I) 

rfx 1 -a;-2V(l +x + a») 
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8. ^= hTT^^ 'where ^-^^^^l^- 

J (l+ai")(2a:"-l)i^ -'^ ^ where ar — 

/oT-^dx Cs^'^'^dz , ' 
J- = 2 —,^htxtz^{2^^\Y*. 



f dx _ 2 i/^^^* 



log 



a/ {^ ab) a + bx 

ZMTEOBATION OF BXKOMZAL DIFFEBZaTTZALS. 

97. Differential expressions of this kind may be included under the 

form du = (a + b 3if')i af^'^ d x (1), 

where m, n, j9, ^ are whole numbers, positive or negative, except it, 
which is only positive. 

1. Let a + baf = sf^ then (a + baf)9 = a:' and a; = ( — ^r — J ; 

in 

hencerftt =2faf"->Jx= ^f— ^j ar'+«->Jz (2), 

which will always be rational and integrable if — be a wholfc number. 

2. hcta + baf = ^ac*, then(a + 6af)« = afar*,* = a«(«'— ft)""; 

.-. af" = «•(«' -ft)"-, andaf"-»<fa5 = - ^ (^j:* - ft)"- "'««-»</ ;r; 

II 

hence rfu = ar'x' af^dx = 2f a'(«' — ft) ^ x'^'^dx 

m 

t ^t qa* -?-, 

= -a' ;»'(«' -ft) ' X ^ (2J«-ft) • «»-*rf;? 

= ..-?aT+f(;2'-ft)'(^"^?'^0^+f-irf^ (3J^ 

which will be rational and inteirrable if 1- - be a whole number. 

n q 

These are the only two cases in which the differential can be rendered 
rational ; therefore a binomial differential of the form proposed is always 

integrable, not only when — is a whole number, but also when + - 

is a whole number. 

tn 
First criterion. If — = a whole number, assume a + ft a:" = afl. 

n 
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Second criterion. If 1-- a= a ivhole number, assume a +4 ot^ 7^7t. 

n q 

EXAMPLBS. 

• - , X dx , V i. , 

1. Let a tt = -7-7 r = (a 4- x)r^x dx. 

Here — = -- = 2, and the first criterion is satisfied. 
n 1 

Let then a + x = «■ ; then as* = («• — a)" = 2;* — 2 a«* + a" ; 

.•.a: rfa? ^2a^d z ^2az dz ^2{a^ ^ az) dz; 

= I «• - 2 a « « (a + «)*{ 3 (a + «) - 2a| 
= |(x-2a)(a + a:)* 

2. Letrftt = -^^-^^ -j-^ =^(t!fi-afyx-^dx. 

Here— = — :;, and — + -* — ?: + « = — 2, and the second 
n 2 « ^ 2 2 

criterion is satisfied ; hence we may assume 

a" - ir* = 3^31^; then -/ («• - x*) = 2? a;, and x* = «•(«• + l)"" ; 
hence ^ jc* = a* («• + !)-•, or x"* = a"* (2" + 1)' ; 

and differentiating, — x'*dx = a"*(«* + l)zdz; 

dx (f+\)zdz . . VCo'-a:*) 

hence — ; = — -f » and smce — ^ = z, 

x* cr X 

we have «« = — ^^ — -5—^^ ~ " "^ ^ "'* ^) "*» 

4. Let ^ = JB»(1 +a*)*. Ant. u = 

&. Let j^ = *»(a^ - ai*)' . ^««. « = - 



Sx* 




^' (' +«■)'• 


"'+S(«.- 


-0». 


-.^rc^- 


■■^*. 
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XMTI»BATZON BT SUOOESSIVX: BX3>U0nQN. 

98. When neither of these criteria is satisfied, binomial differentials 
may still be modified so as to assume a simpler form, and to admit of 
integpration by other means. If we can make J*xr(a + b af^ydx depend 
on another integral of the same form, but with smaller values of m or p^ 
it is evident that by successive repetitions of the process we shall finally 
arrive at an integral which can be determined by an elementary form. 
This is called the method of reduction : it is applicable to a great 
number of functions, and is very convenient in practice. 

I. Let it be required to integrate ^tt — 



/ 



af^dx - , xdx 



(a« - a:-)*' 



= - af-> (a» - a:*)* + (« - 1) /af"" (a* ^af)*dx 



= -x-»(a«-a*)*+(«-l) 



/ 



af-*(a"-a:")cfar 



(«■ - a:*)* 

Transposing the last term of the second member, and dividing by »> 

/ af' dx af (g'-a')* (n - l)(f n af"*dx 

By the successive application of this formula of reduction, the pro* 
posed integral will be reduced, according as n is even or odd, to 

f-i^ =«„-.^.or f^i^ = -i^-^\ 

EXAMFLBB. 












3. = - + — ; but, 

J {(f-3?y * * ^ (a»-a*)* 

/a^ dx X {c^ — a^) c^ x 
_ — L. -I- ^ 8in-« - ; therefore 

p a^dx x»(a«-a:»)* 3a«a:,, .. * . 3a* . , a? 

J(7I1S r ITT (« - "^ + 473 ""- -.• 
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J («•-«.)* U^ 5.3 + 5.3.1;^" "">• 

.5.3.1a*. ,x 
+ "^ — 3 — ;r-"n"* -. 
6.4.2 a 

These integprals may be continued at pleasure, and the method em- 
ployed in the inyestigation of the formula of reduction (A) should be 
followed by the student in each of the preceding examples. 7%tf method^ 
and not the formula, should l)e recollected. 

3^ d X 
II. Let it be required to integrate du = . 

(2ax-.a:«)* 

Here u = /a-- . _^^-^ = foT'^ {a-(a^x))d 

{2ax-'a^y (2aar-a*)* 



X 



af "* dx - ^ , (a-^ x) dx 
faf"* • -^ ' 

(2 a a: -a*)* 



/sf'^dx 
(2ax — a^) 



= a r ^"'^ -a:->(2aa: - a:")* + (n- I)/a:-«(2ax - a^)*rfx. 
•^ (2ax-a«)* 

But/a:--K2ax-a-)*d^r=./af-<??!^Z^^ f ^"'^^ « t^ 

(2aa:-a*)* •^ (2ax-a*)* 
and substituting in the preceding equality, we get 

tt=.ar_^:l^-a--»(2«x-ai-)* + 2a(«-l) f ^""^^ 
•^ (2ax-a^)* ^ (2aa:-a:«)* 

therefore by transposition, and collecting like terms, we obtain 

nu^ -a:--»(2ax-a:»)* + (2n-l)a f ^""^^ . ; 

J (2aa;-a^)* 

/^ afrfa: a:?-'(2aa;-a:»)* (2«-l)a f af'dx ,^^ 
or = 1 T-(B), 

•^ (2ax-a:»)* ** ^ ^(2ax-3i!')* 

rdx X 
= vers"' -. 



Examples. 



K r ^^^ = -(2ax-. a:*)* + a vers-'-. 

J (2ax-a:*)* ^ 



1 
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9? dx x{2aX'^a?Y 3a [* xdx 



^ n XT dx _ X (2ax -^ of)' 3a n 

J (2aa:-a*)* ^ ^ J (2ax-a*)* 

« 

^ r 7^ dx /ic* , 5aa: . 5.3a*\,- Jk 



a; 

vera"' -. 

a 



{^ax-^^y 

. 5 .3a» ,x 

+ -372- ^^" a' 



. 7 . 5 .3a* , X 

+ -47372 ^"* «• 

III. Let it be required to integrate du ^ 



2«-2- («. + ,-)-' + 2«-2J (a« + a-)-' * ' * * ^^'" 



Examples. 

1. Liet m = 3, n = 2 ; then 

^ 'x_ 

a* 



= o, 7i = 2 ; men 

J a*dx 1 a* r xdi 



2(d« + a:«) 
2. Let m « 2, n = 3 ; then 



"^ +log(a- + a^)* 



(ci« + a*/ ~ 4(a« + a-)* 4 J (a« + a:«)" 

i + A o^.r^_L_^x + A':Lfa^-'^ (Art 95). 



4(a* + a:")* 4.2a«(a« + ai«)^4.2 •«» a 

3. Let m = 4, It = 2 ; 

a* 



r g*rfg _ _ a" 3 r a«rf 

J («• + «:•)• " 2(a« + a:-) "*" 2 j a- + 

2(a« + a:«) ■*"2j a« + a:« 



— €fi)dx 



.3 3 ^ ., a; 

+ - X — - a tan * - 



2(a« + x")^2 2 a 

IV. Integrate du = (a' — x*)' (/x, where » is an odd number. 
Here«=/(a»-x*)« . rfx = x(a«-x«)« + ^/2x»(fl^-x«)«"'cfx 

VOL. I. 2 B 
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«-i 



^ x{c^^ 7?y + nf{a* - (a« - of)} (d^ - a*) ■ dx 
.'.(«+l)M=a:(a»— ic*)" + nc^J'{a* — a^) ■ ^x, and consequently 

Examples. 
1. /(d« - a*)*^a: = i «(«? - a*)* + ^ Bin"' |. 

= 4 +4:2<'^-*'> +472"" «• 

3. /(^ - ».)*^x = ?^<^ZL^ + ^ /(«^ - ^)*''« 

- e-'^+O^"-*^ +6X2<'*^-»') +6X2"" a 

</x 
V. Integrate du = 



a- (a» - «^)* 






^ J a*+«ra*-a«^* 



(a* - a*) ' 

dx 



4/ ; 



af +• (a- - a*)* 
Change n into n — 2, or ft + ^ into n, then will 

x-" (x» - a*)* ^ J x»-* (x» - «•)* 

whence, by transpositiony collecting, and dividing by (» — 1) a\ 

n dx (x»-a')* »-2 /^ dx 

J af- (a- « a.)* " ('^ " ^ -"^-^(^ " D «•' J ^-. (^ ^ «.)* ^^^' 
This formula makes the final int^al depend on 

dx 1 ,x r dx (x" — a«)* 



/dx 1 ,x A» 
r- = - sec"*-, or 
x(x«-.a-)* « « J 



x(x*-.a«)* ^ ^ J x»(x«-a«)* 



a*x 
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EZAMPLBS. 



dx ^ (g* - fl^)* J^ 



^o ^ (a* - a«)* 2 (a!« - a*)* 



2t 

8CC~* - 



tt = 



2. r ^^^=: ; = '-„~V + 

p dg _ (a* - d*)* 3 (a^ - <^)* 3.1 

VI. To integrate du = ocT {a + b af^y d x^ by reducing i», where p 
may be either poaitiTe or negative. 

nb{p+\) nb{p+\y ^«-»-''^r »*• Vr; 

But /ae^"" {a + b ai^y^'dx = /a:^"* (a + ft af ) (a + 6 af / rfx 

= afixr—{a + b3irydx + bu. 
Subatituting in (F), givea 

Hbip + l) nb(j> + l) J "^ ^<' + '"^) 

l» — »+ 1 

" nip+l)""' 
which, after tranapoeing, and dividing by the reaulting coefficient of m, 
givea /ac*(a -f- 6af)' c?ac 

~ binp + m+1) i(«p + «+l)-' ^« + oar/ dx . (,(,). 

(a + iaf/dar 

VII. To integrate du = —^ , by reducing m, where p may 

be either poaitive or negative. 
By freeing the formula (G) from fractions, transposing, and dividing, 

In this, write ^ m instead ofm — n,or --m + n instead of m ; then 
(a + bafydx 



s 

g-^-n {a+bsrf b{np~m+n+l) r {a + bafydx . 

" a(l-m) " a(l-m) J af— ' * ' ^"^' 



or 



2e2 
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VIII. To integrate du = 3f*{a + bafydx^ by reducing p, where m 
may be either positive or negative. 

Since {a + batrf = a{a + b ar"/"' ^b2f(a-\-b a:*)'"' ; multiply by 
afdx and integrate ; then 
far{a'{'barydx = afar{a+b3iry'''dx+bf3ir'^*{a+b3d'y''^dx. 

Now if in (6) we change p into /> ~ 1, and m into m + n; then will 

Substituting in the previous equality, we get 
faria+bzrydx = '^*'(^+f"fy + "J^P^J ar (a+b^r" dx (K). 

sf* dx 

IX. To integrate du = -, by reducing ^, where tn may be 

(a+b ofy 
positive or negative. 
By freeing Uie formula (K) from fractions, transposing, and dividing, 

J "< ^ ^ anp anp •/ ^ ' ^ 

In this write — p instead ofp— l,or — />4' 1 instead of/>; then we 

bave 

ar<fa; a*+' 



J, 



(a + fia:^)' a«(l -/>) (o i- Aaf)""' 

-y»p+m4-»+ 1 r a^^ a? .j. 

+ a«(l-|)) J (a + ft^r» ' • ^ ^' 

99. Instead of pursuing the investigation of general formulas for the 
reduction of integrals, we shall advert to some particular cases of those 
we have already deduced, which are often useful. 

In formula (G), let » = 2 and p = — i ; then 

J x^'dx g^"V(fl+fta:') __ (m-l)a r af"-'rfar ^ 

^{a + ba*)" tnb mb J^/{a+btx^)^ 



r siTdx X— •V(g-&ar') (m-l)a r sT'^dx 

J sJia^bT*)" mb "^ mb J ^{a-^-bj?) 

In formula (H), let « = 2 and jw = -p i ; then 

r dx V(aH-&x') (m-2)6 r dx 

J ar^{a+ba?) (wt-l)aa:— ^ (»»-l)aJ x"-V(«+^a:*j 



(2). 



r dx ^ V(a-&a;«) (m-2)6 r cfa: 

J ar-V(«-*^)" (»»-l)aa:"'-»"*"(w-l)aJaf*-V(a-6a:») 
In the first of formulas (2), let 6= 1, a= — a*, and m = 2n+l; then 
C dx ^ V(a^-«') . 2«-l f rfa: 

J a:»- + V(a:*-«*) " 2»a«x«- "^ 2na»J a:""- V(«*-a*) **'^ ^' 
This formula is useful in finding the length of the arc of an hyperbola. 
In formula (G), let » =: 1 and/> = — i; then 

J ' sTdx ^ 2x'^{a-\-bx)\ _ 2m a HxT'^dx 
(a+ftx)!-" (2m+l)6 2»i-fl * bj (a+bx)T '"'^^ 
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100. We have already (Art. 98) recommended the sludpnt to re- 
collect the modes of investigating the different formulas of reduction 
which we have obtained, and to apply them to particular cases, instead 
of substituting in the general formulas the particular values of the 
indices and coefficients. We shall here give one or two instances of 
integration as patterns to be followed by the student in other cases. 

1. To integrate du = ^^^^^ • 

Commencing with the elementary forms, where m = and m = 1 , 

/:;^(^ = log{x+V(a=-±a«)}.J;;7(5^=V(x'±--). 
If »i = 2, then du = .^ , , and, integrating by parts. 

Transposing — «, and dividing by 2, gives 

u = ^ ^ + —.\Qg{x + sJ{pi^±a^)]. 

x* dx 
If i» = 3, then rfw = . . , ,. , and, integrating by parts. 






u = 



Transposing — 2 tt, and dividing by 3, gives 

In this manner we may ascend from one integral to another, until the 
proposed integral be obtained. 

2 To integrate du = x'^^a* + x^)^ dx. 
Let m = 2; then du = a*(a* + a^^ dx^ and, integrating by parts, 

tt=/a:.a:rfx(a«-ha«)*= | (a» -h «•)▼ - 1 / (a« + x*)* rfa: 

o 3 

= ^ (o« + «•)* - i V(«' 4- a:*) (a* + «')* <^* 
3 3 
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a» 



= \ (a' + z*)* --Jlogiar + VCa' + a^} 
Integrals of this class may be obtained in the following manner: thus 

8. To integrate du = -^^J^^^--^. 
The elementary integral is 

*'* =log{a; + a + V(«* + 2«as)}. 



/: 



V(«" + 2ax) 
If i» = 1 ; then putting a: = -, we have dx = ^ — ~, and 

du ''^ 



tt = — 



V(i + 2ay) = " (2 ^y + l)"*^y, and integrating, 
V(l + 2oy) V(^ + 2aa:) 



If m = 2, then du = 



a ax 

dx 



a:»V(«"4-2aar)* 



Letx=l; then^du^^^^j^— = - (2ay + l)-*y rfy ; 

.-.»= - /y.(2ay+l)~+^y, 

= _?(2ay+l)++ - C-j—^H—- 2«; 

In a similar manner, the integrals of various other differentials may 
be found; and if the power of a; be a factor of the denominator, the 

integral may be readily found by assuming y = - • 

X 
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Examples. 
r = T7 (3x*-4ax + 8a«)(a + x)*. 



2. 



g f dx _ |___1____ _3_ I x_ 

* J (a+b3l')^ |8a(a + **') "^ 8a' / ^(a + bx*)' 






(l+x«)t " V(l +«:•)• 
^dx 8ap' + 2 



(l + x«)t 3(l+x«)T* 






8a:«+I2«* + 8 



as* da: a!' + 8a; ^ 3 , , ,,,,,„, 



J VCl-**) I 6 ^ 5.3 + 5.8 j^'-'>*- 



— — Bin ' X. 



. C -JL: 



INTEeBATZOK OF TBAKSOEHDEMTAL FUNCTTIONS. 

101. Transcendental functions are such as have differential co- 
efficients involving logarithmic, exponential, or circular functions, and 
we shall now advert shortly to these in their order. 
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I. Logarithmic Junctions. 
J jet it be required to integrate du = xT (log x)** dx. 

f (log x)-. X- «£« = '^^^ ^^ ''^' _ -^ ./ a- (log X)— dar. 

a^ + 1 
which is the formula of reduction, the final integral being faf dx — 



m+ I 
If m = 1, and n = 3, then 

a^ 3 

/x (log «)• rfa: = y (logar)* - 5 -^^ Oogx)"<^a:; 

f X (log x)" dx = — (log x)* — /xlogx <?x, if » = 2, 

X* X* 

/xlogx rfx= — logx — , if » = 1; 

.•./x(logxyrfx= yOogx/ ^ (log xy + -^ log X g-. 

X* cf X 

Let it be required to integrate <f » = 



/; 



(logx)-" 

(^- = •^^"' ^(fe= = /^-. (logx) -./(log.) 
x*+* fit+ 1 r Q^dx 

(» - 1) (log x)- » + « - rj (log x/-*' 

Jx^dfx 
-= ^t 

which must be found by diminishing m successiTely. To reduce this 
to a simpler form, let x***^^ = jzr, then (»m + 1) log x s: log z^ and 
(i» + 1) «* d^ = dt; therefore 

/af^ dx f* dz 
•^ = I -^ , a formula which haa never been integrated except 

by series. 

If m «= - 1, then I . ^ = ( — -^ = log (logx. 

J X log X J log X ^^ ^ 

II. Exponential Functions. 

102. Let it be required to integrate du - 7^ (f dx^ where m is 
positive. 

Integrating by parts, we have 

( ar . afdx =^ -. f xT'^ (fdx. 

•^ log a log a -^ 

By the successive application of this formula, the index of x will be 
continually diminished. In a similar manner we get 

J ^ -ja-.x ax- __^__ + ___.j ^_,. 

When m - 1, the formula eridently fails, since x*~' = 0, and there* 
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fore j cannot be found except by expanding a" in a series. 

Thus «• = 1 + log a.x + (log of — + (loga/j-^ + etc. ; 

—^ = log a: + log a.x + i (log ^^^1^ + ^ ('^ga)'. J-2^+ ^^' 

The formula may be integrated by series in a similar manner ; 

log z 

for if log z ^ Xj ox z ^ ^y then we have 

e- = 1 + X + ^ + ^ + j-^ + e tc. ; 

Jdz refdx , .1 a* . 1 a* , 

i = = log a: + X + - . ---; + - . ----- + etc. 
logar J X '^^^2 1-2 3 r2-8 

1 « . 1 .1 (log*)* . 1 (log2)' . 

where log *z denotes the logarithm of log z. 

Examples. 
1. / a: (loga:)* ^« = yj O^g ^)' - log a: + 1 |. 

9 
S. fa* {logxy dx = — I (log xy - * log X + i|. 

r xdx x^ X* Cx dx 

J (>og xy "• 2 (log a:)- 1^ "^ ^ J 1^' 

5. f xaTdx =r la? — I f. 

•^ log a i log a) 

6. f a:*a'rfx = -^|x» - — + ^^ _ g ] 
' •' log a I log a (log a/ (log a)')' 

7.J-^ =--+log«J-^. 

a^ ~ 2a:* 2x ■'"a J X ' 

^ riogxrfx arlogx , , „ . 

,« /-^-ij «"** 2fe"a e-\ ^jas' 2x , 2 \ 



./..log... =4lo,.-- 



III. Circular Functions, 

103. If the differential contains a variable arc, as tan " 'x, it may 
generally be made to disappear in the differential derived in the method 
of integration by parts. Thus 
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-,^_. . - _- ,- a?*tan*a; 1 Coi^ dx 

Jar tan *jb . a» == J tan *x . ar ax = : I; = 

•^ ^ 4 4 J 1 +3^ 

a^ tan -*ar 1 ^^ , . 1 r^ \ C dx 

a^ tan " 'x x" x 1 , 

3s — . — 4.. _ « — tan " 'x. 

4 12^4 4 

104. Circular functions may always be reduced to algebraic functions 
by assuming sin x or cos x = z\ thus the expression sin "*x cos *x dx 
may be reduced to a binomial differential by assuming sin x = :7 ; since 

dz 
then Cos X =1 i^ (1 — a^)y and dx = -77- — ; consequently we have 

V vl — « ) 

J" sin •a: cos "x cf X = / 2* (1 — z*) * fl?z. 

But the integrals of circular functions will be obtained more eleg^tly 
by the usual process of integration by parts, or by means of the follow- 
ing trigonometrical values of the powers of sin x and cos x. 

2 sin 'x = 1 — cos 2 x. 

4 sin 'x := 3 sin X — sin 3 x. 

8 sin ^x = 3 — 4 cos 2 X + cos 4 X. 

16 sin *x ae 10 sin X — 5 sin 3 X + sin 5 x. 
32 sin 'x cs 10 — 15 cos 2 X + 6 cos 4 X ^ cos 6 X. 
etc. etc. 

2 cos *x = 1 + cos 2 X. 

4 cos *x v= 3 cos X + cos 3 X. 
8 cos ^x = 3 + 4 cos 2 X + cos 4 X. 
16 cos *x = 10 cos X 4- ^ cos 3 X + cos 5 x. 

32 cos 'x = 10 + 15 cos 2 X + 6 cos 4 X + cos 6 ar. 
etc. etc. 

To exemplify the use of these values of the powers of sin x and cos x, 
let J* cos *x ii X be required. We have 

cos a? « Q cos X + Tg cos 8 X + — COS 5 X ; 

.•. Jcos 'x rfx = - Jcosx (fx-f r^fcos 3x dx+ — J'cos 5x rfx 

= - sm X + T^ 8»n 8 X + -- sin 5 x. 
8 48 80 

3 1 1 

Similarly, /sin *x rfx = -/rfx — - Jcos 2x dx+--few 4x rfx 

8 1 1 

" 8^" 4 "'*^^"*" 32 "°*^* 

d X d X 

105. Let it be required to integrate the forms — and 



sin X cos X 



Cdx ^ r dx ^ r rf(ix) ^ r uec*ixd{ix) 

J sin X ~ J 2sinixco8ix ~J tan^xcos'^x "J tan^x 



=; 
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dtanix 



tan ^ X 



= log tan i X. 



= -^Ti — ^1 — ; = . ,. . \ = log tan i (*« + x). 

coax JsmQit+x) J8in(*w+x) 

106. To integrate the forms tan x cf x and cot x i^x. 

/.^ - raiikxdx r^d eofix , , 

/tan X rfx = I = = — log cos x= log sec x. 

•' J cosx J cos X 

- , Tcosxe^x rdhirkx , 

f cot X dx = — : = I — -: = log sin x. 

•^ J sin X J sin X 



d X 
107. To integrate the form 



sm X cos X 



„ r dx r^dx r^(2x) , ^ u A . ,At 

Here -: = . ^ = .\ ^ = log tan x,hy Art. 105. 

J sm X cos X J sm 2 X J sin 2 x '^ 

108. To integrate the forms cf m = sin "x c^x and du = cos *x i^x. 
u =fBin*'^x Binx dx = — ^sin ""'xrf cosx 

= — sin ""'x cos X + (n — 1) J sin ""•x cos ^ cf x 

= — sin ""'x cos X + (n — 1) J*sin "'"■x (1 — sin 'x) dx 

= — sin •'■'x cos X + (n — 1) J sin ""'x dx — (« — 1) w, 

.'.«= sin""*xcosxH /8in""'"xrfx (A). 

n n '^ 

Writing n — 2 for n in (A), wc get 

/ sin*~^rfx= rr sin ""'xcosxH rsin""*x dx ...(AO* 

•' n -^ 2 » — 2'' 

In this manner the index may be reduced to 1 or 0, according as n 
is odd or even, and the final integral will be either J" sin x dx 
= — cos X, or f dx = X. 

Again, t« = J" cos •' *x cos x rfx = J* cos """xtf sin x 

= cos """'x sin X + (« — 1) / cos ""'x sin *x dx 

= C08""'*xsinx+ (» — 1) jf cos ""'xrfx — (» — l)tt; 

,•. 11 = - COS ""*x sin X + ■ / cos "'"■x dx • . . • (B)« 

Similarly, /cos *^*x dx = cos ""•x sin xH — —^ j*co8"^xdx . . . (B'), 

and the final integral is either J* cos x ^ x = sin x or / ^x = x. 

dx J dx 

109. To integrate the forms rfw = -; — ^ and a« = 



sm "x cos "x 



;rfx rCcos'x+sin 'x) rfx r coixdx C dx 
-r-;r - -^^ ^'^ — COSX . , + . ,_. 
sin"x J sm "x J sm "x J sin " Tf 

cos X . 1 r dx r dx 

"^ (» - 1) sin"-^ ■*■ n - 1 J sin — 'x "^ J sin— "x 

- cos X ^ r ^ ^ /pN 

"(n-l)sin-»x''';rn"J sin— x ^^^' 

/rfx - 
- — or fdXf both of which arc known* 
sm X -^ 
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Jdx r (co%*x + sin *x) d X C dx -. fUnxdx 

COB "a: J cos "a: J cos" "a: -^ cos "a: 

rdx sin a: I T dx 

cos """a; (» — 1) cos ""^x » — 1 J cos "'"■a; 

sin X n ^ 2 r dx , 

"" (n-l)cos— 'x ■*■ S"^rf J cos--«x • • ' • ^^^* 

/dx 
or f dx, both of which arc known, 
cos X 

110. To integrate the form du = siu*"a; cos "a: dx. 

If m be an odd positive integer of the form 2p + 1» then we have 

u = f COB "a? ( I — cos "x/ sin x dx = — f cos "x (1 —cos "x)' d cosx, 

which may bcL expanded by the binomial theorem and integrated, the 

cos * X 
general term being of the form cos "x d cos x, whose integral is — TTT"* 

If n be an odd positive integer of the form 2 p + l» then we have 

tt = J" sin ""x (1 — sin ■x)*' cos x dx = f sin *x (1 — sin 'x/ d sin x, 

which by expansion is easily integrated. 

If m + '^ he an even negative integer of the form — 2 p ; then 

tt = J* tan *x cos •+" x dx = f tan "x sec "'x dx 

= / tan "x (1 + tan •x/" * sec *x c?x 

= JT tan "x (1 + tan "x)' ' * rf tan x, 

which by expansion is integrable, each term being of the form x* dx. 
But when neither of these conditions is satisfied, we must proceed by 
reducing the indices m and n successively. 

111. To reduce m ornin f sin ""x cos "x dx. 

Since ^ tt = sin "x cos "x rfx = — sin "" *x cos "x d cos x ; 

.•.tt= 1 -rr r8in'""'x co8*+*x rfx 

»+ !•' 

m "^ 1 

-I • f sin " " *x cos "X (1 — sin •x) dx 

n+l-' 

,»»— 1*., , m — 1 

H fsm "• "x cos*x ax —- u ; 

« + n n+l 

.-.tt = — ^lli '^^ -I ; — rBin"'"*xcos"xdx (E). 

m + n m + n'' 

In a similar manner we have c/tt = sin *"x cos**^x cos x <f x, and 

i» . - « J sin"+*x cos""'x , « — 1-. _ _^- , ,„. 

f sin "•x cos "x a X = fsm "x cos" *x ax..( F). 

•^ m + n m+nr 

By freeing the formulas (E) and (F) from fractions, transposing and 
dividing the former by m — 1, and the latter by » — 1, we get 

/•.-. ._f »« + «/..« ... sin"~*xcos"+*x 

f sin * ■ "x cos X ax = 1 sin "x cos "x a x H \ » 

^ »» — l*' m — 1 

r ' m «-«^^ m + n^ . ^ , . sin *+'xcos"' 'x 

r sni "x cos " *x dx = f sm ^x cos "x ax z . 

^ n — !•' n — 1 

Writing — #» + 2 for jn in the former of these, and — n + 2 for « 
in the latter, we get 



sin 


m 


" *X COS 


• + »x 


sin 


m 


n+l 

~ *X COS 


"+'x 


sin 


m 


«+l 

•■ 'X COS 


•+»x 


sin 


m 


n+l 

■ 'X COS 


" + »x 
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Jco8"xrfx__ COS * + 'a; m — n ^ 2 T cob^x dx . 

sin ""a: (m — 1) sin ""*x m — 1 J Bin"""x' 

/sin "a: rf a? _ sin " + *x m ^ n + 2 T sin "a; dx . . 

cos "x (« — 1) cos ■ " *x » — 1 J cos " " 'a: ' 

Changing n into — » in (G), and m into — m in (H), we get 

r dx ^ _ J 1 . ^^n? r dx 

J niiTxcotrx m — l*sin"~*a;cos'~*a; m — 1 J sin^'^cos'a:"^ ''' 

r_ dx Ji 1 m+n^2 H d_ 

J sin^xcos'ar «— 1 ' sin^'^a; cos*"'* »— 1 J sin*a: cos" " "a?' 

112. To integrate <iti = tan "*a; dx. 

J* tan "a: rfa: = J* tan *" 'x (sec *x — 1) dx^ 

= J" tan ■• " ■a; rf tan a: — / tan "• " "a; rfa: 

= -52 — -^- ftan^-'aj^a: (M). 

113. To integrate <ltf = — --r^ . 

° a + o cos X 

Since a =acos *i x + a sin '^a;, and 6 cos a; = 6 cosHa;— bnin^ix^ 

/ dx _ r dx 
a + 6 cos X J (« + ^) cos *^x-\- {a — b) sin H x 

/• sec"ia;rfx ^ rf tan j x 
1 / ■ — 7 2 / . 

^ a + 6 / 1 + ^^-^ tan •* X ~ a + 6 / 1 + ^^-^ tan *ix 

/( =■) dftan^a; 
!^±Hr =_i_tan-'ir^yt.ni«l. 

c/a; 

114. To integrate du — — --^-- . 

° a + 6 tan X 

Jrf X __ r cos X rfx 
a + 6 tan x J a cos x -f ^ sin x 

1 C { - — a sin X 4- ft COB XI - 
a" 4- ft* J I a cos X + ft sin X ) 

__ a p - ft r — a sin X + ft cos X - 

" a^^h^j "^a' + ft'J acosx + ftsinx 
_ ax 4- ft log (a cos x + ft sin x) 

115. To integrate du = J sin m x cos »x <f x. 

Since sin »i x cos n x = i {sin (m+w) x4-sin (»i — n)x} ; (Trig. Art.l 6) 

- . J y jcos (m + n) X cos (m - n) x) 
.*. f sm mx cos nx dx = — W ^ — ; H >. 

c- -1 1 r • • ^ JL ( Bin (m + w) X sin (m-n)x ) 
Similarly, f sin «i x sm n x a x = — J «{ ; >. 

jsin (m + n) X sin (m- n) x) 
And rcosmxcos»xax==i< ; f . 
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Examples. 



cos 3 X 3 
— -— — '- -- COB a?. 
12 4 



coso:. 



1. /sin •a; dx = — (sin "x + 2) = 

/I X \ 

cos "a; €?« = - (sin xcosar + x) =- + -7sin2a:. 

3. J sin •« cos •« €?« = - sin 'x [ cos ^ 4- - 1. 

;£?X cos X \ 1 

-: — s" = ■" ^ . . + rt log tan - X. 
sin "x 2 sin "x ^ 2 * 2 

6. I sin 'x cos 'x rfx = f - sin *x — — sin 'x — — ) 

Tsin'xrfx 

6. I i — = cos X + sec X. 

^1 cos "x 

,/ COS *X 3 I cos 'X COB xJ 

J sm X cos 'x 2 COS "x *^ 

•frfx 1 3cosx3, 1 

9. I -r-; i" = -:--i ^ . ^ 4" - JOg tan - X. 

J sm X cos 'x sin 'x cos x 2 sin 'x 2 2 

10. tan *x rfx = - tan 'x — tan x + x. 

/dx 1 1 
8& — _ cot*x + - cot 'x + lo2 sin x. 
tan^x 4 2 ® 

r rfx ^ 

* J (a + ^ cos x)* 

1 fj-ftsinx ^ 2a ^ f /« - 6\i ^ ^ IH 

APPLXOATZOK OF THE nVTEGBAL OAXOITLUS TO GBOMETBT. 

1. To FIND THB Areas of Cubvsb. 

116. The determination of the qnadratnre and rectification of curves, 
as well as that of the volumes and surfaces of solids, will afford both use- 
ful and interesting applications of the Integral Calculus ; but before pro- 
ceeding to these, it w&l be necessary to premise the following lemma. 

Lemma. 

If A + AiA+ A^A" + A,A» + etc. . . . (A«), 
B + B» A + B, A« + B, A» + etc. . . . (Bo), 
C + CiA4-C,A« + C»A* + etc. .... (Cp), 
be three series such that, however small h may be, the value of the 
second is less than the first and greater than the third ; then if A = C, 
we shall have A ~ B == C. 
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For h may be taken so small that, however small d may be, 

Ao < A -f 8 but > A, 
Bo < B -h ^ but > B, 
Co < C + 8 but > C. 
.-. Ao - Bo < A 4- 8 - B or <A *- B + 8, since Bo > B,* 

Bo-Co<B + ^-Cor<B-C + 5, since Co > C. 
But by hypothesis Ao — Bo and Bo — Co are both positive ; consequently 

A — B + 8 and B » C + 8 are both positive. 

Let now A = C ; then A — B + ^ and B — A + 9 
are both positive; and if A — B « D, then B — A ^ -*• D, and con- 
sequently 8 — D is positive, however small 8 may be, which can only be 
the case when D = ; hence A — B = 0, or A = B = C. 

117. To find a general expression for the area of any curve i^iened 
to rectangular coordinates. 

Let A P Q be a curve, and let it be required to find the area of the 
space A M P included by the curve, one 
of the axes, and two ordinates. Draw N Q 
so that the successive ordinates between it 
and PM may form either an increasing series 
or a decreasing one. This can always be 
done by taking M N sufficiently small. Let 
now 

CM =a:,MP = y, MN = A, 

area ACM P = A, NQ = y', 
and area A C N Q = A', 

then the area A C M P is a function of x^ and A C N Q is a like func- 
tion of X + h; therefore by Taylor's theorem we have 
., . , dA. , d»A A« d»A A* . 






M 



N 



dx 



1.2.3 
d«A A« 



do^ 1.2 d7? 

.•.A'-A,orareaPMNQ=^A + 

dx 

Again, since y = fx^ we have 

area PMNQ >area PN<area NS; therefore 
rfA, . d"A jA 

' 1.2 



(i»A 



do^ 1.2 ' £fx» 1.2.3 



+ etc. 



+etc. ; but it is evident that 



dx 



A + 



dk . 



d:^ 
d'A 



I* . f dy, d^y h^ \, 

_+etc.>yA<(^y + ^*+^. — +ctc.jA, 



+ etc.> y < 



rf y , d^y A* 



do^' 1.2 

Consequently by the lemma 

dK 

— - — = y^ordA = y dx\ therefore A = fydx.. .(A). 

o X 

Hence, to find the area of a curve referred to rectangular coordi' 
natesy multiply one of the coordinates by the differential of the other ^ and 
integrate f he result. 



* Since Ao< A + ), if B be taken from both, then A^- B< A + )»B ; but 
Bo^ B ; therefore much more will Ao—Bo be ^ A + ) — B. 



I 
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If the coordinates are oblique, let be the angle of ordination ; then 
will A = fimefydx . . . . (A'). 

118. Let the curve be referred to polar coordinatcB ; then since 
A M = a:, M P = y, A O = a, O P = r, angle A O P = ; 

. ' . a: = a— r cos 0, and y = r sin 0. p 

Now area AOP = area'A MP- triangle OMP; 

consequently area A O P = fy dx- - y (x - a), 

and by differentiating, 

2d area A OP = 2y dx - {x-d)dy-ydx 

= y dx -^ (x ^ a) dy . . (a). 
BvLtdx = — dr cos 0-frsin Orf0,and rfy = dr sin O+rcosO dS; 
therefore by (a), 

2d.area AOP = r» (sin" + cos* e) rf e = t^dO: 

.•.areaAOP=y^ = i ff'rfe . . .(B). 

Examples of finding Areas. 

1. To find the area of the plane triangle ABC. 

Draw AD perpendicular to CB, and FE parallel toCB, intersecting 
A Din 6. LetBC = a, AD = ^ AG =x, a 

F E = y ; then (Euc. vi. 4) 

AG:FE::AD:CB, orx:y::6:a; 

ax 
consequently 6y=ax, or y =-7-; 

hence by formula (A), A == fy dx 



a sr 




/ax dx _ ^ r 

This is called the general value of the integral or area ; and when 
X = O9 the area of the triangle becomes ; consequently = + C ; 

. • . C = 0, and A = 7 x a x = —j-^ is the corrected integral or area, 

where the symbol shows that the integration extends from the limit 
X ss 0, but does not fix any other particular limit. If we suppose 



X = & = A D, then A 



a f* , ab^ 

= -6 1 J 



xifx = ~T =ia6=iBC. AD. 



The expression r I x <f x is called the definite integral, taken between 

the limits x = 0, and x = 5, and gives the area of the triangle ABC. 

Suppose it were, required to determine the area of the figure C B E F, 
where C B = a, F £ = e, and D G = A ; then we have, as before, 

A = r I X dx = -^-T- + C, which is the indefinite or general integral. 



AREAS OF CURVES. 433 

ah* 
Let a: = A D = ft, then area A B C = -^ + C. 

let X = AG =ft-^,then area AFE = ^ T, + C. 

26 

Subtracting the latter from the former, gives , 

areaBCFE = jr , ^,, «{^' - (^ -^H ^ak^-K) 

bj ^.^ 2 6 2 6 

But by similar triangles AD:BC::AG:F£: that is 

b : a :: b — h : c; .*. 6 = ; 

a — c 

and substituting this for 6 in the above expression, gives 

areaBCFE = ^ = ^ ^, ^ . 

2 2 

2. To find the area of the common parabola. 

The equation of the curve is y* = Aax; hence y = 2 a' a', and 

A =^ fydx =/2a*ic*rfx = 2a*/x*rfx 

4**2^*4 2 2. Mj., 

= - a^ x^ = -.2a''a:''.a?=-ya: = -circumscribed rectangle. 

There is no correction since A = 0, when x » 0, therefore C = 0. 

3. To find the area of a circle. 

The equation of the circle is y* = a* — a^, the centre being the origin ; 

hence y = (a" — a:*) , and A = J* ydx = f (a* — x*) dx 

/(a* — 7? )dx _ , ( * dx f * a^dx 

= «■ sin"' ? + 1 (a« - o^* - ^' sin"' ^ +C(Art. 98.) 

= — sm - + * a:y + C. 

When a: = 0, A = ; therefore = + C, and C = ; and when 
a; s a, y s 0; consequently the area of a quadrant of the circle is 

o" • o ~ "^' ^^^ ^^® entire circle = w a". 

4. To find the area of an ellipse. 

The equation of the ellipse is a'y" = a" 6*— 6* a:", or y =- (a* — a:*) ; 



.-. A = fy dx = ^C(a* - xO*^^ = |-^" = ^ (^^- ^)' 

and the entire area of the ellipse = fr a 6. 

From these two last examples, it is evident that if the area of any 
portion of a circle whose radius is a be found, the area of the correspond- 
ing portion of the ellipse will be found by multiplying it by 6 and 
dividing the product by a. 

VOL. I. 2 P 
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5. To find the area of an hyperbola. 

The centre being the origin, the equation is y = - (a:* - «*) ; hence 

a 2 2 

Now when x = a, then A = 0, and therefore = ^ log a + C, 

...C -^loga,andA=^- ^ log {x+ (:«• - a«)*} +^loga 

xy ob. a xy a b .. ,.* 

^ a: + (ar — a") ^ 

6. To find the area of the cycloid. 

The equations of the cycloid given in Art. 51 {Ex. 4), are 
X =: r (0 — sin 6) and y = r (1 — cos 6) ; 

,-. A = /yrfa: = /r*(l-co80) (1 - cos 6) <^d = f^/O -co8 0)«<f d 

= r«/(l -2cos0 + cos'e)rf0 
= 7^/(1 - 2cos^-f i + ico82^)rf^ 
= r*(o-28in0 + 40 + Jsin2^) + C. 

When d = 0, then A = 0, and therefore = + C, orC = 0; and 
when = T, then A = r*(n + i«) =|^7rr'- area of eemicycloid. 

Hence the area of the entire cycloid is = 3 w r* = three times the area 
of the generating circle. 

If we take the vertex as origin, we may also find the area by means of 
the equation, 

y = r vers " * — h (2 r x — a:")^ . 

T 

A = f ff dx — xy -^ J X dy = xy — J'(2ra: — a^^dx 

f X dx /» a^dx 
= xy-2r -. 4- / p 

J (2rx-x«)* J (2rx-x*)'^ 
= ^y+'^ (S'-^ -«:•)*•" y vers- »^+C 

= r (2^ZL!0 vers- » - + ^ (2rx - x^ + C. 
2 T ^ 

Whenx = 0, then A = 0; .'..O-O+C, andC = 0; and when x = 2r, 

3 r* 3' 

the area of the semicycloid is = — - vers - ' 2 = - ir r*, as before. 

7* A C B is a given semicircle, and C D any ordinate ; join A C, and 
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draw DP perpendicular to.AC; find the equation and area of the 
curve, which is the locus of P. 

Let AB = 2r, and take a? andy for the coordinates of P, the ex- 
tremity of the diameter, A, being the origin of coordinates. Draw 

BC, then we have AM = x, MP = y, AP = (a:*4-y*)*, and from 
the similar triangles ABC, A D P, and AMP, we have A B 
: AD :: AC : AP:: AD : AM; hence AD' = AB . AM = 2ra;; 
consequently AP = AD. AM = XiJ1rx\ but AP* = 7^ -{-y^^ 

therefore the equation of the curve is y = (a; V 2 r x — a:") . 

^ 7^ z dz 

Let 2rx = sr\ then x = -— , and <f a; = 

2r r 



consequently 



■■•A./,— Ji^-^'^'^ 

r . ^dz ^ 1 n 



{2rz-i^)z'dz _ 1 




z*dz 



{2rz- s^)^ 



1^ r{2rz-r] 

^^J {2rz-' 

= (2rz-^2i')^(-^ 

^ ^ \Sr* 'Z^r 48 16 / ' 16 r 

Now when a? = 0, then A = 0, and z = 0; therefore C = 0, and 
when X = 2r, then :2? = 2r, and the area of the entire curve APB is 



5z 

48 



16 J 



+ 



5f» 



vers 



r + C. 



5r« 
16 



vers 



5 5 

"*2= 7^Tr* = - semicircle A C B. 
lo 8 • 



To find the area of the same curve by polttt coordinates. 

Let AB = 2a, AP = r, and angle BAP = e; then we have 
AC = 2a cos^, AD = 2acos'0, AP = 2a cos'd; 
. • . r = 2 a cos '0 is the polar equation of the curve. 
By formula (B) we have ^Jr*de= 2 a"/ cos'd dS 

Now, supposing the point C to move from B towards A, the area 
would be when = 0; hence C = 0, and when e = ^ w, the entire area is 

5 fr 5 5 

2 a*.-:;.- = -— w a' = - semicircle A C B. 
16 2 16 8 

The area of the semicircle AC B may readily be found by means of 
polar coordinates. Since AC = 2 a cos 9 ; therefore 

area ABC = ifr*de = 2a*fco%*ede = 2 (T /cos erf sin e 

= 2a*cosesine + 2a*/sin'0rfe; 

• •. 2 area ABC = 2a*cos0sin0 + 2 a"/ (cos*a + sin'e) dO 

= a"sin2e+2a"0 4.C. 

2f2 
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And since area — 0, when 0=0, therefore = 0, and when = ^ x, 

2a* - 



area of semicircle ABC = 



,- = i'nd^^ Wiin Example 3. 



8. Let OQ and OR be semiconjugate diameters of an ellipse 
ACBD, whose semiazes are AO = a, CO = 6; and let RP be per- 
pendicular to Q produced ; it is required to find the area of the curve 
which is the locus of P. 

Let O be the origin of coordinates, and B the axis of x ; let x" y' be 
the coordinates of the point R, then the equation of O R is y x' »xy' = 0, 
and the equation of the semiconjugate diameter O Q is 

o"yy' + *'««' = .• . . (1.) 

Also the equations of RP (a perpen- 
dicular to O Q) and the curve are 

a«y' • + 6«x'* = a»6« (3.) 

Eliminate x\ y' by means of these 
equations, and the resulting equation 

is the equation of the curve, which is the locus of P. To transform this 
to polar coordinates, we have x = r cos 0, and y = r sin 0, where 
r = OP, and 6 = angle BOP; hence, by substitution in (4), we get 

(«•-&•)■ sin •« COB "e . - . ri. 

f* = , . ,,, . t i IT — I the polar equation of the curve. 

a" sin "6 -1-6* COS "0 '^ ^ 

To determine the maximum value of r, divide the preceding fractional 
value of r« by sin *e cob*6; then will 




a" 



ft* 



cos "6 sin *e 

Differentiating, we find sin *0 = 



= a minimum. 
b 



CO8*0 = 



and 



a + 6 » ^ ^ a + b * 

r = a -^ bt which is the maximum value of r ; hence a circle described 

from centre O, with a radius equal to a ^ ft, will circumscribe the four 

loops of the curve, since there is one loop in each quadrant of the ellipse. 

To determine the area of the curve we have, from the polar equation, 

o*ft* 

r* = a* cos "0 + ft* sin *$ , . ,^ , ,, r-- ; 

a* sin*d-f-ft* cos*d 

.-. 4/r*(/e = ia*/cos*e de+ib'f sm*erf0- -^J ^^y^^,^ 

aft ./ft \ ^ 

- -jcot-^J^-cote j+c. 



• sin 2 H — e 



8 



and4/o r*rfe = 



»r(a*+ft«) waft n{a-ft)* 



8 



8 



= area of one loop ; 



(a — . h\ * 

hence the entire area of the four loops = — ^— - — ^ = one-half the area 
of the circle E F G H, which circumscribe* the four loops. 
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9. To find the area of the involute of a circle. 

If a thready wrapped round the circumference of a given circle, be 
gradually unwound, any point of it will deacribe the involute. Let A 
be the point which describes the involute, and P any point in it ; let 
P Q be a tangent to the evolute at Q, and draw Q, OP, the point O 
being the centre of the given circle. 

Let AO =: a, OP =» r, and angle A OP = 0; then, since the 

tangent PQ = the arc A Q, we have the arc ^Q = P Q = V (r* - a*), 
and by trigonometry, 

cos POQ = ~, orPOQ = cos" »-; 
r r 



a 



.• . AOQ ='AOP+POQ = e + cos "» -, 

f 

and semicircumference AQB = na; 

hence ir:A0Q::7ra:AQ; that is, 

a 

w : e + cos ■ * - :; «a : V (^ — «*) ; 



.•. aO = V (^ — «*) — «co8 



- 1 



a 



= V (»'* — «*) — « sec 



- 1 




is the polar equation of the involute A P. 

DifEerentiating this equation, we get 

rdr adr 

ade = -r^^ rt a 



>/(r«-a«) 






.•. area =i / r*rfe = — ^ ^. .^ ^. _, 

When the area of A P O is 0, then r = a; hence = + C, and 
C « ; and when P Q = the entire circumference of the circle, or 

2^ay then t' = a« + 4 w« a«, or (f* - <f)* = (47r«rf»)* = Sir' a"; 



area = 



(fM _ ^IJT 8 



w 



6a 



6a 



= i n*a* 



and if from this we subtract the area of the circle AQB - ir a*, we 
shall have the area of the involute exterior to the circle afler the un- 

4 /4 \ 

wrapping of the string = - w' a" — w o* = w a* f - «" — 1 I. 

10. To find the area of the curve called a catenary. 

If a perfectly flexible and inextensible chain or cord ACB, of 
uniform thickness and weight, be suspended from any two points A and 
B, so as to hang freely, the curve into which it forms itself is called a 
catenary. Let C be the lowest point of the curve, and C the vertical 
axis; then if we put CM = x, MP =y, CP = «, we may find the 
equation of the curve in the following manner. Consider C P as a 
rigid body acted upon by the force of gravity, and by the tensions at 
its extremities C and P in the directions of the tangents C R and 
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P R ; then since these three forces keep the body C P at rest, they will 
be proportional to the a^ 
three sides of the tri- 
angle MPT, which 
are parallel to their 
directions. Now, if 
the tension of the 
chain or cord at C 
be equal to the weight 
of a length a of the 
cord, and the weight 
of the length C P 
will be as C P or s; 
therefore 




tension at C 



MP a 

MT' •*• 



weight of C P Ml * 

Square (1) and add unity to both sides ; then will 

" ~-^-^ ; .-. dx = - 



die ^^-^ 



sds 



«• ds* da^' ' ' ^'^ V (*■ + «■)' 

Integrating, we have a: = V («" 4- «*) + C ; but when x = 0, # = ; 
therefore = a + C, and C = — a ; hence the equation of the curve i» 

X + a = V (*■ + «•)• or a* + 2 a X = «• (2.) 

t^-^-a* dji* + dy* rf«" _ 



Again, from (1) - = -j-i 
dy ds 



a' 



dy" 



rfy" 



y 



a 



;j^^^-p^, and i = log{ .+ V(i« + ««) } +C. 



Now, when y = 0, « = 0, therefore = log a + G, and C >• — log a ; 



or c = 



But since e * = 



V(*' + «*)-* 



V (*» + a«) + * 



• • • « • • \*'* J 



; therefore^ by 



2s 



subtracting, e — c = — , or s 



= ^(«'-«"') (4) 



s dx 
Lastly, from 1 1) we have - = -^— , and therefore (4) will become 

4^ = K"' - ''') ""'^ = K'' - ""'>• 

a/ - --\ 
Integrating, we get x = - T c* + e * j + C, and when x = 0, 

y = 0; therefore = Ja (1 + 1) + C ; whence C = — a, and we get 

^+^=l(f +^") (5-) 
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If we put for * iU value in (1) we get -r^ = , ,^ ; — rr, or 

^ ^ ^ ^ ax v(2ax+ar) 

adx x + g+'a/ {2ax + 7^) . 

To find the area of the curve> we have 

/y rfx = xy - / X rfy = «y - a J -^~^i-^ by (6) 

= xy ^as + ay, hy (2) and (6) = y (« + a) — a * = area C P M. 
11. Find the area of the spiral whose equation is r = a 6*. 



Htreift^de =^ j ©••rfa = 



2(271 + 1) 2(2n4.1) 

fln-f I 



"" 2(2»+l) a*\a/ " i "^ ^* 

'^ ^ ^ 2(2n + l)a- 

Let II = 1, then the curve is the spiral of Archimedes, and its area 
' If the area is measured from the point where r = r\ then will the 



r'-r 



'■ 



area included by the two radii vectores r and r' = ^ 

^ 6a 

Ijet » s _ 1, then the curve is called the hyperbolic spiral, and its 

area = ^ (r-r'). 

Additional Examples in finding Areas. 

1. Find the area of the Witch of Agnesi, whose equation is 

xt^ = 4r*(2 r — x). Ans. A = 4 « r*. 

2. Find the area of the Cissoid of Diocles, its equation being 
y*(2r- a:) = as*. Ans. A= 3wr«. 

3. Find the area of the curve whose equation is f^^ a* cos 2 e. 

Ans, A = a*. 

4. Find the area of one of the loops of the curve whose equation is 
r = a sin 3 0. Ans. A = iV^^'« 

5. Let A B = 2 a, be a given straight line, and let it be bisected 
perpendicularly in O, by a straight line C D. From A draw the 
straight line A Q P, cutting C D in Q, and make Q P equal to Q ; find 
the area of the curve, which is the locus of P. Ans. A sifra'-f2a*. 

6. If from the centre of an hyperbola, whose semiazes are a and 3, 
perpendiculars be drawn to tangents to the curve, the points of inter* 
section will trace a curve called a lemniscate ; find its area. 

Ans. A = a6 + (a* — 6«) tan- * ^ . 
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7. A straight line B C = a is placed with iU extremities on two 
straight lines AM, AN, at right angles to each other. If in B C 
there he taken B P = B A, the locus of P will be a curve whose area is 
required. -^w*- A = • 0594 a«. 

8. Between the sides of a right angle, a straight line is drawn so as 
to include a given area = a» ; if from the right angle a perpendicular 
be drawn to this line, what will be the area of the curve which is the 
locus of the intersection ? -^«*. A = i a*. 

9. Let A C B be a given semicircle whose radius A O = a, and C D 
any ordinate ; in the radius O C, take O P a mean proportional between 
the diameter A B and the ordinate C D ; find the area of the curve 
which is the locus of P. Ans. A = 2 c^. 

10. Find the area of the curve whose equation is x^ = a*. 

Ams. a = 2xy. 
U. The logarithmic or logistic spiral is a line of such a nature that 
the angle contained by the fixed axis and the radius vector has a con- 
stant ratio to the logarithm of the radius vector. 

Atu. If the constant ratio be 1 : log a, then r = a' is the equa- 
tion of the spiral, and its area= } m. (r" — r'*), r and r' 
being any two radii vectores. 

APFBOZXMATZON TO THS ABBA OF A OUBTEL 

119. If the coordinates of a sufficient number of points in the curve 
be given, its area may be determined to any degree of accuracy, by 
means of the equation of a curve of a given 
species which passes through the given points, . 
and which nearly coincides with the proposed * 
curve. The general equation of a parabola of any 
order is of the form y = A + Bx + Ca:* -+- Daf" 
-(-••••+ R^, where the ordinate is always a 
rational function of the abscissa, and whose area 
is readily obtained from the formula fif d x. Thus, 
if y = A + Bx -h Cac* + Dar" be the equation of the parabolic curve, 
then its area will be 

/y rfx = Ax + iBo" 4- + C«» 4- iDa?*. 
And though innumerable other curves may be made to pass through 
any number of points, yet a parabolic curve is preferable to any other 
curve, since its area can be determined with such facility. 

Let A, B, G, D, £ be points in a curve whos6 coordinates are all 
given, and let it be required to determine the area AEKFA. Since 
there are five given points, the equation of the parabolic curve must 
contain five undetei mined coefficients; but to simplify the process, we 
may take only the three points A, B, C, and find the area of the space 
ABCHGFA. 

Let x.yi, x^yg, x^y^ etc. denote the coordinates of the points 
A,B, C, etc.; and let y = A + Bx + Ca:* be the equation of the 
required parabolic curve ; then, since the curve passes through the 
points A, B, C, we have the equations 

y, = A + Bar| + Cx,« (1.) 

y, = A + Ba:i + Ca:^« (2.) 

y, = A + Bx, + Ca;.« (3.) 
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Subtracting (2) from (1), and (3) from (2) ; dividing the former re- 
mainder by (X| — x^j and the latter by (a^ — x^), gives 

5^ = B + C(*. +ai>. . (4), ^:i^ = B + C(ai + ar.) . . (5.) 
Subtracting (5) from (4,) and dividing by {xi — o^), we obtain 

p _ (yi - yi) (a;, - «») - (y. - y») (g| - g«) 

Hence, also, B and A become known, and thence the equation and area 
of the curve are determined. 

If X| = 0, and the distance F G = G H = h; then we get 
C 2^5 , B = -^ , A = y, 

and v = v ^y^-^^y «+y» ^ > y»-2y.+y, 

•nci y-yi 2A *T 2A» ^' 

hence fi^ydx = -J-A (yi + 4y, + y,) =areaABCHGF. 
In a similar manner, if a parabola be described through the points 
C, D, E, we get 

area CDEKIH = iA(y, + 4y4+y»), where HI = IK = A; 
and this, added to the former area, gives the entire area A E K FA equal to 



3ryi+y* + 4y, + 4y, + 2y, j. 



From this we deduce the following useful rule for finding the area of* 
any portion of a carve, by means of equidistant ordinates. 

To the sum of the extreme ordinates, add four times the sum of the 
even ordinates, and twice the sum of the odd ones ; multiply this sum 
by one-third of the constant distance between the ordinates^ and the 
product will be th£ area of the ^figure nearly. 

This rule was Hrst given by Simpson, and in his ^' M^anique 
Industrielle,'' Poncelet has availed himself of it to estimate variable 
worK in general, and especially to determine the work done upon each 
square inch of the piston of a steam-engine. But the process for deter- 
mining the equation, and thence the area of a parabolic curve which 
shall pass through any number of given poinU, is more general, and 
may be employed in all cases where the equation of the curve is not 
known. 

JSx, Find the equation and area of a parabolic curve passing through 
the four points A, B, G, D, whose coordinates are respectively 0, 6 ; 
3, 7; 6, 8; and 10, 9. 

Let y = A + Bx + C ai* + D as* be the required equation ; then 
substituting for x and y in this equation, the given values of the co- 
ordinates of the four points, we get 

6=A (1.) 

7=:A.h3B+ gC-F 27 D..... (2.) 

8 = A+ 6B+ 36 0+ 216D . . . . . (3.) 

9 = A + lOB -f. 100 C + 1000 D (4.) 

131 3 1 

From these we obtain, A = 6,B= 420'^'* 280'^*" 840* 
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131 3 1 

and the equation of the curve is, v = 6 + •-— - x + —- ac* — --- a:*; 
^ ^420 280 840 



whence J'y cfar = 6 a; + 7^77; a:* + r^rr. x* — 



a?* + C. 



840 280" 3360 

♦ When a; = 0, then the area = 0, and C = ; and when x = 10, 
the area of the parabolic curve is ^ 76' 190476, which is a near 
approximation to the area of the curve A D I F A. 
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II. Lengths of Curves. 

120. Let A PQ be a curve, to which T P is a tangent at the point P, 
it is required to find the 
length of the arc A P. 

The coordinates O M, 
MP, being, as usual, de- 
noted by X, y, and the arc 
A P by « ; then however 
near any two points P, Q, 
in the curve may be taken, 
we shall have, 

arcPQ>chordPQ<PS+SQ («). 

Now s is evidently a function of a;, and if M N = A, N Q = y', and 
arc APQ = f'; then by Taylor's theorem we have, 

d 8 ^ d^s A* d^s h* 

s = J -I- — — A + -r-r* T^ + -TT • 1 ^ ^ + etc., 
dx da* 1.2 da* 1.2.3 



Y 
T O M N 



./ - ,y J. ^y A 4. "^y A* ^y 



dx " ' da^ '1.2 ^ rfa:*' 1.2.3 

dj^ . rf»* /i« rf»* A» 

</x 



+ etc. ; 



.•.arcPQ= _*+^^._+ _..^-^+etc....(l). 



andQR=gA+^.-- 






rfa:»* 1.2.3 
Again, QS = QR-RS = A tan QPR - A tan SPR 

dx 



-l-etc. 



\PR dx) \ A dxj 



'< 



d^y h d^y 



da^ "1.2 ' do?' 1.2.3 
/. PS+SQ= AsecSPR + QS 



+ etc 



^■> 



-K 



1+ ^""l 



+ 



d^y A 



+ etc. 



dx^ ' 1.2 
Lastly, chord PQ « V (PR" + Q R*) = ^ (^*' + QR*) 



(2.) 



d 
d 
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Now by (a) the series (1) is less than (2), but greater than (3); 
therefore^ by the lemma (Art. 116), 

.-. s^fdx(^+ ^^or/((fa:« + ^y*)* (C.) 

121. To Bnd a general expression for the length of an arc of a curve 
in terms of polar coordiiiates, we have x = r cos 0^ and y = r sin 6 ; 
hence, c/aj = c?r cos © — r sin 6 c?©, dy = <f r sin + r cos 9 </e ; 

,-. 8 = f(da^ + dy^)* = (dr» + r«rfe»)* (D.) 

Examples* 
/l 1. Find the length of the arc of the common parabola. 

The equation of the curve is y* = 4 ax; hence y = 2 a x^, and 

dy =a*x'^ dx, :.d8 = j^id3f-\-dy^) =f^'^^t^ dx. 

Put = 2r"; then x = -j and <f x = — -r-z — — ;: 

X 2?* — 1 (« — 1) 

whence s^jzdx^^2aS J^r~^^ = «/^ . J^^^l^* 
_ az r dz _ az a C dz a f* dz 

"■ «•- 1 "^J «"- 1"" ?^inf "■ 2 J « - 1 "^2 J r^ 

aar .a. 2r+l ^ a, (af+l)* ^ 

But .= (i±^)* ^ - 1 = f and (. + !)•= i±^^±|^^±^* 

, . . xi . «, a-f 2a; + 2 (pi^ + axy 
therefore * = (a* + a x)^ -f - log — ^ -i- — ^-— ^- — i- + C. 

If the length of the ajc is measured from the vertex, then x and s 

vanish simultaneously, and therefore C = 0. 

Ex, Find the length of the path described by a shot which ranges 

6000 feet on a horizontal plane, its greatest height above the plane being 

2000 feet. 

V« 
Here x = 2000, y = 3000, and a = j- = 1125 ; consequently 

TC X 

1125 1125 

* « 2500+ ^j- log 9 = 2500 + -^ X 2 • 1972246 = 3735 • 9388 feet, 

and the entire length of the path is therefore = 7471 '8776 feet. 
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2. Find the length of the semi-cubical parabola, whoae equation la 

Herex = ^.dx = 5^^; con«5quently . =/(da? + dyO* 
a* 2a* 

If y = 0, then * = 0, and = -^^ + C ; therefore C = - -.i. 



and 8 — 



(4a + 9y)^ _ 8a 



27 a' 



2T 



8. Find the length of the cycloid. 

The equation of the curve i« y = r vers - + (2 r a: - a:") ; 

rdx , rdx'-xdx ^ ( "^ ^ " ^ \^ dx' 
hence dy = — i H :l \ x ) ' 

hence the arc CP = tvdce the chord CQ (aee fig. Art. 50, Ex, 4), 
and when x = 2 r. we have * = 4 r ; therefore the length of the entire 

curve 18 2« = 8r = 4 times the diameter C D. 

4. To find the length of the circular arc C P. 

Let OM = X, MP =y, and O A = r, then p, 

we have y =.>/(** — ^)» »"* 




1 _4 X dx 

dy=--.2xdx(t*-a?) = " ^ (,» _ a?) ' Jm 

con.eq«enay*=/(rfa? + dl^)* -^Slf^^'^ ^rjif-^^'^dx; 

'"+3275^ 6 2.4 r* 1 2.4.6 r» 
which i. the length of the circular arc C P in terms of M. If angle 
A OP = 60' = - ; tl^eo 0M=* = ^, and we get arc CP, or 

« / 1 , 1 . __L-i_ + _L^^ + etc.^ = • 5235981 r ; 
6"'"l^2''"?T2:3''"2».2.4.5^2'.2.4.6.1 J 

.*. « = 3' 14159 r = semi-circumference APB. 
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The series (1) is not well fitted for compatation, as it does not converge 
with sufficient rapidity unless the arc be very small. We may find 
others in the following manner : 

d X 
Let* s tan "'«; then ds ^ r— . — -^ which, by common diraion. 

1 + * 

gives rf* = da?(l-a:* + a^-a:» + ac»-x**+ ); 

/.^ortan "'a? = « (I — 3^ + 5**- s^-hga*- ty«'*+..)- • (2), 

a series which still converges very slowly, unless x is very small. 
But if we put tan (a + &) = m, or a + 6 = tan "*«, 

tan a = n, or a = tan "^n, 

tan & = p^ or 6 = tan "*/>, 

then will tan "*f» = tan "'it + tan ^^p ........ ..(3). 

4 . « r . I X tan (a -h ^) — tan a 

Again, tan ft = tan (a + 6 — a) = 



.-./> = 



1 + ten a tan (a + b)* 
m ^ n 



I 



Ifmss 1, n=-, thenp = 

5 



1 + f^^ 
2 



(4). 



2 1 

7 1 

9 1 



239 10' 



P = 



P= 7^» 



ir 
9 

46' 

1_^ 

^ " 239' 

'^^^-^^ 
1 



« 1 2 

tan "* 1 or - = tan "* - 4-tan " *- 

4 5 3 

tan-? =tan-i+t.n-:l 

7 1 9 • 

Ua-'-=t«.--+Un-'^ 



tan 



-'4 =ten-'l-tan-' — 
46 5 289 



239 70 



99 



.*. - =s 4 Un "' tan ~* 1- tan "' — 

4 5 70 ^ 99 

By means of (2) and (5) we have 

4 14 14 14 14 

■ — ^ ~ • — ~ ^ — • — .^ — • — ^- ^ -. . — ~ ^ Ate. 
• t o t8 I e eft » c7 T^ O t» ***" * 



(5). 



It 

4 



5 5' 



7 5' ' 9 5« 



" \^^ " 3 * W "^ 5 ■ 70* 7 ' 70^ " **^V ' •• 

I 1111 11. 
f 99 3 99» ^ 5 99* 9 99^^ 



• • . . (6). 



This series is well adapted for computetion, and it will readily furnish 
the value of tf to any extent that may be required. 
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Calculation of the Value of n. 



5 4- 


25 




25 




25 




25 




25 




25 




70 


I- 


70 




70 




70 




70 




99 


I- 


99 




99 









0000000000 



8000000000 = - 



0320000000 = -r - - -rr = 



0012800000 = 77 



4 

5 

4 

5* 

4 

5* 
4 

5' 
4 

4 

5" 
4 

5~' 



1 • ' 



4 

5 
1 j4_ 

3*5' 



1 4 
5 '55" 



0000512000 = r^ - i: -tt = 



0000020480 =TT 



0000000819=37: -tt-ttt = 



0000000033=-^ t:: m = 



1 4_ 

7*5' 
1 ± 

9 '5* 

JL 1. 
11*5" 

1 i. 

13 5" 



0000000000 
0142857143 
0002040816 
0000029154 
0000000416 
0000000006 

OOOOOOOOOO 
0101010101 
0001020304 
0000010306 



70' • 

70" 

70* 



99' 
99* 



70 

1 JL_ 
3 '70» 

1 J_ 
5 "70* 

Jl^ 
99 

1 _1. 

3 '99* 






4 



. TT 



'8000000000 



0002560000 



0000002275 



0000000003 



0000009718 



0101010101 



8103582097 
0249600463 



-•0106666667 



-•0000073143 



-•0000000074 



-•0142857143 



- • 0000000001 



-•0000003435 



- -0249600463 



•7853981634 
4 

r. 3*1415926536 



Thus the value of « has been calculated to 9 or 10 decimals, by taking 
only 7 terms of the first series, 3 of the second, and 2 of the third. 

5. To find the length of an arc of the ellipse. 

The equation of the curve is a* y" = ^* (a* — a^), and let a quad- 
rantal arc of a circle be described on the major semi-axis O A. 
Produce the ordinate Q R to meet the circle in P, and join O P. Let 
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angle COP = 5; then x = a siu 0, and a^y* = a* b^ cos ■©, or y 
= b cos 6 ; therefore 

ds^ ^d3^-\-dy* = (a«co8«e + ^ sin «e) rfe« c 

= {a«- («•- ^) 8m«e} rf^ (1). 

= a«(l-e«8in«©)rfe»,ifa«-.^=a««». 

The value ofds deduced from (1) may be expanded 
in a series in two different ways. The first method 

consists in developing (1 — c" sin "d)* in a series ^ 
ascending by the powers of sin '0 ; thus we have 

ds = a{l-^8m*e)*de 

1 — — sin "d — 5^i»^ *^ — r. A ^ ^^^ *^ ~ r. 1 ^ ^ sin'6— etc. )de; 




2 4.6 



2.4.6.8 
3e« 






.•.* = a{/<fe — -/sin'erfe— -— /sin*erfe — -^^^--/sin'drfe— etc.}. 
Now, by Art. 108, we have generally 

f Bin's de = - - sin "-^e cos 6+ ^-H- /sin "-«©(/©.. (2). 

Writing 2, 4, 6, etc., successively for n in formula (2), we get 

f sin ■© (f d = — — — sin 2 d -h ^ ^ = A, suppose, 

2.2 ^ 

1 3 

f %in*e de = - .^-j. sin 2 sin 'd -f - A = B, 



2.4 

1 
2.6 



/ sin 'e rfe = - -;i^ sin 2 sin *e + ^ B = C; 



&c. 



&c. 



hence * = a: — --A— ----r B — ^ ^ ^ C — ^ ^ ^ ^ D— etc. . 
V 2 2.4 2.4.6 2.4.6.8 / 

Let X = Oy or 6 - i^y then the length of the elliptic quadrant BRA is 

Tii> A ^^i". «* 3«* 3V5(5* 3«.5«.7€» \ . ^ 

BRA = -(^1 «-- ^^--^j^^^^ -^^.-^^.-etc.J^^^^^^ 

This series does not converge rapidly, unless e is small, and the 
ellipse differs very little from a circle. 

The second method, referred to above, consists in expanding the 
value of d 8 in a series of multiple arcs ; thus we have from (1), 

-^ = a« - (a" - A») 8in«0 = a« - (a« - b^) Q - ^ cos 2 0^ 

a*^l^ a^^b^ ^ c^ + b^ a*^b^ 

-a* ;; 1 — cos 2 = — 1 — — cos 2 

2 2 2 2 

== a* { . ^ H r-i H — A t cos20 [ 

[4 a* 4 a* 4 a* j 



-4^)"K°-^)"^^- 



+ ^ a-6 



2a 



2a 



cos 2 



!• 



Let -- — = «», and -5 — = »; then ^7^ = a* (w* + «• + 2»in cos 20.) 
2 a ^ a €» V 
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By the ezpoDential theorem (Algebra, Art. 137), 

e'V-'J-tf-'^^-'ar 2( 1 1 etc. I = 2coa0; 

^ V 1.2^1.2.3.4 7 • 

.*. 2 cos 29 = «••>/-» + ^-••V-* ; aDd the last equation gi?e« 

^am (l+ J*'*^'*)* (l +-J« — ^-'Y*'^ (4). 

Now, by the binomial theorem, 

\ ^ m J 2 m 2.4 m« ^ 

\ i» / 2 m 2.4 m* 

therefore, by multiplying the former aeries by the latter, and recol* 
lecting that 
2cos20=e**v-> +«-«*V->,2co8 4e=tf**V-»+e-*»V->-ctc., 

d# = amr^2« • m«^ 2«.4« * m* ^ 2«,4«.6« ' m*^ Jrfe, 



+ Pco8 2e + Qco84e + Rco8 6e + 

where P, Q, R, etc., are functions of — . 

m 

Integrating this differential expression, and writing for m its Talue 

a + 6 (l+-=r.— : + rr-ii • — ; + ^ .^ ^; . — = + etc. J I 

i +^P8in2e + iQun4e + iR8in6e+etc. ) 
which vanishes when 6 « 0, as it ought, and when ^ ^ r, we get arc B R A 
_(a+^/^ , l/a-6N" 1 /g-fty, 1«.8' / a-^Y , L.. 
""T^f "^i^aW "^^M-VM^y "^ 2V4«.6<^+Sy +-.-JW, 

and, therefore, the entire elliptic circumference will be four times the 
▼alue of this series. 

£x. Let the axes be 24 and 18 ; then «; = 12, 6 = 9, and arcB R A 

^ 21_ir 

4 
» 16-51761 91 198 ; hence the periphery of the ellipse is - 66*3104764792. 



■^ 2« • 7« ^ 2».4« • 7* "^ 2«.4V6« " 7* "^ * * J 



Examples for Practicb. 

1. To find the length of the involute of a circle, its equation being 

T 

a© = ^(f« — a*) — a sec"' -. Ans. s - iae\ 

a 

2. Find the length of the curve whose equation is a;"^ + ^'^ = a '. 

Am. s - \ a^ x^ + C. 

3. To find the length of the arc of an hyperbola. 

Ans. l£l ss the length of the asymptote corresponding to the 
arc # ; then, a" + 6* being = a* ^, 
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/^*« 







4 6' 



_1 l'.3V5« 1 



|i 



III. Volumes of Solids, 

122. Let APQ be a curve, and let it be required to deterniiue the 
▼olume of the solid formed by the revolution of the area A P M about 
the axis AB. 

Let M N = A, and draw N Q parallel to P M ; 
through P and Q draw P R and Q S parallel to 
A B ; then the rectangles P N, M Q, will generate 
cylinders, the radii of whose bases are P M and 
Q N, and their common altitude is M N. Now, 
the solid generated by the revolution of the space 
P Q N M is always less than the cylinder generated 
by the rectangle Q M, and greater than the cylinder 
generated by the rectangle P N, however small M N 
or h may be taken. 

Let y and V be the volumes of the solids generated by A P M and 
A Q N ; then, if A M = x, M P = y, N Q = ^', we shall have, since 
both V and y are functions of x, 







y' -y+ d**"'" da?" 1:2"'" J?* 1.2.3 + 



1.2"^ rfa:* '1,2.3 



+ 



• • • . 



V'-V = 



d\ 



A + 



c/«V A« 



+ 



d«V 



+ etc. 



(!)• 



dx " ' dx"' 1.2 ^ daf" '1.2.3 
Now, the volume of the cylinder generated by the rectangle M Q is 

A« 



-»"-"(»+ !!»+'' 



da*' 1.2 



+ 



• • • • • I i 



The volume of the cylinder generated by the rectangle PN is k^A ; 
hence the series (1) is always less than (2), and greater than ^^ A, 
however small A may be taken ; therefore, by the lemma (Art. 116), 

dY 

— — = wy* ,•. dY = iry" rfar, and Y = n J y* dx ...... (A). 

123. If the solid be not one of revolution, but one whose base is a 
plane figure, as APM, bounded by a curve and its coordinates, and 
every section of which parallel to the base is equal and similar to the 
base ; then, if A be the altitude of the solid, we shall have series (1) 
less than A y' A, and greater than Ay h; that is, 

dY 
hence, by the lemma, --7— = Ay, or rf V = Ay dx; 



dx 



VOL. I. 



V = Afydx =Ax area of the base .... (B). 

2a 



^ 
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124. Since dV s n^x dx, and ny* = the area of the cirtnilar 
section P/?, the solid of revolution may be considered as generated by 
the motion of a circle whose radius is y, the centre being always in A B, 
and its plane perpendicular to it. It is obvious that P M or y must 
vary so that its extremitv P may trace the given curve A P Q, and 
hence the differential of the volume is equcu to the generctting area 
multiplied by dx. This theorem is true, whatever be the generating 
area, provided all the sections parallel to V p are similar, and can 
therefore be expressed by the same general equation ; hence, 

</ V, or element of the solid » area of section Vp X dx (C). 

Examples. 

1. To find the volume of a right cone. 

Let the height A D = a, and the radius of the base CD = r ; then, 
if X denote A P any variable distance from the vertex, and y the radius 

P M of the circular section, we have, by similar triangles, y ^ -x; 

a 

whence dY * it «■ dx = — r- of dx; 

a" 



= content of cone A M N. 
When X = a, then the content of the 




entire cone ABC is V = ir f".- 

d 

■> area of the base X 1 of the height. 

If r, r' denote the radii of the two ends 
of the frustum of a right cone, and A the 
altitude; then by the preceding results 

we have content of frustum BCMN =» wr".- — ir r'*.^— ; 

3 3 

but since a : a — A :: r : r' ; .*. a — A « -^^i hence A = ^^^""r/ 

r r 

and frustum B C M N = ^ . — — = !!. ^(*"'^>. (ri+rr'+r'«) 

= ^{'^f^ + nrr' + nr'^ or j^(r«+rr'+ r'^). 

But « ** ~ area of the base, « r'« = area of the top, and n rr' is a 
mean oroportional between these two areas ; hence the folbwing rule 
for finding the content of the frustum of a cone. 

Add together the areas of the two ends, and the mean prcportiomai 
between them; muUiply the sum by one-third of the height^ and tke 
product is the content of the frustum. 

In a similar manner it naay be shown, that the volume of a conical 
solid, whose base is any given curve, or the volume of a pyramid, is 
equal to the area of the base mulHplied by one-third of the aUUude. 

2. To find the volume of a sphere. 
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Let A P « X, P D a y, and the radius O A s r; then we have 
y* = 2r a: — a^, and hence 
dY = iry* dx « «(2rx — as*) dx; consequently 

IX X* 

V = 2irrJ'xd!r — ir/x"dir = irrx* 5 f- C. 

When X = 0, then V = 0; therefore C = 0, 
and hence the volume of the segment A D B 

s= ir xF (r — -J x) = - 0^ (6 r— 2 x), which affords 

the rule for the content of a spherical segment) viz. : — 

I^rom three times the diameter of the sphere^ take twice the height of 
the segment; mtdtiply the difference by the sqttare of the height^ and by 
\itor • 5236 nearly. 

When X =2 r, the content of the entire sphere is = - w r* = - (2'')% 

3 6 

which is two-thirds the circumscribed cylinder, its content being 

= irr«x 2r = 2«r». 

3. To find the volume of the paraboloid. 

The paraboloid is formed by the revolution of a semiparabola about 
its axis, and hence we have the equation ^ = 4 a x ; therefore 
rfV =7r5/'c/x ^ Aanx dx^ and V = 2 fr a x", 

or, V = — — ; — =* i w ^ X ss i drcumscribed cylinder. 

4. To find the volumes of the prolate and oblate spheroids. 

The prolate spheroid is formed by the revolution of a semiellipse 
about its major axis, and its equation is a* ^ = ^ (<i^ — x^) ; whence 



a ^/« 



^(«»-i«0 = |-«i*; 



and the volume of the entire solid is = i n ab^. 

The oblate spheroid is formed by the revolution of a semiellipse 
about its minor axis, and the equation h b^y* = a* (6* — x*) ; whence 

V = =^ J* (i« - a-) rfx = -^-(6»-i*') = |«a«6. 

and the volume of the whole solid = ^^t c^ b. 

« . , , ,. , , prolate spheroid b 

Comparinff these results, we find that -^-n r — rr* = -• 

** oblate spheroid a 

a* __ oblate spheroid 

^ 1^ ^ 



. , sphere on major axis 

Also, -^ r^ — - — 

prolate spheroid 



sphere on minor axis* 
5. The axes of two equal right circular cylinders intersect at right 

angles ; find the volume of the solid common to both* 
Let a plane pass through both the axes of the 

cylinders, dividing the solid into two equal parts, of 

which the figure ABODE, called a circular 

groin, is one of them. Then the sections of the 

solid parallel to the square base B C D £ are also 

squares, and those perpendicular to the base, and 

parallel to one side of it, are semicircles. Let 

A R be perpendicular to the base, intersecting the 

section FG I H pRrnlled to it in M. 

Let AM = X, M P = y. All = RQ = a (since A P Q R is a 



/•' A ' • t{ ^\ 
~1 \^\ 
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quadrant of a circle) ; then the area of the section parallel to the haae ia 
= 4y*; therefore (C) 

dY = generating area X dx = 4 y" dx = 4 (2 ax — a^) dx; 



= 8a J x dx — 4 I 



a:"c?a: = 4a*— -a* = 

3 3 



D 


/ 


- \ 


E 



The double of this, viz., V ^ ^^ ^^ volume of the solid common to 
both cylinders. 

6. To find the content of the solid ring formed by the revolution of a 
circle round an axis in its own plane. 

Let B D C E be the given circle whose 
centre is O, and R S the given axis in the 
plane of the circle ; draw O A perpen- 
dicular to RS, and NPQ parallel to 
A O, intersecting the diameter D £, which * 
is at right angles to B C in the point M. 

Let O M = x, M P = y, O A = a, and 
O B = r ; then the area generated by P Q 

ia =^(NQ«-NP) =.r{(a+y)«-(a-y)«} = 47ray; 

.*. rfV = 4way X dx^ and V = ^'najy dx = 4wa xareaBOMP. 
When X = r, then V = 4wa xiwr* = n^at^^ and the volume of the 
entire ring = 2 «■ a r*. 

Let the semicircle D B E revolve round the axis R S ; then the area 
generated by PM is = wa" — w (a — y)* = w (2 ay — y*); hence we 
have V = 2aw Jy dx — nfy^dx = 2a'nfydx — •Kf(2rx-3i^)dx 

= 2 aw X area BOM P — wrac^-h-i. wa:* . 
When X = r, thenV = |.w*aH — |. wr" = ^^ w r« (3 w a — 4 r), and this 
being doubled, gives the whole volume generated by the semicircle 

DBE =-J.7Tr"(3K*a-4r). 

Let the semicircle D C £ revolve round the same axis ; then the area 

generated by M Q is = w (a + y)* — w a" = w (2 ay + y*) » hence, as 

before, we have V = 2awy*_ '(2ay -|-y*)rfx = 4^wr*(3wa + 4r). 

The difference between these volumes is = 4 w **, and their sum 
= 2 «■ a r", as it ought to be. It is worthy of remark, that the dif- 
ference between the contents of the solids formed by the revolution of 
the exterior and interior semicircles is independent of the distance of 
the axis of rotation from the common diameter D E of these semicircles. 
If a = r, then the volume of the solid formed by the revolution of a 
semicircle round a tangent parallel to the diameter is = -i-^r* (3x^4) ; 
and if a = 0, then the solid of revolution is a sphere, and its volume 
= -I ^ ^> ttB it ought to be. 

7. To find the volume of the solid, cut 
off from a right circular cylinder by a plane 
passing through the centre of the base, and 
inclined at an angle a to the plane of the base. 

Let the solid be cut by a plane per- 
pendicular to the base of the cylinder, and 
parallel to the trace D E ; the section is a 
parallelogram PQRS, and the solid may 
be considered as generated by the motion 
of this partillelogram parallel to itself. 
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Let OB = r, OM = x; then SM '»V(r»-a:*), SP=MN 
= a; tana, and the area of the generating parallelogram PQ'RS 

= 2 tan aocV (»* — a^); 
• * • dVf OT element of the solid ^s 2 ixaax dx // (f^ -^ a^); 

.'. V = 2tana / (f» - a» )* a: cf a: = - | Un a (r* - ai«)* + C. 

When X = 0, then V =: 0, and the last equation gives C = 4 ^" «»f*j 

I a 

and the corrected integral is V = -J tan a {r* — (r" — a*)* }, 

and when x = r^ the entire solid B G £ D = f r* tan cu 

EXAMPLKS FOR PrACTICB. 

1 . Find the volume generated by the revolution of the cisscid round 
its asymptote. Ans, Y — 2i^f*. 

2. Find the volume generated by the revolution of the witch round 
its asymptote. Afu» V = 4 «* r*. 

3. Find the volume of the solid generated by the revolution of the 
cycloid round its base. Ans. V = 5 n* r*. 

~"o r 

5. Find the volume of the solid generated by the revolution of a 

parabolic area round its ordinate. 

8 
Ans.y ^ — ^a*b, where a = the ordinate and b s the abscissa. 
15 

6. Determine the volume of an ellipsoid, its equation being 

«• «■ a* . 4 

c^ l^ a* 3 



a/I IV. Surfaces of Solids, 

I 125. Let APQ be a curve, and let it be re 



125. Let APQ be a curve, and let it be required to determine the 
surface described by the revolution of AP about the axis OB. Draw 
P M and Q N, making M N = A ; and perpen- 
diculars thereto draw P R, Q S, and produce 
them till P T and Q V be each equal to the arc 
PQ; then it is evident that the surface de- 
scribed by P Q is always less than the surface 
described by Q V, and greater than that described 
by P Ty however small M N or A may be taken. 
But Q V and P T describe cylindrical surfaces, 

respectively equal to2«QNxPQand2wPM 6 w 

X P Q« Now if we put 

A P = *, A Q = * , P M = y, Q N = y', the surface dcEcribed by 
A P r= S, and that described by A Q = S' ; then will 

S' - S < 2 Try (*' - *), and S' - S > 2 ny (s' - s). 
Now, since S is a function of x, and s is also a function of x, therefoYCy 



V 

p 

A 


ft 


— T 



^ dx ^ d3? 1.2^f/ar* 1.2.3^ 



• • • 
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^ ^^ dx ^ d^ 1.2^rfa« 1.2.3^ 
..S^S-— A + ^.— + ^.:j-— + (1), 

2ny(^.0 = 2«y(^^A+^. — 4-^.p^ + ..j...(2), 

2.y'(,'-,) = 2,(y+^A + g.^+...)^A + etc- 

But the series (1) is less than (3) and grater than (2); hence 

rfS ds 

-T— . = 2 Try -r-or aS = 2«y a*; 

dsb ^ dx ^ » 

.-. S = 2nft/ds = 2nfy{dji^ + dy*)* ...(A)- 

126. Since <;fS = 2Yry.</«, and 2 vy = the perimeter uf the section 
of the solid through P M ; therefore we have d S» or 
element of the surface = the perimeter of the section through P M X <^'. 
Hence if the solid be generated by the motion of a plane parallel to 
itselfy the surfeice may be found by a method similar to that employed 
for finding the volume of the solid. Thus, if u be the perimeter of the 
generating plane, and « the arc of the curve made by a plane perpen- 
dicular to the generating plane, then S ^ f u ds (B). 

EXAMPLSS. 

1. To find the surface of a sphere. 

The equation of the generating semicircle isy* = 2ra; — x^; therefore 

/. «fS = 2iry cf* = 2w r rfar, and S = 2w rx+ C. 

But C s= ; hence surface of spgment = 2 fr r . x s the circumference 
of a great circle multiplied by the height of the segment. 

When x B 2 r, the surface of the entire sphere » 4 fr r* =: four times 
the area of a great circle* or equal to the circumference of a great circle 
multiplied by the diamet^, and equal therefore to the curve surface of 
its circumscribed cylinder. 

2. To find the surface of a right cone. 

Let A D « a (fg. p. 450), D B = r, the Mant height A B = 6, A P = ar, 
P^ =y, AN ^ 8\ then we have, by similar triangles, 

bv 

DB : BA :: PN : AN, thatisr : 6 ::y :« = -^; 

r 
•\ ds = — c/y, and S=27rj*ycf* = f y ^y ^ — * 



When y = r, then the whole surface = 9rr6 = the semicircumfereDce 
of the base, multiplied by the slant height. ^ 
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3. To find the surface of the circular groin in Ex. 5, Art. 124. 
Referring to the figure and notation in Ex. 5, we have the peri- 
meter of the section F G H I = By; therefore dSy or element Qf surface 

od X 
= 8yxrf* = 8y V(^a5"+rfy^=8y. =8arfa;(8incey*=2aa;— a;*); 

if 

,\ S = 8 a X, and when a: = a, the entire surface = 80*. 

4. To find the surface generated by a cycloid revolving round its axis. 

X 

The equation of the cycloid is y = r vers "* — |-V(2ra: — a;"); hence 

r 

Hence dS ^ 2ity dsj and S - 2'k f y ds. Integrating by parts, 
* S = 2 iry* - 27r/ 8dy^2 ^ys - 4w (2r)*/(2r-a;)*i/a: 

= 2iry*+ 1^ (2 r)* (2r - a:)* -h C. 

327r»^ 



^ 



I. 



»t 






^fp 



p.; 



When a: = 0, * = 0, and S = ; therefore C = — ^ , 

3 

and S = 2 iry*+ ^ (2r)* (2r - x)* - ^^^"^ 



PK ^ • 3 ^ ' ^ ' 3 ' 

f^ which, when « = 2r, gives y = w r, * = 4r, and the entire surface is 

^ « ._. 32 7r»* ^ _;./ 4\ 
e0. 8iT»f* ^_ =8irr«(^,r- -J. 

'^^ 5. To find the surface of the soHd in Ex. *l^p. 452. 

Here the generating line is R Q, and if s denote the arc D R, then 

f dx 
dS^ or element of the surface = RQxc^^=»a;tana x .^ . r ; 

.-. S = r tan a f (f* - vFf^x dx - - r tan a V (»^ - a:*) + C. 
When a: = 0, S = 0, then = — r" tan a + C, and C = r" tan a; 

therefore S = r tan » {r — V (^ — «0}. 
Take x ^ r^ and double the result ; then the whole surface « 2f'tan «« 



Examples for Pbacticb. 

^ 1. Find the surface of a paraboloid. Ans. S = —2^ — { (x+a^^€^ }' 

i^- 2. To determine the surface generated by a cycloid revolving round 

^' its base, and also the surface when it revolves round the axis. 

64 / 4\ 

Ans. S»-^«r*, round the base, and S = 8itr"fit — -l round the axis. 



3 

3. To determine the surface of a prolate spheroid. 

A r^ 2 nab , . . 
Ans. S = {sm->« + «VO -«*)}• 

4. To determine the surface of an oblate spheroid. 

^«*. S=2,««{l+irLflogLti}. 

KND OF VOL. 1. 
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